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Abstract. This is a survey of recent results obtained by the author
and his co-authors G. Barbatis, E. B. Davies, E. Feleqi, V. Goldshtein,
P. D. Lamberti, M. Lanza de Cristoforis, A. Ukhlov on the problem of
estimates for the variation of the eigenvalues of elliptic operators upon
variation of the open sets on which they are defined. These estimates
are expressed in terms of various geometric characteristics of vicinity of
the open sets.

1. Introduction

We shall mostly consider a non-negative self-adjoint operator

Hu= (-1 Y D° (Aag(aj)D’BU), zeQ, (1.1)

la]=[8]=m

of order 2m subject to homogeneous Dirichlet or Neumann boundary conditions
on an open set € in RY. Here m € N is arbitrary and the coefficients Anp are
bounded measurable real-valued functions defined on 2 and the uniform ellipticity
condition is satisfied: for some 6 > 0

D Aap(@)als > 011 (1.2)

la|=[8]=m

for all # € Q, & = (a)jaj=m € R™, where 772 is the number of all multi-indices
a € NY, with |a| = a1 + -+ ay =m.
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If Q is sufficiently regular open set, then H has compact resolvent and its
spectrum consists of a sequence of eigenvalues

MO < M) < -+ < A0 <

of finite multiplicity such that lim, o, A\,[2] = oo. (Here each eigenvalue is
repeated as many times as its multiplicity.)

In this survey, for fixed coefficients A,z, we shall present sharp stability esti-
mates for the variation of \,[€2] upon variation of 2. Some of them were discussed
in [24, 31, 29, 30, 13, 15, 19]. Here we focus on the results obtained by the author
and his co-authors in the last decade.

Certain, less complete results of such type are obtained for the variation of
of the corresponding eigenfunctions and, more generally, for solutions of ellip-
tic equations. We shall not discuss them in this survey. We only mention the
following papers dedicated to this topic: [42, 45, 3, 43, 4, 7, 8, 9].

A wide class of open sets will be under consideration. For this reason first we
state what is the meaning of the homogeneous Dirichlet or Neumann boundary
conditions for an arbitrary open set Q.

For 1 < p < oo, by W™P(Q) we denote the Sobolev space of all complex-
valued functions u in LP(Q2), which have all weak derivatives D*u up to order m
in LP(Q), endowed with the norm

lullwmo@ = 3 1Dl ooy

laj<m

By Wy""(2) we denote the closure in WP (Q) of the space of the C°°-functions
with compact support in Q.

We shall also use the semi-normed Sobolev spaces L™P(€2) of all complex-
valued functions v in (LP)!°¢(Q), which have all weak derivatives D®u of order m
in LP(Q), endowed with the semi-norm

[ul| mp () = Z [ D%ull (0
|a|=m
Let V(£2) be a closed subspace of W™?2()) containing W(" 2(€2). We consider
the following eigenvalue problem

/ Z Ao DuDPo dx = )\/ uv dz, (1.3)
la|=|B|=m
for all test functions v € V(Q), in the unknowns u € V(Q2),u # 0, (the eigenfunc-
tions) and A € R (the eigenvalues).

As is well known, problem (1.3) is the weak formulation of the eigenvalue
problem for the operator H in (1.1) subject to suitable homogeneous boundary
conditions: the choice of V(£2) corresponds to the choice of boundary conditions
(see e.g., [41]).

We set

(u,v) / Z AusD*uDPodz, Qa(u) = Qa(u,u),
lal=[8|=m
for all u,v € W™2(Q).
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If the embedding V(2) € W™~ 12(Q) is compact, then the eigenvalues of equa-
tion (1.3) coincide with the eigenvalues of a suitable operator Hy () canonically
associated with the restriction of the quadratic form Qq to V(). In fact, we
have the following theorem (see [26] and [16, Theorem 2.8] for a detailed proof).

Theorem 1.4. Let Q be an open set in RN. Let m € N, § > 0 and, for all
a, B € N such that |a] = |8] = m, let Anp be bounded measurable real-valued
functions defined on ), satisfying the condition Ay = Ags and condition (1.2).

Let V() be a closed subspace of W™2(Q) containing Wéﬂa(ﬂ) and such that
the embedding V() C W™=12(Q) is compact.

