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APPROXIMATION BY LINEAR MEANS OF FOURIER SERIES
IN WEIGHTED ORLICZ SPACES

SADULLA Z. JAFAROV

Abstract. In this work the approximation of functions by linear means
of Fourier series in reflexive weighted Orlicz spaces with Muckenhoupt
weights is studied. This result is applied to the approximation of func-
tions by linear means of Faber series in weighted Smirnov-Orlicz classes
defined on simply connected domain of the complex plane.

1. Introduction and main results

Let M(u) be a continuous increasing convex function on [0,00) such that
M(u)/u — 0if u — 0, and M (u)/u — oo if u — co. We denote by N the comple-
mentary function of M in Young’s sense, i.e. N(u) = max{uv — M(v):v >0}
if w > 0. We will say that M satisfies the Ay—condition if M (2u) < c¢M(u) for
any u > ug with some constant ¢ independent of .

Let T denote the interval [—7, 7|, C the complex plane, and L,(T), 1 < p < oo,
the Lebesgue space of measurable complex-valued functions on T.

For a given Young function M, let Lj;(T) denote the set of all Lebesgue mea-
surable functions f : T — C for which

[ M@ do < oc.
T

Let N be the complementary Young function of M. It is well-known [25, p.
69], [31, pp. 52-68] that the linear span of Ly;(T) equipped with the Orlicz norm

11y = sp / F(@)g(x)| da : g € Ly (T), / N(lg(@)l)de <1,
T T

or with the Luzembourg norm

£ , /()
”fHL]\/[(T) = lnf k; > 0 . /M < k; d$ S 1
T
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becomes a Banach space. The space is denoted by Ly, (T) and is called an Orlicz
space [25, p. 26]. The Luxembourg norm is equivalent to the Orlicz norm as

1A sy S W lipsery €20 iy, € Laa(T)

holds true [25, p. 80].
If we choose M(u) = uP/p (1 < p < oo) then the complementary function is
N(u) =u?/q with 1/p+1/q =1 and we have the relation

lull ey = Il < el m llull,(r »

1/p
where [[ul[, ) = (f |u(x)[? dac) denotes the usual norm of the L,(T)—space.

If N is complementary to M in Young’s sense and f € Ly;(T), g € Ly(T) then
the so-called strong Holder inequalities [25, p.80]

/ F@)9(@) dz < 111, Nl -

/ F@)9@) dz < 1150 N9l cr)

are satisfied.
The Orlicz space Ly (T) is reflexive if and only if the N—function M and its
complementary function N both satisfy the Ag—condition [31, p. 113].
Let M~!:]0,00) — [0,00) be the inverse function of the N —function M. The
lower and upper indices anr, Bar [3, p. 350]
oy = lim _logh(t )7 Bur _logh(t)
t—+oo  logt t—>o+ logt

of the function

. i M~(y)
h:(0,00) = (0,00], h(t):= ylgglosup M1(ty)’ t>0

first considered by Matuszewska and Orlicz [28], are called the Boyd indices of
the Orlicz spaces L (T).

It is known that the indices ap; and By satisfy 0 < apr < By < 1,any + By =
1, apr+ BN = 1 and the space L (T) is reflexive if and only if 0 < apy < By < 1.
The detailed information about the Boyd indices can be found in [2], [3], [4], [21]
and [27].

A function w is called a weight on T if w : T — [0, 00] is measurable and

1 ({0,0}) has measure zero (with respect to Lebesgue measure). With any
given weight w we associate the w-weighted Orlicz space Ly (T, w) consisting of
all measurable functions f on T such that

HfHLM(T, w) T HfWHLM(T)

Let 1 <p<oo, 1/p+1/p' =1 and let w be a weight function on T. w is said to
satisfy Muckenhoupt’s A,-condition on T if

1/p 1/p’

1/p 1/,
sup | — [ &P (t) dt — [ WP (t)dt < 00,
AN e
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where J is any subinterval of T and |J| denotes its length.

Let us denote by A, (T) the set of all weight functions satisfying Muckenhoupt’s
Ap-condition on T.

Note that by [20, Lemma 3.3], [ 22, Theorem 4.5 | and [19, Section 2.3] if
L (T) is reflexive and w weight function satisfying the condition w € 4, ,,, (T)N
Ay, (T), then the space Ly (T,w) is also reflexive.

