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CRACKING IN AN ANNULAR DISK WITH MIXED
BOUNDARY CONDITIONS ON THE BOUNDARY

NAILA M. KALANTARLY

Abstract. The mathematical description of cracking in an annular disk
with mixed boundary conditions on the boundary is given. It is assumed
that in the course of loading in the disk there exists a zone of weakened
interparticle bonds of the material. The criterion of crack nucleation in
an annular disk is formulated.

1. Problem statement

Let the cross section of the annular disk occupy in the plane z = = + iy the
annular domain S bounded from the outside by a circle of radius R; and from
the within by a circle of radius R. Let’s consider the stress-strain state in the
annular domain S for the case when the external surface of the annular disk is
fixed, i.e. is fastened with a rigid holder. For r = R on the internal surface of
the annular disk the external load is given.

In the course of operation, in the annular disk there will arise the prefracture
zones (interlayers of the overstrained material), that we simulate as the areas
of weakened interparticle bonds of the material. The interaction of the faces of
these areas are simulated by the bonds between the prefracture zone faces having
the given deformation diagram of the material bonds. Physical nature of these
bonds and the size of prefracture zone wherein the interaction of the faces of
interparticle bonds areas is realized, depend on the kind of the material [3].

Thus, the embryonic cracks are simulated by the prefracture zones with the
bonds between the faces, that are considered as the areas of weakened interpar-
ticle bonds. As the prefracture zones of the annular disk material are small in
comparison with the remaining part of the disk, they may be mentally replaced
by the slits whose surfaces interact between themselves by some law correspond-
ing to the action of the removed material of the disk. In the considered case the
cracking is a process of a passage of the prefracture area to the area of broken
bonds between the surface of the annular disk material.

Refer the annular disk to the polar system of coordinates rf having chosen the
origin of coordinates in the center of concentrical circles Ly, L of the radii R; and
R. Let on the boundary of the annular area S there hold the following boundary
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conditions (mixed boundary conditions):

o — it = f1(0) — ifa(6), |2 = R (1.1)

v, —ivg =0, |z| = Ry,
where o, 09, 79 are the stress tensor components v,; and vy are radial and tan-
gential displacement of the points of the annular disk; f1(6) and f2(6) are external
stresses acting on the internal circle r = R.

In the operator process, under the action of the force load, in the annular disk
there will arise prefracture zones that will be simulated as the areas of weakened
interparticle bonds of the material. It is assumed that the prefracture zones are
oriented on maximal tensile stresses arising in the annular disk.

In the cross section of the disk consider the prefracture zone of length 2i;
located on the interval |z1| < I3, y1 = 0. In the center of the prefracture zone
locate the origin of the local system of coordinates 101y x1 whose axis aq,
coincides with prefacture zone line and forms the angle a; with the axis Oz
(0 =0).

The prefracture zone size is unknown beforehand and should be defined in the
process of the problem solution. Under the action of external force loads on the
annular disk in the bonds connecting the prefracture zone faces there will arise
normal gy, and tangential g, forces. For finding the stress-strain state of the
disk with one rectilinear prefracture zone at loading by external load the joint
solution of the equations of elasticity theory [4] under the disk loading conditions
(1) is necessary. By loading the annular disk to these conditions we add conditions
for the forces in the bonds

Oy, = Qyy (x1)7 Triyr = 4oy (.131), y1 =0, |x1| <h (1'2)

The main relations of the stated problem should be completed by the equation
connecting the opening of the prefracture faces and the stresses in the bonds.
This equation may be represented in the form

(I/f_ —vy)— Z(uii_ —uy ) =1(z1,01) [qy, (1) = 1G4, (21)], (1.3)

where (v]" — v{) and (u] — u]) are normal and tangential components of the
opening of prefecture zone faces, respectively; II(z1,01) is the compliance of
bonds dependent on the tension of bonds, for II = const the law of deformation

of bonds is linear; o1 = 4 /qg1 + iqg%ly1 is the modulus of vector of adhesion forces

in the bonds. In the general case, the law of deformation of bonds is nonlinear
and given.

For determining the values of the external load at which the crack nucleation
happens (cracking) the problem statement should be complemented with the
crack occurrence condition (criterion). A such a condition we accept the criterion
of critical opening of the faces of weakened interparticle bonds zone of the material
bonds (prefracture zones)

|(1/fr —vy ) — 1(u1+ — uf)| = 0O, (1.4)
where 6. is the characteristics of resistance of the annular disk material to crack
initiation and is determined experimentally.
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This extra condition permits to find the parameters of the annular disk at
which the cracking happens.