Then there exists a non-negative self-adjoint linear operator Hy q) on L3()
with compact resolvent, such that

1/2 y _
Dom(HV(Q)) =V(Q)
and 1/2 1/2
< HV(Q)u,HV(Q)U >r20)= Qa(u,v) for all u,v € V(Q).

Moreover, the eigenvalues of equation (1.3) coincide with the eigenvalues A, [Hy ()]

of Hy(q)y and
Mn[Hy (@] = inf sup Galu)

LOV(Q ul|?
dim[l(:gqngé% llzz )

where the infimum is taken with respect to all subspaces L of V() of dimension n
(Min-Max Principle).

We pay particular attention to the cases V() = W()m’Q(Q) and V() =
W™2(Q) which correspond to Dirichlet and Neumann boundary conditions re-
spectively.

Definition 1.5. Let Q be an open set in RN. Let m € N, § > 0 and, for all

a, B € N such that |a] = |8] = m, let Anp be bounded measurable real-valued

functions defined on ), satisfying the equality Anpg = Ago and condition (1.2).
If the embedding WS”’Q(Q) C Wm=L2(Q) is compact, we set

If the embedding W™?2(2) € Wm=12(Q) is compact, we set
)\n,N[Q] = An[HWmJ(Q)]'

The numbers A, [, Ay A [Q] are called the Dirichlet eigenvalues, Neumann
eigenvalues respectively, of operator (1.1).

If a result holds for both the Dirichlet and Neumann eigenvalues, we shall write
Just Ap[Q].

Remark 1.6. If Q is such that the embedding Wol’z(Q) C L?() is compact (for
instance, if Q is an arbitrary open set with finite Lebesgue measure), then also
the embedding W(;n’Q(Q) C Wm=12(Q) is compact and the Dirichlet eigenvalues
are well-defined.

If Q is such that the embedding W2(Q) C L?(Q) is compact (for instance, if
has a continuous boundary, see Definition 4.1), then the embedding W™2(Q) C
Wm=12(Q) is compact and the Neumann eigenvalues are well-defined.
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In the next sections we shall study the variation of A\, p[2] and A, o[©2] upon
variation of {2 in suitable classes of open sets defined below.

2. General spectral stability theorem

We start with stating the general stability theorem for non-negative self-adjoint
operators, based on the notion of a transition operator [12].

Let H be a non-negative self-adjoint operator on a separable Hilbert space
(H, (-, -)%) with domain Dom(H) dense in H. If H has a compact resolvent, its
spectrum is discrete and consists of a sequence A\,[H], n € N, of non-negative
eigenvalues of finite multiplicity satisfying lim,,_,oo A\p[H] = 0o. We shall always
assume that such eigenvalues are arranged in nondecreasing order and repeated
as many times as their multiplicity. The corresponding eigenfunctions will be
denoted by ¢, [H] and it will always be assumed that they form an orthonormal
set in H. We shall also denote by L, [H] the linear span of ¢1[H],...,¢,[H] and
set

L[H] = | La[H].

Definition 2.1. Let $H1, H2 be two non-empty families of separable Hilbert spaces
and By = {Hl(Hl) : Hp € 57,)1}, By = {HQ(HQ) : Ho € 552} where Hl(/Hl) and
Hy(Hs2) are non-negative self-adjoint linear operators on Hi, Ha respectively, with
compact resolvents. Moreover, let § : By x By — [0,00) (a measure of vicinity of
H1 S Bl and H2 S BQ)

Given Hy € By, Hs € By and 0 < G, by < 00, 0 < 8.6/ < oo for all
m,n € N, we say that a linear operator Tio : L[H1] — Dom(H;/Q) is a transition
operator from H; to Hs with the measure of vicinity § and the parameters a,,,
bimns Onn, and 877 (briefly, a transition operator from Hy to Hy), if the following
conditions are satisfied:

(i) (ThanH1], Tioon[H1])H, > 1 — annd(Hy, Hy), n €N,
if S(Hy, Ha) < 6y,

(1) |(Thaem[H1], Tiaen[H1)) 1, < amnd(Hi, Ha), m,n € N, m # n,
if 6(Hy, Ho) < 6!

(ii1) (Hy*Tia@nH1], Hy *Tio@nH\ )ty < An[Hi] + bund(H1, Hy), n €N,
ifé(HhHg) <o

nn’
(iv) [(Hy*Thzpm H1], Hy *Trioon [ H1 )3, < bund(Hy, Ha),  myn € N, m #
n?
if(S(Hl,HQ) < (5;;171
We assume, without loss of generality, that amn = Gnm, bmn = bam, m,n € N.