Let Ly (T,w) be a weighted Orlicz space, let aps and Sas be nontrivial, and
letwe A1 (T) ﬁA% (T). For f € Ly (T,w) we set

M

apr

(vnf) (z) 2h/f (x+t)dt, 0<h<mazeT.
“h

By reference [15, Lemma 1] the shift operator v}, is a bounded linear operator on
Ly (T, w):

lvn (D)l p ) < C ULy em) -

The function

k
M (0, f) = sup H(I—Vhi)f ,0>0,r=1,2,..
01<§}§i§§k6 =1 L (Tw)

is called r-th modulus of smoothness of f € Ly; (T,w), where I is the identity
operator.

It can easily be shown that Qf, (-, f) is a continuous, nonnegative and non-
decreasing function satisfying the conditions

%g% Q}“\/l,w (6¢ f) =0, Q?\J,w (67 I+ g) < QTM,W (57 f) + Q7]"\/1,4/.1 (67 g)

for f,g € Ly (T,w).
Let

%+Z(ak (f) coskx + by (f) sin kx) (1.1)

be the Fourier series of the function f € Li(T), where ay(f) are bi(f) the Fourier
coefficients of the function f.

Let (1.1) be the Fourier series of the function f . For f € Ly (']I' w) we define
the summability method by the triangular matrix A = {\;;}7'72
means

i =0 by the linear

Up(z, f) = )\on% + Z)\m(ai(f) cosiz + b;(f)siniz)
i=1

If the Fourier series of f is given by (1.1), then Zygmund-Riesz means of order
k is defined as

Z7’~f<33 = +Z<

ik

T ) (ai () cosiz + b (f) sinix).
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We denote by E,(f)ar the best approximation of f € Ly (T,w) by trigonomet-
ric polynomials of degree not exceeding n, i.e.,

En(f)mw = inf {Hf - TnHLM(’]I‘,w) RS Hn} ;

where II,, denotes the class of trigonometric polynomials of degree at most n.
Let T, € 11,

n
Co . .
T, = 5 + Z(Cl cosix + d;sinix).
=1
The conjugate polynomial T, is defined by
n
T, = Z(Cl sinix — d; cosiz).
i=1
We will say that the method of summability by the matrix A satisfies condition
bi,mr ( respectively by ) if for T, € II,, the inequality

n

1T = U(To)l 1y sy < e+ D)7 |79

HLM(T,OJ)

Ly ('ﬂ‘,w))

k|| )
(HTn - Un(Tn)HLM(T,w) <cn+1) F

holds and the norms

2T
)\ n
Al ::/ %—1—2/\1'”0081'75 dt
0 =1

are bounded.

We use the constants c¢,cq,ca,... (in general, different in different relations)
which depend only on the quantities that are not important for the questions of
interest.

The problems of approximation theory in the weighted and non-weighted Orlicz
spaces have been investigated by several authors (see, for example, [1], [10], [11],
[14]-[18], [23] and [30]).

In the present paper necessary and sufficient condition about the relationship
between the approximation of functions by linear means of Fourier series and by
Zygmund-Riesz means of order k was investigated in reflexive weighted Orlicz
spaces with Muckenhoupt weights Also, we investigate the approximation of
functions by linear means of Fourier series in terms of the modulus of smoothness
of these functions in reflexive weighted Orlicz spaces with Muckenhoupt weights.
This result was applied to the approximation of the functions by linear means
of Faber series in weighted Smirnov-Orlicz classes defined on simply connected
domain of the complex plane. The similar problems in different spaces were
investigated in [5] ,[6], [12], [13], [24], [32], and [34]-][36].

Main results in the present work are the following theorems:

Theorem 1.1. Let Ly(T) be a reflexive Orlicz space and w € Ay q,,(T) N
A1y (T). In order that for f € Ly (T,w)

17 =0nls Dl Sr |1 =256 D], (1:2)



APPROXIMATION BY LINEAR MEANS OF FOURIER SERIES ... 5
it is sufficient and necessary that for f € Ly (T,w)

Tn - Zrlf('u Tn)

||TTL - UTL(’? Tn)HLM(TW) S 02

. 1.3
Ly (T.w) (1:3)

Theorem 1.2. Let Ly(T) be a reflexive Orlicz space and w € Ay jq,,(T) N
Ay/gy, (T). If the summability method with the matriz A satisfies the condition

biar) or (b5 4, ), then for f € Ly (T,w) the inequality
: ke, M

1
1 = Unls Pllpasr < s <n+1f> (1.4)

holds with a constant cs > 0 independent of n.
Theorem 1.3. Let Ly(T) be a reflexive Orlicz space and w € Ay q,,(T) N
A1y (T). If the summability method with the matriz A satisfies the condition

(bg,ar) or (bz’M), then for f € Ly (T,w) the estimate

ifn\/l,w (5’ Un(7 f)) < C4Q7M,w (6’ f)7 (15)

holds with a constant c4 > 0 not depend on n, f and .