2. Method of decision a problem

The enumerated differential equations and boundary conditions compose a
closed system for determining the stresses and strains in the annular disk by
loading with force load. Using the Kolosov-Muskheleshevili formula [4], boundary
conditions (1), (2) are written in the form

for r = R ®(2) 4+ ®(2) — e*[z0'(2) + U(2)] = f1(0) — if2(6) (2.1)

for r = Ry ®(2) — k®(z) — e*[20/(2) + W(2)] = 0,

for y1 =0, |z1] <l P(z1) + P(21) + 1P/ (z1) + V(1) = @y — 1Quryy,  (2:2)

where k = (3 —v)/(1 + v); v is the Poisson ratio of the material.
We look for the complex potentials describing the stress-strain state of the
annular disk with one rectilinear prefecture zone in the form [5, 2]

D(z) = Po(2) + P1(2) + P2(2), (2.3)
U(z) = Uo(z) + ¥1(2) + Va(2),
where
o0 o0
Oo(z) = Y apz, Wo(z) = > bpet, (2.4)
k=—00 k=—00
{ it
1 a1 t)dt
() = —
1(2’) 271’/ t—zl’
—I
h 0 T, ¢ic
1 o g1(t 1€t
Uy(z) = —e 2 — t)| dt, 2.5
1(2) 27‘[‘6 l/ [t—zl (t—21)291( )] (2:5)
—l1
fronT 1
1 N .
q) = — —_— Lo t —_ ro t dt
)= 52 [ | @ - e ar
I
IR
o
\\s - = 410 i ¢
2(2) o2mz { 2Ty 22 z2T2+ T2 o(t)+
51
1-TT, 1 2(1 — TlTl)} _ml}
— - — e t) o dt; 2.6
o e o, (2.6

Ty =t 420, Ty =1—2T1, 21 = e " (2 — 2Y)
In relations (9) and (10) g¢1(¢) is a sought - for function characterizing the
opening of the prefracture zone faces
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_2u 0
- 1 + k 8901
Here p is the shear modules of the cylinder’s material.

The complex potentials ®¢(z) and ¥pz and the unknown sought - for function
g1(x1) should be determined from the boundary conditions on the contours r = R
and 7 = Ry and on the faces of rectilinear prefracture zone.

For the complex potentials ®y(z) and ¥y(z) we can write boundary conditions
of problem (5) on the circular boundaries in the following form (12)

g1(z1) [ (21,0) = vy (21,0) —i(uf (21,0) — up (21,0))]  (2.7)

Do(7) + (1) — 2070 () 4+ Wo(7)] = f1(0) —ifa(0) for 7 = Re?,  (2.8)

Do(11) — k®o(r1) — 2P [F0 (1) + To(m1)] = —(f1(0) — if5(0)) for 71 = Rye™,
FH0) = if5(0) = ®u(m1) — k®u(m1) — P [APL(11) + Vu(71)],

D,.(2) = D1(2) + Pa2(2); Vul(z) = Vi(2) + Pa(z) (2.9)

The solution of boundary value problem is attained by the method of power

series. For that it is necessary to expand the right sides of boundary conditions
(12) in Fourier series. These expansions have the following form:

f1(0) —if2(0) = > Ape™ forr =R (2.10)

k=—o0

£1(0) —if5(0) = Y Dye™ for r = Ry,

k=—o00
where
2
A= - /(fl(g) —ifa(0))e a0 (k = 0,+1,+2,...) (2.11)
27
0
1 27
Di= 5 [76) = if5(0)e a0
0

After integration by means of residue theory, for the coefficients Dy we find

1 ENg1(t) et
Du=-(-k [ |G- | deco 212)
7l1

Il

1 g (t) 3 e
Doz—(l—k)ﬂ_/ |:611911()—2€ZQ1T191(1€):| dt+00,

I

Cn = C;L—Q — 20;{_1 + C:L (n = 2,3, )7
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I
1 .
Cy =20 +Cf, Co=C}+C,, C. == /Tlew‘lgl(t)dt,
7T

—Ih
l1
1 . _
C, = n; / e g (T} dt (n=10,1,2,..),
T

h
l1

1 L
Cn = n;r / e T gi(t)dt (n=10,1,2,..),
—l
51
1 . I
Cr = ";; / e TV T g1 (t)dt (n=0,1,2,...)

—1y

Satisfying by the functions (12) complex potentials (8) on the circular bound-
aries of the annular domain S, after some transformations we get an infinite
system of linear algebraic equations with respect to the sought-for coefficients ay
and bk

ap + ag — b_2R72 = Ao, ag — kag — b_2R1_2 = —Dy, (2.13)
(1 —k)apR* +a_1,R™" —b_oR*2 = Ay,
(1 — k)apRY + ka_xRy" — by_oRY™> = — D,

The solution of the obtained system (17) is not difficult and has the following
form:

AgR™? — DyR;?