Theorem 2.2. Let By, By and § be as in Definition 2.1.
1. Assume that for each n € N supy, cp, An[H1] < co. Then the following
statements are equivalent:

(s1) For each n € N there exist ¢, € [0,00[ and e, €]0,00[ such that the



112 VICTOR I. BURENKOV

mnequality
)\n[HQ] < )\n[Hl] + Cn(;(H]_,HQ), (23)
holds for all Hy € By and Hy € By satisfying §(Hy, H2) < ey;
(s2) For each m,n € N there exist amp, bmn € (0,00, 8/, I €]0, 00] such
that for each Hy € By and Hy € By there exists a transition operator This from

H, to Hy with the measure of vicinity § and the parameters amn, bmn, Omms Omn-

2. If T1s is a transition operator from Hy € By to Hy € By with the measure

of vicinity § and the parameters amn, bmn, Oy, and o0, then inequality (2.3)

holds for all Hy € By and Hy € By satisfying §(Hy, Ha) < &, with
cn = 2(ap p[H1] +b,) and &, = min{d), 0", (2a,)" '},

nrYn>

where

and a,, b, are the operator norms of the matrices (akl)}g’l:l, (bkl)z,lzl respectively.

Remark 2.4. Recall that, since the matrices (aw)j,—, and (bw)j,_,; are sym-
metric
= a b == a
Gn = WX ||, bp = max |v|,
where p, vy, are all eigenvalues of the matrices (aw)} ;—y, (bri)},—y respectively
(repeated as many times as their multiplicities), and the following simple esti-

mates hold:
n 1/2 n 1/2

k=1 k=1
Remark 2.5. Conditions (i)-(ii) in Definition 2.1 can replaced by the following
condition: for all functions f € Ly[H1] such that ||f|lw, =1
(Thaf, T2 f)m, = 1 — and(Hi, Ho)
if 8(Hy, Hy) < &', Conditions (iii)-(iv) in Definition 2.1 can be replaced by the
following condition: for all functions f € Ly[H1| such that || f|l3, =1
(Hy*Taa f, Hy* 1o )2, < An[Hh] + bpd(Hy, Hy)

if 6(Hy, Hy) < 8"

The statement of Theorem 2.2 is true also for so amended Definition 2.1, mu-
tatis mutandis. In particular, if these conditions are satisfied, then inequality
(2.3) holds with ¢, and e, defined by (2.2) where now

~ 7 ! S/ " N/
U =, by = by, 0, =6, 8 =",

3. Estimates via vicinity of transformations

3.1. Bi-Lipschitz mappings. If ¢; and @9 are Lipschitz mapping such that
0 = ¢1(B) and Q3 = p2(B), where B C RY is the unit ball, the dependence of
|An[Q1] — An[€22]] on the vicinity of the mappings ¢ and ¢o was investigated in
[34, 37]. See also [16, 18] and survey paper [19], where one can find references to
other related results.
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Let, for 7 > 0, F; be the set of all mappings ¢ of the unit ball B of the Sobolev
class LV*°(B) such that

N =

Vol preom <7, essinf [det Vip| >
B

Theorem 3.1. For any T > 0 there exists A; > 0 such that for any p1, 2 € F:
and for anyn € N

[An (1] = An[Qe]] < enArfpr — 902||le°°(18) ) (3.2)
where A\, [Q1] and A\, [Q2] are the eigenvalues of the Dirichlet or Neumann Lapla-
cian on Q1 = p1(B), Qo = wo(B) respectively, and

cn = max{\2[0], \2[Qa]} . (3.3)
In the case of the Dirichlet Laplacian this theorem also holds if the ball B is

replaced by any open set Q C R such that the embedding T/VO1 2(Q) — L2(Q) is
compact [34]. In this case A; depends also on the Poincaré constant of € of the

form I luld
u X
V?{M: uEWOI’Q(Q)\{O}}.
Q

In the case of the Neumann Laplacian this theorem also holds if the ball B is
replaced by any open set Q C RY such that the embedding W12(Q) « L?(Q) is
compact [37]. In this case A; depends also on the Poincaré constant of 2 of the
form

cp[)] = sup

Jo lul*dz 1,2 /

== u e W"(Q 0}, udr =03 .
Further results on behaviour of A,[¢(€2)] in dependence on the transformation

p, including analyticity results and persistence of multiplicity of the eigenvalues

can be found in [32, 33, 34, 35, 36, 37].