Corollary 1.4. This results obtained in Theorems 1.1 and 1.2 are valid for
the Zugmund-Riesz means of order k.

Note that Theorem 1.1 was proved in[11], for modulus of continuity Qs (9, f)
(r =1) and Zygmund-Riesz means of order 2.

Let G be a finite domain in the complex plane C, bounded by a rectifiable
Jordan curve I', and let G~ := extI’. Further let

T:={weC:|lw=1},D:=intT and D™ :=extT.
Let w = ¢(2) be the conformal mapping of G~ onto D~ normalized by
¢(2)

¢(00) =00, lim —= >0,
z—00 2
and let 1 denote the inverse of ¢.

Let w = ¢1(z) denote a function that maps the domain G conformally onto
the disk |w| < 1. The inverse mapping of ¢; will be denoted by . Let T,
denote circular images in the domain G, that is, curves in G corresponding to
circle |¢1(z)| = r under the mapping z = ¥ (w).

Let us denote by E,, where p > 0, the class of all functions f(z) # 0 which are
analytic in G and have the property that the integral

/ P ldz]
I,

is bounded for 0 < r < 1. We shall call the F,-class the Smirnov class. If the
function f(z) belongs to E,, then f(z) has definite limiting values f(z’) almost
every where on I', over all nontangential paths; | f(z")| is summable on I'; and

tim [ 17zl = [ |7l
I r
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It is known that ¢’ = F1(G~) and ¢’ € E1(D~). Note that the general informa-
tion about Smirnov classes can be found in the books [9, pp. 438-453] and [7, pp.
168-185).

Let Ly (T, w) is a weighted Orlicz space defined on I'. We define also the
w-weighted Smirnov-Orlicz class Ey (G,w) as

E (G,w) = {f e B (G) : f € Ly (F,w)}
With every weight function w on I'; we associate another weight wg on T defined
by
wo () = w (@ (1), teT.
For f € Ly (T, w) we define the function

fo@t) == f (@), t€T.

Let h be a continuous function on [0, 27]. Its modulus of continuity is defined
by

w (ta h) = Sup{‘h (tl) —h (t2)| tty1,te € [0727T] ) ’tl - t?‘ < t} b > 0.
The curve I' is called Dini-smooth if it has a parametrization
I':go(s), 0<s<2r

such that ¢f(s) is Dini-continuous, i.e.

and ¢, (s) # 0 [29, p. 48].

If T is Dini-smooth curve, then there exist [37] the constants ¢5 and c¢g such
that

0<cs <Y (t)]| < e < oo, [t|>1. (1.6)

Note that if I' is a Dini-smooth curve, then by (1.6) we have fy € Ly (T, wyp) for
fe Ly w).

Let 1 < p < oo, ;lj—i— ﬁ and let w be a weight function on I'. w is said to satisfy
Muckenhoupt’s A, -condition on I' if

1/p 1/p

swpswp ([ Pl | L [ @ | <
zelr>0 \ T r
I'ND(z,r) I'ND(z,r)
where D(z,r) is an open disk with radius r and centered z.

Let us denote by A, (I") the set of all weight functions satisfying Muckenhoupt’s
A, -condition on I'. For a detailed discussion of Muckenhoupt weights on curves,
see, e.g. [8].