(1—k)R;? —2R"?’
(1+ k) (R} — R)Mj, — (kR{ T2 + R™2M2)M

(1 _ kQ)(R% _ 32)2 _ (R—2k+2 + kR—2k+2)(R%+2 + le—%—l—Q)
M = —DkRIk+2 — AkR_k+2, bng_2 = ag + ag — Ay,

bk_gle72 =(1- k‘)alef — koa_kak + Dy,

AR kAR v — 2a_1(R* — R}) — M _,

T4k YT 14k T R* + KR!

Satisfying by the functions (7)-(10) the boundary conditions on the prefecture

zone faces for y; = 0, |z1] < 13 we get a complex singular integral equation with
respect to the unknown function g1 (z1) :

ag = (2.14)

ap = (k = +2,++3...),

a_1

I
/ R(t,20)g1(£) + S(t,20)gr (D]t = 7 f(a1) |1 < I, (2.15)

I
where
flz1) = Qy1 — Wayy, + fo(z1),
fo(z1) = =[Po(z1) + Po(21) + 21P(21) + Yo(21)],




CRACKING IN AN ANNULAR DISK WITH MIXED BOUNDARY, ... 137

6@051 1 6—2i()é1

R(t,z1) = 4+ —
(t:21) 2 <T1—X1 T1—X1>

et [ 1 1-NT,

+ = + =
2 Xl(XlTl — 1) Tl(l - le(l)2

— 72 P— PR— P—
—iey (TIT1 = D)(2X1 T XT - 3X Ty + 1) + 1 X1 (1 — X1 Th)?

+e —ohD |
X1 (ThXq,—1)3
77;011 1 T —X )
S(taml) = ‘ |: = —1 71 6_2za1:| +
2 |Th—-X1 (Th—Xy)?
e~ { 1 1—T\T,
= E= + = —
2 X1(X,-1) T1(1—X1T1)?
“2iay 1 X1X1(1-2X1Ty) +3X1Ty — 2
+e — t — - 7
Tle Xl(l —X1T1)2

Xy =z 4 2
To the singular integral equation for the internal prefracture zone it is necessary
to add the extra equality

Iy

/91 (t)dt =0 (2.16)

I

Applying the change of variables and quadrature formula to singular integral

equation (19) and to additional condition (20), we get the system of m algebraic
equations for finding the m unknowns gi (t,,) = v9(tm) — iud(tm)

M
% Z Iy [@O(tm)R(lltm’ L) + @o(tm)S(hitm, ine) | = f(nr) (2.17)

m=1

M
> @oltm) =0, (r=1,2,..,M —1)
m=1

If in (21) we pass to complexly-conjugate variables, we get one more M alge-
braic equations. The stresses in the annular disk under force loading are every-
where restricted, therefore the solution of the singular integral equation should
be sought in the class of everywhere bounded functions. Thus, it is necessary to
add to the system of algebraic equations the stress boundedness conditions in the
vicinity of the prefracture zone tips. By adding these conditions

M

2m —1
> (=1)™po(tm)ctg ar T=0 (2.18)
m=1
M
2m —1
> ()Mot )ty = = 0,



138 NAILA M. KALANTARLY

we get complex algebraic system (21), (22) for finding M unknowns pq(t,,), (m =
1,2,..., M) and the prefracture zone sizes.

The right sides of the system (19) contain the unknown values of normal g, (1)
and tangential ¢, (1) stresses at the nodal points of zones of the weakened
interparticle bonds of the material. For determining them we use additional
equation (3):

_ 2 d
o 1+kda:1

This complex equation is used to determine the unknown stresses gy, (z1) and
Qa1y: (1) in the bonds between the prefracture zone faces. For constructing the
missing equations that are used to determine the stresses in the bonds between the
prefracture faces, it will be necessary to fulfill conditions (23) at the nodal points
t, contained in the prefracture zone. As a result we get two more systems from
M equations for determining the approximate values gy, (t;) and gz, y, (tm) (m =
1,2,..., M). Therewith we use the method of finite differences.