e[ = sup'/? {

3.2. Conformal mappings. In the two-dimensional case application of confor-
mal mappings allows improving estimate (3.2) for the Dirichlet Laplacian for the
class of conformal regular plane domains Q@ C C. In [10] a bounded simply con-
nected plane domain 2 C C is called a conformal regular domain if there exists
a conformal mapping ¢ : D — Q of the Sobolev class L'P(D) for some p > 2,
where D is the unit disc in C.

Let, for 2 < p < oo,7 > 0, G}, » be the set of all conformal mappings ¢ of the
unit disc I of the Sobolev class L''?(ID) such that

Vol pirmy < 7.

Theorem 3.4. ([10]) For any 2 < p < oo there exists By » > 0 such that for any
1,92 € Gpr and for anyn € N

[An D[] = Anp[Q2]| < cnBp 71 — SDZHLL?(]DJ) )
where A\, p[h] and A\, p[Q2] are the eigenvalues of the Dirichlet Laplacian on
Q1 = 1(D), Q2 = wo(D) respectively, and ¢y, is defined by equality (3.3).

Now we describe a rather wide class of plane domains €2 for which there exist
conformal mappings ¢ : D — €2 of class G, - for some 2 < p < oo.
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Definition 3.5. A homeomorphism ¢ : Wi — Wh between planar domains is
called K -quasiconformal if it preserves orientation, belongs to the Sobolev class

T/Vlloc2 (W) and its directional derivatives 0, satisfy the distortion inequality

max || < K min || a.e. in Wi .
a a

Infinitesimally, quasiconformal homeomorphisms transform circles to ellipses
with eccentricity uniformly bounded by K. If K = 1 we recover conformal
homeomorphisms, while for K > 1 plane quasiconformal mappings need not be
smooth.

Definition 3.6. A domain Q) is called a K-quasidisc if it is the image of the unit
disc D under a K -quasiconformal homeomorphism of the plane onto itself.

Theorem 3.7. ([10]) For any quasidiscs Q and conformal homeomorphisms ¢ :
D — Q there exist p > 2 and M > 0 such that ¢ € G, -.

Remark 3.8. The estimated of this section are rather general. However, given,
two open sets 1 and Qao, in general, it is not easy to find an open set ) and
mappings p1 and po satisfying the conditions of Theorem 3.1 or Theorem 3.4.

In the further sections direct estimates for |A\,[Q1] — An[Q2]| will be presented
via vartous geometric characteristics of vicinity of Q1 and €o.

4. Classes of open sets with continuous boundaries

We recall that for any set V in RY and § > 0 we denote by Vs the set
{z € V: d(z,00) > 6}. Moreover, by a rotation in RY we mean a N x N-
orthogonal matrix with real entries which we identify with the corresponding
linear operator acting in RY.

Definition 4.1. Let p > 0, s,s' € N, s’ < s and {Vi}iZy be a family of bounded
open cuboids and {r;}3_, be a family of rotations in RN,

We say that that A = (p,s,8,{Vj}i_1,{rj};=1) is an atlas in RN with the
parameters p, s, s, {Vj}j:l, {rj}jzl, briefly an atlas in RV,

We denote by C(A) the family of all open sets Q in RN satisfying the following
properties:

()¢ U (1)), and (V;), 02 # 0
e

(i) V;NoQ#0D forj=1,...8, V,;NIQ =0 fors’ <j<s;
(iii) for j =1,...,s
Tj(‘/j) = {I S RN Da; <y < bz’j; 1= 1,,N}
and
Tj(Qﬂ V]) = {x e RV : anj <xny < gj(:Tc), WS Wj},

where & = (z1,..,an-1), Wj={z e RN a;; <x; <b;j,i=1,...,N—1} and
g; is a continuous function defined on W; (it is meant that if s < j < s then
g;(Z) = by for allT € W;);

moreover for j =1,...,5

anj +p < gj(7) < by — p,



SPECTRAL STABILITY ESTIMATES FOR THE EIGENVALUES ... 115

forallz € Wj.
We say that an open set Q in RN is an open set with a continuous boundary
if Q is of class C(A) for some atlas A.
Letm € N, M > 0. We say that an open set Q is of class CJ;(A), Cﬁ_l’l(A) if
Q is of class C(A) and all the functions g; in (iii) are of class C™ (W), C™~LL(W)
and
S 1Dl gy < M,

1<]al<m

|D%g;(z) — Dg;(y)|
Yo Dl + Y s iz — 7| TosM
1<]al<m—1 \a|:m—1f§g‘/

respectively.
We say that an open set  in RN is an open set of class C™, C™ L1 if O is
of class CY}(A), Cﬂ_l’l(fl) respectively, for some atlas A and some M > 0.

