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ON APPROXIMATE SOLUTION OF MIXED BOUNDARY
VALUE PROBLEM FOR LAPLACE EQUATION

ELNUR H. KHALILOV AND DASTA G. GASYMOVA

Abstract. In the paper the collocation method to boundary integral
equation of the mixed boundary value problem for the Laplace equation
is justified.

1. Introduction

Numerical problems of mechanics and physics reduce to various boundary in-
tegral equations [BIE]. It is known that integral equations in the closed form are
solved only in very rare cases. Therefore, development of approximate meth-
ods for solving BIE with appropriate theoretical grounding acquires paramount
value. It is known that one of the methods of solving the mixed boundary value
problem for the Laplace equation is its reduction to BIE. Recall that the mixed
boundary value problem for the Laplace equation is as follows: to find the func-
tion u € C*(R3\ D) N C(R3\ D) possessing a normal derivative in the sense of
uniform convergence, satisfying the Laplace equation Au = 0 in R?\ D, the Som-

merfeld condition at infinity and the boundary condition gggg + \u(z) = f(x)
on S, where D C R? is a bounded domain with the boundary S, 7i(z) is a unit
external normal at the point € S, \ is a given number, f is a given continuous
function on S. Note that in the papers [2,3,5], the sequences of approximate so-
lutions of BIE of exterior boundary value problems of Dirichlet and Neumann for
a wave equation were constructed, while in the papers [1,8], the grounding of the
collocation method of BIE was given just for the same boundary value problems.
However, the grounding of the collocation method for BIE of the mixed boundary
value problem for the Laplace equation has not been given yet, and this paper is
devoted to this problem.

2. Main results

Let S be a Lyapunov surface with the index o € (0, 1], ®(z,y) = 1/(47 |z — y|)
be a fundamental solution of the Laplace equation,

_ 5 [ 02(z,y)
vi(z, p) _2/5 o (y) p(y)dSy,
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vz, p) = 2/S(I>(a?,y)p(y)d5y

and ¥(x) = vy(zx,p) be a simple layer potential of density p for the Laplace
equation, i.e.

vnlap) = [ LEds, = ax [ @G p)o)as,
sz —yl s

where 7/(z) is a unit internal normal at the point z € S, and p € C(S) (C(S)is

a space of functions continuous on S and with the norm ||p||cc = maxzegs |p(x)]).

In the paper [9] it was shown that the function u(x) = va(z, p) + pv1(z, ), x €

R3\ D, where y is a complex number, moreover Imyu # 0, is the solution of the

mixed problem for the Laplace equation if the density p is the solution of the BIE

(1= Vpla) + Tt — )
+A [’172(:E,p) - MU20<$7p) + ,LL’(~}1(.1‘,¢)] = f(x),x €5, (2'1)

9

where the sign ” ~ ” means the direct value, 11 is the direct value of the normal
derivative of a simple layer potential of density p for the Laplace equation on S.
It is known that equation (2.1) may be rewritten in the form (see [1]):

p+Ap =, (2.2)

where p = (u—1)"1f, A= (p— 1)1 (2K — 1672uT + 2\L — 47 p\L + 87u)Q) is
a linear compact operator,

0P(z,y)

(Kp)(z) = ; Wﬂ(y)d5y7$ € S;

[ 09(z,y) 0P(y,t)
To)@) = | ~patw) <s 57i(y)

(Lp)(x) = /S Dz, y)p(y)dSy, = € S;

p(t)dSt> dSy,z € S;

[ 0%(z,y) .
Qo) = [ Feet) ( / <I><y,t>p<t>dst), es.

From the known theorem [6, p. 52] it is easy to prove that A : C'(S) — Hg(S5),
B € (0,a), where Hg(S) is a space of functions determined on the surface S and
satisfying the Holder condition with the index f.

