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REGULARIZED TRACE FORMULA FOR SOME SINGULAR
SCHRODINGER TYPE OPERATOR

ZAKI F.A. EL-RAHEEM

In memory of M. G. Gasymov on his T5th birthday

Abstract. In this paper we prove and calculate a regularized trace for-
mula for the spectra of schrodinger type operator with explosive factor
on the half line. The methodology used is carried out by applying con-
tour integration over a complex plane, the result obtained contains both
the sum of eigenvalues and integration of scattering function, because of
the nature of spectra is discreet and continuous.

The sum of the eigenvalues {\,,} of an operator is usually called its trace. For
the eigenvalues \jof an differential operator, the series ) An, roughly speaking,
diverges, however, it can be regularized by subtracting from A, the first term
of the asymptotic expansion, which interfere with the convergence of the series.
The sum of such a regularized series is called the regularized trace. The theory
of regularized traces of differential operators dates back to Gelfand and Levitan
[12], who considered the Sturm-Liouville operator

—y" +al@)y=py, ¥ (0)=0, y'(7)=0, (1)
where ¢(z) € C'[0,7] and [ ¢(x)dz = 0, they obtained the formula

(i~ An) = 51a(0) + a(m)] (2)
n=0

where p, and A, are the eigenvalues of operator (1) in cases of ¢(x) # 0 and

q(z) = 0 respectively.

This formula gave rise to a large and very important theory, which started
from the investigation of specific operators and further embraced the analysis of
regularized traces of discrete operators in general form. In a short time, a number
of authors turned their attention to trace theory and obtained interesting results.
Gelfand [11] demonstrated a technique of using the trace of a resolvent for finding
traces. Dikii provided a proof of the Gelfand-Levitan formula in [1] on the basis
of direct methods of perturbation theory, and in [2], he derived trace formulas of
all orders for the Sturm-Liouville operator by constructing the fractional powers
of the operator in closed form and by computing an analytic extension for its
zeta function. Later, Levitan [13] suggested one more method for computing
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the traces of the Sturm-Liouville operator: by matching the expressions for the
characteristic determinant via the solution of an appropriate Cauchy problem and
via the corresponding infinite product, he found and compared the coefficients
of the asymptotic expansions of these expressions, thus obtaining trace formulas.
The investigation carried out in 1957 by Faddeev [7] linked the trace theory
to a substantially new class of problems. Afterwards these investigations were
continued in many directions, such as Dirac operators, differential operators with
abstract operator-valued coefficients, and the case of matrix-valued.

The trace formulae can be used for approximate calculation of the first eigen-
value of an operator [14], and in order to establish necessary and sufficient con-
ditions for a set of complex numbers to be the spectrum of an operator [15].

In [8] Gasymov was the first one who tackled a singular differential operator
with discrete spectrum. The later case is continued by Gasymov and his disciples
[9]-[10] and others.

The present paper is organized as follows, in the introduction we demonstrate,
briefly, some historical and scientific survey to regularized trace formula. From
[6] we present the basic definitions and results that are needed in the subsequent
investigation, then we prove Lemma 0.1 and the main theorem.

Consider the initial value problem

—y" +q(z)y = Np(z)y ,0 <z < o0, (3)
y'(0) = hy(0) =0 ,h >0, (4)
where
—-1;0<z< 1,
oo ={ T EEES ®)

q(x) is a finite real valued twice differentiable function such that
| ol @lds <o, j=0.1.2,
0

and ) is a complex spectral parameter. It should be noted that the introduction
of p(z) as discontinuous function, specially +1, gives rise to a lot of analytical
difficulties, rather that the classical case, indeed, it splits the spectra into two
parts discreet and continuous , the later is treated by scattering function.