In the sequel we shall always assume that an atlas A is fixed and all open sets
 under consideration belong to C'(A).

5. Estimates via the atlas distance
For all 1,Q9 € C(A) we define the atlas distance dy by
da(fh,Q2) = max  sup  |g1;(Z) — g2;(@)] .
I=ed @) (V)

Theorem 5.1. ([14, 16]) Let A be an atlas in RN. Let m € N, L,0 > 0. For all
a, B € NY with |a| = |B| = m, let the coefficients Anp € C’O’l(szﬂ/}) satisfy the
equality Aog = Agq, the inequality

[Aagllcorws_vy) < Ly

and ellipticity condition (1.2).
Then for each n € N there exist ¢,, e, > 0 depending only on n, N, A,m, L,0
such that for both Dirichlet and Neumann boundary conditions

|An[Q] — An[Q2]| < cnda(21,Q2),
for all Q1,Q9 € C(A) satisfying d4(21,Q2) < &y, .

Theorem 5.2. ([14]) Let A be an atlas in RN, m = 1 and let the assumptions
of Theorem 5.1 on the coefficients Aoz with m =1 be satisfied.

Then there exist c, E > 0 depending only on N, A, L, 6 such that for the Dirich-
let boundary conditions for each n € N

P‘n[Ql] - )\n[QQH < C)\n[Ql N QQ] d.A(Qla 92)7
for all Q1,Q9 € C(A) satisfying d4(21,Q2) < E.
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6. Estimates via the lower Hausdorff-Pompeiu deviation

If C ¢ RY and z € RV we denote by d(z, C) the euclidean distance of x to C.
Let A, B c RN. We define the lower Hausdorff-Pompeiu deviation of A from B
by

dup(A,B) = min{sup d(x, B), sup d(ar,A)}.
€A z€B

If the minimum is replaced by the maximum, then the right-hand side becomes
the usual Hausdorff-Pompeiu distance d"*¥(A, B) of A and B.

We now introduce a class of open sets for which we can estimate the atlas
distance d 4 via the lower Hausdorff-Pompeiu deviation of the boundaries.

Let A be an atlas in RY. Let w : [0, 0o[— [0, 0o[ be a continuous non-decreasing
function such that w(0) = 0 and, for some k& > 0, w(t) > kt for all 0 < ¢ < 1.

Let M > 0. We denote by CJU\}(')(A) the family of all open sets  in RY
belonging to C(A) and such that all the functions g; in the part (iii) of the
definition of an open set of class C'(A) satisfy the condition

19;(Z) — g;()| < Mw(|z — 7)),
for all z,5 € W, .
Theorem 6.1. ([14, 16]) Let A be an atlas in RN and let the assumptions of
Theorem 5.1 on the coefficients A,z be satisfied. Let w : [0,00[— [0,00[ be a
continuous non-decreasing function satisfying w(0) = 0 and, for some k > 0,
w(t) >kt for all0 <t < 1.

Then for each n € N there exist ¢,, e, > 0 depending only on n, N, A, m, L, M,
0,w such that for both Dirichlet and Neumann boundary conditions

[An[1] = An[Q2]] < cnw(dip (9, 082)),
for all Q1,99 € CR}(')(A) satisfying dyp (021, 002) < &y .

Corollary 6.2. Under the assumptions of Theorem 6.1 for each n € N there exist
Cn,En > 0 depending only on n, N, A,m, L, M, 0,w such that for both Dirichlet
and Neumann boundary conditions

[An €] = An[S22]| < cnw(e),
for all 0 < e < &, and for all Q1,9 € C]“\j[(’)(A) satisfying the inclusions
(1)e C Q2 C (21)° or (22)e C O C ()7,
where, for @ C RN and e > 0, QF denotes the e-neighbourhood of Q.