For grounding the collocation method, at first we construct a cubic formula
for (Ap)(x),z € S. Take the sequence {h} C R of values of the discretization
parameter h tending to zero, and partition S into elementary parts S = Uii(lh )s lh,
satisfying the following conditions:

(1) VI € {1,2,..,N(h)} S!" is closed and its set of points S internal with
respect to Slh is not empty, moreover mes Slh = mes Slh and for j €
{1,2,...,N(h)}, j # 1,8 NSt = 0;

(2) Vi € {1,2,...,N(h)} S is a connected piece of surface S with continuous

boundary;
(3) Vi € {1,2,..., N(h)} diamS! < h;
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4) VI € {1,2,...,N(h)} there exists a so called support point z; € SP such
( !
that

(a) ri(h) ~ Ry(h)(ri(h) ~ Ry(h) & Cy < gl((z)) < C9, where C7 and Co

are positive constants independent of k), here r;(h) = min_, st | — 2]

and Ry(h) = Max, e ygh |z — 2] ;
(b) R;(h) < d/2, where d is a radius of standard sphere (see [11])
(c) Ve {1,2,....,N(h)}rj(h) ~r/(h).
Obviously, r(h) ~ R(h), where R(h) = max;_j n() Ri(h),r(h) =
ming_; np) 71(h)-
Note that in the paper [7], the partition of a unit sphere into elementary parts
is given.
Let Sy(z) and T'y(x) be the parts of the surface S and tangential plane I'(x)
at the point x € S enclosed inside the sphere By(x) of radius d centered at the
point z. Furthermore, let § € I'(x) be the projection of the point y € S. Then

|l —g| < |z —y| <C1(S)|xr—y| and mesSy(x) < Cy(S) -mesTy(x), (2.3)
where C1(S) and C3(S) are positive constants dependent only on S (if S is a
sphere, then C1(S) = v/2 and C;(S) = 2). The following lemma is valid.

Lemma 2.1. (see [7]). There exist the constants C}, > 0 and C{ > 0 independent
of h, for which for ¥li,j € {1,2,..,N(h)},j # | and Vy € th the following
inequality is valid:

Coly — il < |zj — | < Cply — (2.4)
Let 0 )
. Ly, Tj h
b = =) ———=- S’
15 |Sg1’l( j)‘ 8ﬁ(:cl) mes 7
cj = [sgn(l — j)| ®(xy, ;) - mes S]h,
. 8@(‘73[7 $]) h
e;; = Isgn(l — j)| —=—== - mes S"
J oni(x;) J
and
N(R) N(h)
ajj = (Iu—l)_l 2blj — 167T2M Z blmbmj + 2)\01]' - 47T/L)\Clj + 8T - Z €m * Cmyj
m=1 m=1
Prove the following theorem.
Theorem 2.1. The expression
N(h)
(AN®p) (@) = > @y - play), (2.5)

—_

<

at the points x;,1 = 1, N(h) is a cubic formulas for (Ap)(zx), moreover the follow-
ing estimation is valid

max ((Ap)(x,)—(ANW) (a;l)\ < M [llplloo(R(R)® + (o, R(M))]

1=1,N(h)
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where B € (0,a) and w(p, R(h)) is a modulus of continuity of the function p(x).
Here and in the sequel, M denotes positive constants dependent only on S, k, A,

and p different at various inequalities.

Proof. In the paper [4] it is proved that the expressions

( K0 ) Z biip(z;)

and
N(h)

(LNh) ) ZCW z;)

at the points x;,l = 1, N(h) are cubic formulas for the integrals (Kp)(z) and
(Lp)(z), respectively, and

max _|(Kp)(ar) = (K¥®p) (20)| < M [lplloc (R [t R(0)| +w(p, R
I=1,N(h)

mas_|(Lp)(er) — (LYPp) ()| < M [lplloo R(R) [ImB(R)| + (o, R())]

I=1,N(R)

Now lets construct a cubic formula for the integral (T'p)(z). The expression
(TN®Wp) () = Z;V:(f) (foﬁf blmbmj) p(x;) at the points z;,l = 1,N(h) is a
cubic formula for the integral (T'p)(z). Estimate the error of this cubic formula.
Obviously,