Let T' be a rectifiable Jordan curve and f € Ly(T'). Then the function f7
defined by

1 f(s)ds

T(2) = — G
1) omi) s—20 7€

r
is analytic in G. Note that if 0 < ay < By <1, w € Ayq,, ()N Ay, (I') and

f € Ly (T,w), then by Lemma 1 in [14] f+ € Ep (G, w).
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Let ¢r(z), k = 0,1,2,... be the Faber polynomials for G. The Faber polyno-
mials ¢ (2), associated with G U T, are defined through the expansion

wl > Zd}kﬂ, €G, we D™ (1.7)
and the equalities
ok (2) = 2—7” tk(f)/( ) dt, z € G, (1.8)
T
op(2) = () + ‘i’k_(sz)ds, zeG”

T
hold [33, p. 33-48|.
Let f € Ey (G,w). Since f € By (G). we obtain
f(z) = fle)ds _ 1 [flv(®)V' ()

i) s—z  2mi Y (t)—z
T T

dt,

for every z € GG. Considering this formula and expansion (1.7), we can associate
with f the formal series

(2) ~ > ailf)ei(z), z € G, (1.9)
=0
e N Ra0)
a;i(f) = 2m/ At i=0,1,2,..
T

This series is called the Faber series expansion of f, and the coefficients a;(f) are
said to be the Faber coefficients of f.

Let (1.9) be the Faber series of the function f € Ej (G,w). For the function
[ we define the summability method by the triangular matrix A = {\;; Z;io by
the linear means

2 )= Ainai(f)di(2)
i=0

The n-the partial sums and Zygmund means of order k of the series (1.9) are
defined, respectively, as

= ar(f)er(2)
k=0
Zi(z ) =) <1 - k) ai(f)9i(z).

i=0 (n+1)
Let I" be a Dini-smooth curve. Using the nontangential boundary values of fgr

on T we define the r — th modulus of smoothness
of fe Ly (T w) as

%,.M,w (6) f) = QTM,wo (57 f[;’—) ) o> 07
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forr=1,2,3,...

The following theorem holds.

Theorem 1.5. Let T' be a Dini-smoth curve, and let Ly (T) be a reflexive
Orlicz space. If w € Ayjq,, ()N Ay, (L) and the summability method with the

matriz A satisfies the condition (b ar) or (bZ,M)7 then for f € Ey (G,w) the
estimate

1 = U Dl < x5 ) (1.10)

holds with a constant c7 > 0, independent of n.
Let P be the set of al algebraic polynomials ( with no restriction on the degree),
and let P(D) be the set of traces of members of P on D. We define the operator

T : P(D) — Ex(G,w)

as

T(P)(2) ;/]de €a.
T

Then from (1.8) we have

T (Z ﬁkwk> = Brdw(2)
k=0 k=0

The following result hold for the linear operator T [14].

Theorem 1.6. Let T' be a Dini- smooth curve and Ly (T) be a reflexive Orlicz
space. If w € Ayjq,, ()N Ay, (T),then linear operator T : P(D) — Eyn (G, w)
s bounded.

Theorem 1.7. If T is a Dini- smooth curve, 0 < apr < By < 1 and w €
Atjan (L) N Ay, (L), then the operator

T:EpnD,wy) — £, (G, w)

is one-to-one and onto.

2. Proof of main results

Proof of Theorem 1.1. Necessity. It is clear that the inequality (1.3) follows
from the inequality (1.2).
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Sufficiency. Let f € Ly (T,w) and let T;, € II,, (n = 0,1,2,...) be the polyno-
mial of best approximation to f . We obtain

1f = Un(s Ollppr )

< ||f - TnHLM(’Ir,w) - ||Tn - Un("Tn)HLM(T,w)
F U T) = Tl (m)
< En(f)M,w + c2 } T, — ZS('aTn)HLM Taw) + CSEn(f)M,w
< wBa(fue+ e (HTn e+ F = 286D, w))
+co ‘ Zrlf(a f - Tn) < CQEn(f)MM + CQEn(f)M,w
LM(T,UJ)
_ k .
+c2 Hf Zn( 7f)‘ L (Tw) + CQCIOEn(f)M,w
< enBn(f)mw +c2 Hf - Z’]i("f)HL (Tw)
M ;W
< — 7k
< enlr-zitn|, .

and Theorem 1.1 is proved.