If w(e)e”,0 < v < 1, then C’}’\J}')(A) = C’R](A) and the above estimate takes
the form

|/\n[Ql] — )\n[QQH § Cn&‘ﬂ/.

This estimate for the Dirichle Laplacian was obtained in [25, 27] and for the
Neumann Laplacian in [6].
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7. Estimates via the measure of the symmetric difference

Theorem 7.1. ([12, 14, 18]) Let A be an atlas in RY and let the assumptions of
Theorem 5.1 on the coefficients A, be satisfied. Let 2 < p < oo and let 2 be a

family of open sets of class Cﬂ_l’l(/l) such that for each n € N
sup [|on[Q] [[wm.rq) < oo
Qe

for allm € N.
Then for each n € N there exists cn,e, > 0 depending only on n, A,m, M, 0,

b,
sup ||80k[9]||wm,p(g) Jk=1,...,n,
QeA

such that for both the Dirichlet and Neumann boundary conditions

_2
Mal€1] = An[Q2]] < €l B Qa]' 77,

where |Q1 A Qa] is the Lebesgue measure of the symmetric difference of Q1 and
Qg, for all Q1,Q9 € A such that | A Qo < &y,

Moreover, the exponent 1 — 2 is sharp. It cannot be replaced by 1 — % + 0 where
6 > 0 is a constant independent of p.

Corollary 7.2. Let A be an atlas in RN and let the assumptions of Theorem 7.1
on the coefficients Aypg be satisfied.

Then for all n € N there exist c,,e, > 0 depending only on n, A,m, L, M,0
such that for the Dirichlet boundary conditions

IAn[Q1] = An[Q2]] < eal1 A Qaf,
for all Q1,9 € C%”(.A) such that | A Qo] < &y, .

8. Estimates for the p-Laplacian

Let © be a bounded open set in RY and 1 < p < co. Consider the nonlinear
eigenvalue problem

—Apu = Mul[P~2u
for u € Wy () and X € R, where
Apu = div|VuP2Vu

is the p-Laplacian. Clearly As is the usual Dirichlet Laplacian. The real numbers
A for which this equation has a nontrivial solution are by definition the eigenvalues
of —A,,.

As is known, it is possible to produce a nondecreasing unbounded sequence of
eigenvalues A, ,[Q], n € N by means of the following variant of the Min-Max
Principle [28, 23, 40]

J |VulPdx
ApnlQ) = inf sup &

MEMy () wem [ |uPda’
Q
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where M, () is the family of those conic subsets M of WO1 P(Q)\ {0}, whose
intersection with the unit sphere of LP(Q2) is compact in VVO1 P(Q)) and whose
Krasnoselskii’s genus (M) is greater than or equal to n.

Theorem 8.1. ([17]) Let A be an atlas in RY and let and 1 < p < oo.
Then there exist ¢, E > 0 depending only on N, A and p such that for the
Dirichlet boundary conditions for each n € N

Apn[Q1] = Apn[Qa]| < eApnlf1 N Q2] da(, Q2)
for all Q1,Q9 € C(A) satisfying d4(21,Q2) < E.

9. Estimates for the Robin Laplacian

Let Q be a bounded domain in RY of class C%!, h be an essentially bounded
non-negative measurable function on 952, and the quadratic form on L?(Q) be
defined by

_ fQ|Vf]2da?—|—f89h|trf]2da if fewh2(Q),
Qanlf] = { oo if f e L2(Q) \ Wh(Q),
where do denotes the usual surface measure on 0€), and tr f denotes the trace
on 99 of the function f € W12(Q). The Robin Laplacian in €2, corresponding to

h is defined to be the non-negative selfadjoint operator —Agq j, acting in L?(2),
and associated to the quadratic form QQq ;. We consider the eigenvalue problem

—Aqgplu] = Au.

Note that the classical formulation of this problem in a domain with a smooth

boundary is

—Au = Au in §, %+hu:00n89,
ov

where v is the exterior unit normal to 9. (For h = 0, one obtains the Neu-
mann problem.) We denote by {\,[Q2, h]},en the non-decreasing sequence of all
eigenvalues.

Definition 9.1. Let A be an atlas in RN and M > 0. Let 1, Qo be bounded
domains in RN of class C’gf with corresponding families of functions {g1 ;} '

S
j:l;
{927]-}‘;-/:1 as in Definition 4.1 (iii). Then we set

G(O0,00) = 3 /
j=1"Wi

For hy € L™®(0), hy € L™(092), we also set

dz .