N(h) N(h)
(Tp)(xl) - (TN(h)p> ( ) Tp xl Z (blg Z bjmp T ) =

8@ xl, 0P
[ ( / dSt> dS,—
N(h) N(h)
a(I)(CCl,ZEj) h 8(1)(l'ja$m) h _
Z; biile) "% 2 oy S Omlm) | =
i i
[ 0%y ([ 9%(.0)
~Jan n(x) \Js 97(y) PS5 ) Syt

0P (xy,y 0P (y,t) 0P(xj,t)
N Z sh On(zr) ( s Oii(y) PS5, s Oni(z;) P15 ) Ayt
J#l
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N(h) 0P (zy,y)  OP(xy, ) 0D(x;,1)
> [/sh< of(x))  O(x) > s on(zy) p(t)dsS;

dS,+

N(h) N(h)

o j D(x;
0 £$l,$]) 9 Ex]7t) p(t)dSt -
— on(xp) s Orni(x)) —
Jj= m=
J#l m#l

Ori(x;)

mes S™ p(z,,) | mes th.

(2.6)

Denote the summands in equality (2.6) by T4 (h),T2(h),T3(h) and Ty(h), re-
(zy)| _ M

spectively. Since ‘ ) ‘ = ot we get
9P(y, 1) / ‘ )
i ——— 2 1dS, < M||plleo (R(R))®.

s Of(y) s | o) y 1plloc (R(R))

In the paper [6] it was proved that K : C'(S) — Hg(S), € (0, ), this means
that Vy € S]}.Z

T30 < il )

p(t)dS;

0®(y,t)
s Oiiy) "
then we have:

[0 (xj,v)
(t)dS; g 7(31’5(%-) dS;

< M|pll (R(R))?,

)] < Mol (R0)° [ | %0 a5, < Mol (RO 5 € (0,0).

Taking into attention (2.4), it is easy to prove that VI, j € {1,2,...., N(h)},j # 1
and Yy € SJ’-‘

’M)(l“l,y) _0®(zy, xj) =i —yl
Oni(x) Oni(x) | — y[3e

Then for the expression T3(h) we get |T3(h)| < M||pllco (R(R))®.

Taking into account inequality (2.4) and error estimation of the constructed
cubic formula for the integral K (x), we have

TR < M llplloe (R()) +w(p, R(R))| B € (0,0).

As a result, summing the obtained estimations for the expressions 77 (h), T2 (h),
T5(h) and Ty(h), we get

e [(Tp)(an) = (T70p) ()| < M- [llloc (RD) + (. R)] .6 € (0.0),

Behaving in the same way, we can prove that the expression

N(h) [N(h)
<QN(h)P) (1) = (Z €lm * ij) p(z;)

J=1

at the points x;,l = 1, N(h) is a cubic formula for that integral (Qp)(z), and
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max_|(Qp)(z) — (QVMp) (w)] < M [Iplle (R() +(p, R(R))]

1=1,N(h)

where 8 € (0,«). This completes the proof of the theorem. O

For 2N ¢ ¢V (CN(™) is the space of N(h)-dimensional vectors

AN = (z{v(h),zév(h), ZJJ:;EZ))) le(h) eC, 1=1,N(h)
with the norm
[+ = | e[
I=1,N(h)
we assume
N(R)
N(h Z ay - Z a = 17N(h)a
AN N () _ (Zéliv(h)zzv(h),A2 (h)ZN(h), '_'7A%EZ§ZNUL)> _

Using cubic formula (2.5), we replace BIE (2.2) by the system of algebraic equa-

tions with respect to le(h)

in the form

-approximate values p(x;),l = 1, N(h) that we write

SN L AN ,N(B) Z N(h), (2.7)

where N = pNW o = (01,09, ...;0nm) 5 @1 = ¢ (21),1 = L,N(h); pV M €

L (C(S), (CN(h)) is a simple drift operator, and AN® . CN(W) — CN() g a linear
bounded operator.