Proof of Theorem 1.2. We suppose that the condition b; s is satisfied. Let
f € Ly (T,w) and T, € II,, be the polynomial of best approximation to f. Note
that Uy, (f) = Ap*f. The operator U,(f) is bounded in L, (T,w) and L, (T, w) (see
[8] and[26]). Using the method of proof of Lemma 1 in [15] we can show that the
operator Uy (f) is bounded in Ly (T,w), i.e. [[Un(, )1, mw) < €5 1110y, mw) -
Then we get

||f - Un('a f)HLM(']I‘,w)
If — TnHLM(T,w) + 175 — Un("Tn)”LM(T,w)
FUn (- Tn) = Un( Ol Ly (m.0)

IN

_or || (27)
< ci3BEn(f)mw + rBn(f)Mw + cra(n+ 1) || T,

Ly (T,w)

~(2r)

ZT‘T
n

(2.1)

< s En(f)mw + cren” .
L(T,w)

Using boundedness of the linear operator f — f in Ly (T,w) into account [15,
(15)] we have

‘ 7 <en HTT(?T)
Ly (T,w) Ly (T,w)

(2.2)

n

where fis the conjugate function of f € Ly (T,w).
Note that according to the direct theorem of approximation in Ly (T,w) given
in [15] following inequality holds:

1
En(f)mw < c18Qy,, (n+1,f> :
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Using (2.2) and [15] we get

7 (2r)

n—27‘ Tn

IN

ClgTL—QT Té?r)
Lpg(Tow) Lar(Te)

1
exips (o) (23)

Note that according to the direct theorem of approximation in Ly (T,w) given
in [15] following inequality holds:

En(f)mw < ey, (n—li—l’f) : (2.4)

Taking into account the relations (2.1), (2.3), and (2.4) we have

. 1
||f - Un("f)HLM(’]I‘,w) S 6229M’w (M7f> ’

If the summability method with the matrix A satisfies condition (b} ,,), the proof
is made anologously to the above. ’

The proof of Theorem 1.2 is completed.

Proof of Theorem 1.3. By [15] the following inequality holds:

?\4,0.1 (67 Un(f) - f) < €23 HUN(J f) - f”LM(']T,w) : (25)
Let 0 > (n + 1)1, Using Theorem 1.2 and (2.5) we have

Mw O Un(f) < Qe (6, F) + Uy (6,Un(, ) — f)
< ?\/I,w (57 f)+024HUn('7f) _fHLM(T,w)

r r 1
M,w (&f) +CQ5QM,w <n+ 17f>

< 26y (0, 1) - (2.6)

Now we suppose that 6 < (n + 1)~!. Then by virtue of Corollary 5 and
Theorem 8 in [15] we obtain

?\I,w (5’ Un('a f))
< end™ [P, < e 66 (27)
M ;W

Now combining (2.6) and (2.7) we obtain the inequality (1.3) of Theorem 1.3.

Proof of Theorem 1.5. Let f € Lp (G,w). Then by virtue of Theorem 1.7
the operator T : Ep (D, wy) — E,,;(G,w) is bounded one-to-one and onto and
T(f;") = f.The function f has the following Faber series

oo
f(z) -~ Z am(f)Pm(2).
m=0

Since wp € Ay/q,,(T) N Aj/q,,(T),using Lemma 1 in [14, p.760] we conclude that
fgr € Ep(D,wg). For the function f0+ the following Taylor series holds:

IN

IN

) =3 an(fum.

m=0
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Note that fgr € E;(D) and boundary function fgr € Ly (T,w). Then by [7,
Theorem, 3.4] for the function f(f we have the following Fourier expansion:

[ee]
o (w) Y am(f)e™.
m=0
Hence, if we consider boundedness of the operator T : E (D, wy) — E,,(G,w)
and Theorem 1.2, we obtain

Hf - Un<7 f)HLM(F,w)
U~ TS ey < € 16— a5

1 1
+\ _
308001 50 (n—i— 17fo > = 3100 a1 <n+ 1,f> -

and (1.8) is proved.

Remark 2.1. Let Lj/(T,w) be a weighted Orlicz space with Boyd indices
0<ay <pBu <1, andw € Ay, (T)N Ay, (T). Then by virtue of Theorem
4 in [15] for f € Ly(T,w) the inequality

e (o) < <2 {Eo<f>M,w+Zm2”E<f>M7w}, (2.

m=1

Ly (T,w)

IN

holds with a constant ¢ independent of n. If the summability method with the
matrix A satisfy the condition (by ar) or (b}; M> then for f € Ly (T,w) relation
(1.2) and inequality (2.8) immediately yield

1 = Un(s Il Ly )

< :;; {Eo(f)M,w + ) mzr_lE(f)M,w} : (2.9)

m=1

The inequality (2.9) holds for Zygmund-Riesz means of order k. Note that in
the Lebesgue spaces L,(T), 1 < p < oo the inequality (2.9) was proved in [34]
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