Because of the unknown size of the prefracture zone length [y the algebraic
system (21)-(23) became nonlinear even for linear bonds. The obtained algebraic
systems (18), (21)-(23) are connected and should be solved jointly. For solving the
obtained algebraic systems, the method of sequential approximations was used
in the following form. The system was solved at some definite value of 1, with
respect to the unknowns 19(tn), ul(tm), @n(tm), Qey (tm) (m = 1,2,..., M).
Then the value of [1, and the found values 1 (t,,), u9(tm), @y (tm)s Guays (tm) Were
substituted into (22), i.e. into the unused equation of the combined system. The
taken value of the parameter 1, and the corresponding values 1 (t,,), u{(tm),
Qy1 (tm)s Qury, (tm), generally speaking, will not satisfy equation (22)of the system,
therefore, choosing the values of the parameter l1, the calculations were repeated
over and over again until the equations (22) of the system were satisfied, with
the given accuracy. The algebraic system at each approximation was solved by
the Gauss method with selection of the principal element. For the case of the
nonlinear law of deformation of bonds, for finding the stresses in the prefracture
zone, the iterative algorithm similar to the method of elastic solutions [1] was
used.

The obtained systems of equations with respect to ag, bk, ¢V(tm), Gy, (tm),
Qoryr (tm), (m =1,2,..., M) permit under the given external force loading to find
the stress-strain state of the annular disk in the presence of a rectilinear prefrac-
ture zone.

Using the solution of the problem, we calculate the displacements on the pre-
fracture zone faces for z1 = zg :

g1(z1) (21, 01)(qy: (T1) — iquyy, (21))] (2.19)

g
1+k .
_W g1(z1)dxy = V?(l’o,()) — zu[l)(xo,O),

I

where v (z0,0) = v (z0,0) — v1 (20,0), u{(z0,0) = u] (z9,0) — uj (z0,0)

Now using the change of integration variable and replacing the integral by
means of the Gauss quadratic formula, we find
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1+ knlh M

0 0
“on M mz_lgl(tm) = v; (%0, 0) — iuj(zo,0),
where M in the amount of nodal points belonging to the segment (—I7, x¢).
Obviously, the breaking of interparticle bonds of the disk material will occur
in the middle part of the prefracture zone, i.e. My = 1/2M.
Separating the real and imaginary parts in the previous relation, we find

1+ kmxwl 1+ kmxwl
W(20,0) = ——— 3" (tm), u(20,0) = ———— > ud(t)

Thus, for the displacement vector modulus on the prefracture zone faces for
T1 = xg we get

_ _ 14+ kwly /
Vbl = \/[l/fr(l‘o,(]) - (1'0,0)]2 + [Uf(l’o,()) — U (1'070)}2 = Wﬁl A% + B%a
M1 Ml
A= Z vi(tm), B1 = Z w1 (tm)
m=1 m=1

Consequently, the condition determining the critical value of the external force
load at which the cracking happens in the annular disk, will be

1+ k7l

2u M

The joint solution of the obtained equations (18), (21)-(24) permits to deter-

mine under the given characteristics of the annular disk the critical value of the

external force load and the prefracture zone size [{ for the limit equilibrium state.

The velocity of strain energy consumption G, (I{) obtained from this solution is
considered the energetic characteristics of fracture resistance, i.e.

A3+ B} =4, (2.20)

Ge = Gp(l7)

Using the ultimate values . and G. we can isolate different regimes of pre-
fracture zone equilibrium and crack nucleation in the annular disk under mixed
boundary conditions. For example, subject to the conditions

Gy(l1) > Ge, Voi(xo) < 6

there happens advance of the prefracture zone tip without breaking of interpar-
ticle bonds of the material, i.e. in this case the crack doesn’t initiate. This state
of prefracture zone growth is interpreted as adaptability of the annular disk to
the given level of the external load acting on the internal surface of the disk in
the loading process. The growth of the prefracture zone tip with simultaneous
breaking of interparticle bonds of the material on the prefracture zone faces will
happen subject to the following conditions

Gb(ll) > Gca ‘/E)l(:UO) > 50

while subject to the conditions
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Gi(l1) < Ge, Vor(zo) > dc
the breaking of interparticle bonds of the material happens without advance of
the prefracture zone tip, i.e. in this case the crack initiates, and the prefracture
zone size decreases. If the following conditions

Gy(l1) < Ge, Voi(zo) < 6,

are fulfilled, the state of the prefracture zone tip will not change.
Thus, the analysis shows that value of the external load and critical parameters
d¢, G, determine the cracking’s character.
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