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ON THE ERROR ESTIMATION OF THE EIGENVALUES OF
SOME BOUNDARY VALUE PROBLEMS
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In memory of M. G. Gasymov on his 75th birthday

Abstract. A posteriori error estimates for the eigenvalues of boundary
value problems for ordinary differential and ordinary integro-differential
equations computed by the method of mechanical quadratures are ob-
tained in this paper.

1. Introduction

The matter of error estimation when solving boundary value problems for linear
ordinary differential and ordinary integro-differential equations by approximate
methods has been widely studied, while the same cannot be said about the error
estimation for the eigenvalues of these problems. The case of integral equations
is different. The problem of error estimation is successfully solved both when
solving non-homogeneous equations (by the method of replacing the kernel by a
similar one, for example, by a degenerate one, and by the method of mechanical
quadratures (see, e.g., [2, 3])) and when computing the eigenvalues. For example,
in [4] the problem of error estimation for the eigenvalues of the Fredholm integral
equation of the second kind with Hermitian kernel computed by the method of
mechanical quadratures was considered. We should also note [1] which used the
method of replacing the kernel by a similar one.

In this work, we obtain a posteriori error estimates for the eigenvalues of linear
ordinary differential and ordinary integro-differential equations computed by the
method of mechanical quadratures.

2. Main results

1. Consider the ordinary differential equation
m—1
La(t) =20 (1) + 3 ps ()2 () = Mg () 2 (2) (2.1)
s=0
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with the conditions
m—1
iz=Y" [aijx(ﬂ (0) + Bz (1)} =0,i=1,2..,m, (2.2)
§=0
where «;j, B = const, i = 1,2,...,m, ¢ (t) > 0, and the coefficients ¢ (), ps (t),
s =0,1,...,m — 1, are continuous on the interval [0, 1].
Denote by g (t,s) the Green’s function of the differential expression Lz ()
under the boundary conditions (2.2).
Let the problem

Lx=0, jz=0, 1:=1,2,...,m,
be self-adjoint. Then it is not difficult to show that the boundary value problem
(2.1), (2.2) is equivalent to the integral equation

1
y(t) = )\/0 G (t,s)y(s)ds, (2.3)

where
G (t,s) =g (t,s)\Vq(t)q(s), y(t) =z (t)Vq(t).

Consider the quadrature formula

1 n
| ear=> ae )+ Ra ), (2.4)

k=1

where 0 <t] <t < ...<tp <1, A >0.
Applying the quadrature formula (2.4) to the integral on the right-hand side
of (2.3), we find:

n
y(t) = A> AG (4 tk) y (t) + ARy (1) (2.5)
k=1
Replacing ¢t by t; (i = 1,2,...,n) in (2.5) leads us to the following system of equa-
tions:

g (t) = NS ARG () y () + ARa (1), (i=1,2,0m).  (26)
k=1
Removing the term with R, (¢;) in (2.6) and replacing y (tx) by ¥ (tx), we obtain
the linear algebraic system

n
i =A>_ ApGii,
k=1
where sz = G(ti,tk), g](tk) = gk (Z = 1,2, ,n)
Thus, the approximate computation of eigenvalues of the boundary value prob-
lem (2.1), (2.2) is reduced by the mechanical quadrature method to the compu-
tation of eigenvalues of the matrix

A1G AxGre ... AnGhy,
A1Go1 AxGaa ... AnGay

AIGnl AQGnZ AnGnn

U= (2.7)
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Denote the eigenvalues of the boundary value problem (2.1), (2.2) and those
of the matrix (2.7) by A;z and Ajy, respectively. We will assume that the eigen-
values Ajz, and Ajpy are numbered in non-descending order of their moduli (with
multiplicity).

Construct the iterated kernel

1
Ga (t,s) = /0 G (t,z)G(z,9)dz. (2.8)

Applying the quadrature formula (2.4) to the right-hand side of (2.8), we get
Ga(t,s) = N (t,s) + Ry (t,5),
where

N (t,s) = ApG(t,t) G (tr, ) (2.9)
k=1

is a degenerate Hermitian kernel, R, (¢, s) is a small kernel and A > 0. Then the
Hermitian kernel (2.9) is positive and all its eigenvalues are also positive.

Let Ajn be the eigenvalues of the kernel N (t, s).