We get the justification of the collocation method from the G.M. Vainicco the-
orem on convergence for linear operator equations (see [10]). For its formulation
we give necessary definition and conjecture in the denotation of the paper [10].

Definition 2.1. We call the system P = {pN(h)} of the operators pN " : C(S) —
CN(M) connecting for C(S) and CN() if
PPl = llelloo

as
h — 0,Yp € C(S)

HpN(h ago—l—a'gol)—( N 4 a'pN W )‘—>0

as
h — 0,Yp, ¢ € C(S),a,a" € C.
Definition 2.2. The sequence {‘PN(h)} of the elements ) € CN®) p-_converges
to p € C(9) if
lenm — V™l — 0
as h — 0. Herewith well write ¢y, 25 0.

Definition 2.3. The sequence {cpN(h)} of the elements oy € cN® is P-
compact if its any subsequence contains P-convergent subsequence.
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Definition 2.4. The sequence of the operators BN . cN(W — cNMh) pp.
converges to the operator B : C(S) — C(S) if for any P-convergent sequence

{goN(h)} we have ¢y (p) N p = BN(h)goN(h) AN By. Herewith well write
BNt 2, p.

Definition 2.5. The sequence of operators BN" ¢ L (CN (n), CcN (h)) regularly

converges to the operator B € L(C(S),C(S)) if BN 2 B and the following
regularity condition is fulfilled: py (s € cN®), lenmll < M, {BN(h)gaN(h)} P-
compact = {goN(h)} P-compact.

Theorem 2.2. Let BN™ — B regularly, BN(") (N(h) > Ny) be Fredholm with a
zero index, KerB = {0} and ¥y L4, € C(S). Then the equation Bo = 1)
has a unique solution ¢ € C(S), the equation BN(h)npN(h) =¢Yn(h) (N(h) > No)
has a unique solution oy € CN® | and DN (h) LN @ with the estimation

e1|BYWpN MG —pnin |l < 1@ (h) — pV @) < eof[ BN MpN MG — gy I,
where

aa=1/ sup [|BY®| >0,
N(h)>No

-1
co= sup || (BN(h)> | < 4o0.
N(h)>No
Now we formulate the main result of this paper.

Theorem 2.3. Equations (2.2) and (2.7) have unique solutions p, € C(S) and
PrARCINC CNM(N(h) > Ny) and Hziv(h) —pNPp | = 0 as h — 0 with the
estimation ||z>ﬁv(h) —pNWp || < M- [(R(R))? + w(p, R(h))] where B € (0,).

Proof. Applying Theorem 2.2, we get that equations (2.2) and (2.7) have unique
solutions p, € C(S) and A ¢ CNM(N(h) > Np), moreover

1Oy < 128 — pN W < ey - ON(h):

where

c=1/ sup [TV 4 AN®)| >0,
N(h)=No

(IN<h) + AN(h))_l' < +o0,

Cco = sup
N(h)=No

On(n) = max ’Afv(h) (PN ™p,) - (Ap*)(:vz)’ :
I=L,N(h)

Since px = (I + A) "L, then || pi|| < (I + A)7Y| - [|¢|lco- Furthermore, taking
into account w(Apx, R(h)) < M - ||p«|| - (R(R))?, we have:

w(pe; R(R)) = w(p — Aps, R(h)) < w(ip, R(h)) + w(Ap., R()) <
< w(p, R(h)) + M - (R(h))", B € (0, ).

As a result, from the obtained estimations and from Theorem 2.1 we get dy ;) <
< M - [(R(h))? +w(yp, R(h))], where 8 € (0, ). O
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Note that in particular for A = 0 we get exterior Neumann boundary value
problem. The justification of the collocation method for BIE corresponding to
the exterior Neumann boundary value problem is given in the paper [1]. But in
the paper [1], for constructing a cubic formula in addition to support points the
additional points on the boundary of elementary parts were taken. One of the
advantages of this paper is that these additional points were not used in it and
this in its turn shortens much the finding of approximate values of corresponding
integrals.
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