Following [6], the characteristic equation of the eigenvalues of (3)-(4) is given
by f(0,\) — hf(0,\) = 0, further,

f/(07 )‘) - hf(oa )‘) = f(17 )‘)90/(17 >‘) - fl(lv )‘)30(17 )‘)7 (6)

where . )
flz,\) = e 4 f;o K(z,t)edt,

K(z,x) = %fox q(t)dt, 1 <z < oo,
o(z,\) = cosh Az + [ A(z,t) cosh \tdt, )
8
A(z,z) = h+ %fg q(t)dt, A(x,0) = 0, A(0,0) = h.

Integrating the right hand side of (7) and (8) by parts suitable number of times,
we have the following asymptotic formulas, for ImA > 0, |\| = oo

(7)

FOLA) = et |1 - K(;A DI (ii‘)g 40 (;)] , ()
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[ p 1
Fa,N =e iA=K(L1) = 5+ 0 (AQH (10)
|Re|

o(1,\) = cosh A + A(i’ Y inh A — % cosh A+ O (e 5 ) ENGE))

b e|Re)\\
¢ (1,\) = Asinh A + A(1,1) cosh A — Xsinh)\—FQ SeRlE (12)

where

_ 9K(Y) — M‘ — M‘ _ BA(l,t))

o 57 t:1,ﬁ v |, ¢ o |, and b or |, (13)

Substituting from (9)-(12) into (6), we get

' v v e|Re)\\
F'(0,0) = hf(0,2) = —iXe™vp(A) |1+ 5 f,((,& - vii?i) +0O (A%O(A))] ’

(14)
where
Uo(A) = cosh A + i sinh A,
vi(A) =[A(1,1) + K(1,1)]cosh A +i[K(1,1) — A(1,1)] sinh A, (15)
vo(A) =[a+ B —k(1,1)A(1,1)]cosh A +i[K(1,1)A(1,1) — o — b] sinh \.

From [6], equation (2.11), f,(0,\) = —iXe**v,()), so that equation (14) takes the
form

F10,0) = hf(0,A) = fo(0,\) [T +7(N)], (16)
where
_vi(A) va () elfeAl
"N = 3.0 a0y O ()\31)0()\)) ' (17)

Let €, be the rectangular contour

3 3
Qn:{|Re,\|§7r<n+4>,OglmA§w<n+4>}, (18)

by using the inequality, |v,(\)| > CelfA X € Q,,Vn, of Lemma 2.2 [4], r(\)

takes the form
v1(A) va () elReAl
A) = . 19
"N = e TO T (19)
The last discussion leads to the Lemma 0.1.

Lemma 0.1. For all Re\ # 0 the characteristic function f,(0,X) %7 £/(0,\) —
hf(0,\), of the eigenvalues of problem (3)-(5) admits the asymptotic formula, for
A€ Q,, Re\#0

v v e|Re)\|
700 = £o(03) |14 5 4 vi}%m( o )] (20)

where fo(0,\) is the characteristic equation of the eigenvalues of the boundary

value (3)-(5), when q(x) =0 and h = 0, vo(A),v1(A) and va(N) are given by (15).

We prove, now, the main theorem of the present paper.
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Theorem 0.1. Under the conditions of Lemma 0.1, the following regularized
trace formula with respect to the eigenvalues of problem (3)-(5), takes place

: 2 02 —
nh_r)]go{Qm/ A E — A w)} Q, (21)
where

mmo=m(n+3), = (n43)7, SN = e BRSNS

Q=("22-2)b+8) - 22 —2KA—-L(K>+ A%+ 3(i— 1)A + Ay,

A= A1), K = K(1,1), 4, = 2401 AQDEQLY 4 atbiadf ) — pjA(1,1),
and b = 2401

)
t=1

t=1"
(22)
Proof. From the theory of functions of a complex variable we have the well known

formula

1
— \2d 1 A 2 2
omi f, A a0, Z ’ (23)

where the contour 2, is defined by (18), the characterlstlc function f5(0,A) is
defined in Lemma 0.1 and A is the eigenvalue inside €2,,. But since