Applying the well-known Weyl theorem (see, e.g., [5]) to the operators N (¢, s)
and G (t,s) = N (t,s) + Ry (t,s), we find:

2y IR
A2 | < TN ,
e YRR A

where || R, || is the norm of an integral operator with the kernel R (¢, s). Obviously,
the eigenvalues Ajn of the kernel N (t,s) coincide with those of the matrix A.
The element in the i-th row and k-th column of the matrix A is defined by the

formula .
Al = \/Ai . \/Ak : / G(ti,8> G(S,tk) ds. (2.11)
0

Now, applying the quadrature formula (2.4) to the right-hand side of (2.11), we
obtain

(2.10)

Qi = \/Z “V Ay - <Z A.GyGrp + Rzk> . (2.12)

r=1

Take the square of the matrix U:

U? = (bir) = (Z ArGwAkGrk> ,

r=1
where
n
bir = (U%), = D ArGir AkGry
r=1
is the element in the i-th row and k-th column of the square of the matrix U.
Consider the diagonal matrix
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where
D — VA;  for 1=k,
k=Y 0 for i #k.
It is not difficult to show that
DU?D™! = (Cy), (2.13)
where .
Ci = (DUPD™ ), = VA - VALY AGinGhy,.
r=1
Then it follows from (2.12) and (2.13) that
A=DU?’D™ '+ B,
where
ARy VA1AsR1p ... VA1A, R,
B_ VA2A1Ry1 AaRgo VA2 ApRop
Vv AnAanl \ AnAZRnQ Aann
Now, applying the Weyl theorem [5] to the matrices DU?D~! and A = DU?D~ 1+
B, we get
Njv - 1B
D e L (2.14)
S ]
Consequently,
Nin| < ————. (2.15)
’ 1=y - |IB]
From the inequalities (2.10) and (2.15) we have
MRy
(Mo = Ain| < |l : (2.16)
(1= 22 - 1BI) [1 = 22 (IBI + | Rall)]
Now from the inequalities (2.14) and (2.16) we find
N2y — M| < [Ny = Ain |+ [Aiv = AZL] < 45, (2.17)
where .
X (1B + || R
5, — (B IR 019
1= Xy (1B + [ Bnl])
with
Nu (1Bl + [ Rall) < 1.
In view of
(Ajo 4+ Ajel = 2 Nul = Ao = Ajel
from (2.17) we have
[Aju = ALl (2[Au] = Ao = Ajzl) < 65
Hence 5
[Aju = izl < y (2.19)

INjul+ /A2 =

where §; is defined by (2.18).
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Thus, we have proved the following
Theorem. Under the above conditions, the error estimate (2.19) for the eigen-
values of the boundary value problem (2.1), (2.2) in terms of the eigenvalues of
the matriz (2.7) is true, obtained by applying the mechanical quadrature method
to the boundary value problem (2.1), (2.2).

2. Consider the ordinary integro-differential equation

m—2
Kx(t)=a™ )+ > ps(t) 2 () + / 1 b(t,o)x(0)do = a(t)z(t) (2.20)
s=1 0
with the conditions
m—1
ljl' = Z [ang(z) (O) + 52];5'(1) (1)} —l—/l Y4 (t) T (t) dt = 0, ] = 1, 2, ey, (2.21)
i=0 0

where oy, B;j = const, j = 1,2,...,m, a(t) > 0, the coefficients a (t), ps (%),
s =1,2,...,m— 2, are continuous on the interval [0, 1], and v; (), j = 1,2,...,m,
are the summable functions on [0, 1].

Denote by I' (t,s) the Green’s function of the differential expression Kx (t)
under the conditions (2.21) and let the problem Kz (t) = 0, [; () = 0 be Her-
mitian self-adjoint. Then the problem (2.20), (2.21) is equivalent to the integral
equation

1
z(t):)\/o Gt s) 2 (s) ds,

where

G(t,s) =T (t,s)Va(t)a(s), z(t) =z (t)a(t).
Continuing in the same way as we did when considering problem (2.1), (2.2), we
arrive at the inequality (2.19) for the problem (2.20), (2.21), where A\;;y and Ajr,

are the eigenvalues of the matrix U = (A;Gj;) and the kernel G (t,s), respec-
tively.
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