Veri(@)] = [V, (T)|

a(hi, he) = max {”hluLW(an)a B2l Lo (9922 101 1 Foe (502 ) Hh2||%oo(as22)} :

Theorem 9.2. ([20]) Let A be an atlas in RN and M > 0. Then for eachn € N
there exists b, > 0 such that

An[QQ7 h2] S )\TL[le hl]

+by, [|Ql \ Q2| + a(ha, ha) (|21 \ Qof + G(O,0Q)) + |1 — h2”L1(8Q)] :
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for all bounded domains Q1, Qg in RN which are of class C']?/’Il (A) and satisfy the
conditions

Qo C Y, |\ Q) <0t
and for all nonnegative hy € L>®(9Q1), he € L (02).

Theorem 9.3. ([20]) Let A be an atlas in RN, M >0, a >0, and 0 < v < 1.
Then for each n € N, there exists ¢, > 0 such that

An[Q1, ha] = cne? < A [Q2, ha] < X[, ha] + cne,
for all 0 < € < ¢;t, for all bounded domains Q1 in RY of class C']l\/f(A), for all

non-negative hy € L>(080) such that [|h1|| g (aq,) < @ and Lip,[h1] < a and for
all bounded domains Qo in RN of class C’g/’[l(.A) satisfying the conditions

(Ql)g C Oy C Ql, G(691,892) <e,

and for all nonnegative hy € L>°(08)2) satisfying the conditions ||ha|| e 90,) < o,
and L(hy1,hs) < €.

10. Estimates of singular numbers for correct restrictions of
elliptic operators

10.1. Correct restrictions. Let m, N € N and £ be an elliptic differential
expression of the following form: for u € C°(RY)

(Lu)(z) = (~1)™ Y Da(Aag(x)Dﬁu), zeRVY,

laf,|8]<m

where A,p € C™(RY) are real-valued functions for all multi-indices «, 3 satisfying
lal, |B] < m.
Moreover, let, for a domain Q C RY,

LQ : D(LQ) — LQ(Q)

be a linear operator closed in Lo(Q2) generated by the differential expression £
on 2.
A restriction

A:D(A) — La(R2), D(A) C D(Lq)
of Lq is correct if the equation Au = f 1) has a unique solution v € D(A) for
any f € L2(9), 2) the corresponding inverse operator A=! : Ly(2) — D(A) is
bounded.
Note that, in general, the operator A is not selfadjoint. For this reason the

singular numbers s,(A) are under consideration (the eigenvalues of vV A*A). As
usual it is assumed that they are arranged in non-decreasing order:

s1(B) < s2(B) <+ <sp(B) < -

Here each singular number is repeated as many times as its multiplicity.
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10.2. Coinciding asymptotics.
Theorem 10.1. ([21, 22]) Let m,N € N, N > 2,

1
2m(1—N)<s§2m

and Q be a bounded domain in RN of class C*™.
Then there exists b > 0 such that, for the singular numbers s,(B) of each
correct restriction B of the operator Lg satisfying the condition

D(B) Cc W5(£2)
with the bounded inverse B~' : La(Q) — W$(Q), the following equality holds:
lim sn(B)n_2Wm =b.
n—oo

10.3. Spectral stability estimates. Let now, for u € C®°(R"), Lu be a second
order elliptic differential expression without lower terms with symmetric A,g,
namely

Y9 du N
igj=1 """

where a;; € CH(RYN) are real-valued functions satisfying a;; = aj; for all i,j =
1,...N.

Theorem 10.2. ([21, 22]) Let N € N, N > 2,2 — £ < s < 2. Moreover, let A
be a fived atlas in R™, M > 0, Gpr(A) be a family of bounded domains Q C RN
of class C%;(A) and
B(A) = {Bataeccn(a)
be a family of correct restrictions Bq of the operator Lo such that
D(Bo) CW5(Q) and  sup ||Bg'|lL,(@)swye) < o0
BqeB(A)
Then there ezist 0,¢ > 0 and for each € € (0, 0] there exists k(¢) € N such that

[$n(Ba,) — sn(Ba,)| < en e
for alln > k(e) and for all Q1,09 € Gpr(A) satisfying the inclusions
(Q)e C Q2 C (1) or (N2): C O C ().
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