1 1 " 1

— ¢ Ndl 0N =+ [ Ndl 0N +-— [ Ndl 0,

i XA 50N = o [N RO N+ o [ im0, 0)
(24)

where Q7 is the upper part of the contour €2, so that, from (23) and (24), we

have
n

9o L [T 1 2
>k [ XA ON + 5 i KdinIfO N (@)

Similarly, we carry out the same construction for f,(0, \):

n 1 Tn 1
o= o [ NI [fo(0,N] + o /Q: NdIn [fo(0,N)].  (26)

k=1 T
Subtracting (26) from (25) we have

Soher (O =A%) = g S0 N2 In [fn(0,N)] = 555 [72 N2d In [fo(0, M)
a7 Jor A2d In [fa(0, )] = 5% for A2d In [£o(0, M)

By using the asymptotic relations (19) and (20), one can write

i, Nd In [fn(O,)\)]—Ql_/ Nd In [fn(O,/\)]—l—zl,/ NdIn [1+r(N)],
Qt Qb

21 Jor m i
(28)

(27)

where () is defined by (19). By virtue of (28) equation (27) becomes

n T

S8 -x2) = o [ ARdinli(0.0)

k=1 ~Tn
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271T " NdIn[f,(0, )] +21/m Ndin[1 +r(N)). (29)

First, we calculate the 3rd. term of (29). Integrating by parts we have

1 2 _ 1 b
i o 2 IO = SN Il O] =g | 2l V)L
(30)

From the asymptotic formula of 7()\), we have r(A\) — 0 as n — oo on Q, so
that

1 1
—— 2 1+ =——
2 Joos Ad Infl +r(A)] 2 Jos

1, 1
2\ [r()\) 57 AN +0O (/\3>] dx, (31)
substituting from (19) into (31), we get
— Jor 2Ad In[1 +r(N)] =

n) v (/\) . (32)
fﬂ,t 1 d)‘ - th d)‘ + 2m fm X020 d)‘ + th (7) dA.
Further, by virtue of (32) and (30) equation (29) takes the form
Yoot (AR =A%) = 55 [T N2dIn[fn(0, )] — 555 [T A2dIn[£,(0, \)]
+ 522 In[1 4 r(V)] }m — L Jor g;gigcu (33)
= Jar ,\UiiAi) X+ 57 Jor 3 d)‘ + Jor O (35) dX.
For more convenient, we write equation (33) in the following abbreviated form
= 1
2 02
kZ_l ()‘k - >‘k ) = Ifh - Ifo + Ir(A) - Ivl - Ivz + Iv% + /Qi O <)\3) d)‘v (34)
where L
I} = — 2
g LAV (3)
1 n
Iy, = 5— AQd In[fo(0,M)], (36)
° 2m
Loy = —)\2 In[1+r(A
r(A) i n[ +T( )] Q:a (37)
1 A
I, = Gl )d)\, (38)
a; Vo(A)
1 ’UQ( )
I, = — d)\,
1 U%( )
= 40
T om0 Jor A0Z(N) (40)
Now we calculate each of the integratlons (35)-(40).
o, L™,
I, = g [ WO+ o [T s 0.0,
1 ™ 4
Iy =—— A In[fr(0, —=N)]

h 21 0
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1 [ —1 (™
— \2d 1 A= — A2d In S(\). 41
b [0 = o [k s (a1)

Similarly

f]_ n
Iy = — A2d in S,(\ 42
fo = omi |, n So(A), (42)
so that,
—1 (™ S(\)

Iy —I; = — \2d 1 i 43
™M e = 9 Jy " S (43)

Further, we evaluate I,(y), A\=7+iC on Qf 7 =G =7 (n+ 3),
Tn

1
= — — N n[l+r(\
o 5N [l +7()]

1
) = Q—M_A? In[1+r(\)]

- _% [72 In[1 + r(ma)] — 72 Inf1 + r(~7,)]]
_ -1 . vi(rn) | v2(m) EU%(Tn)
T 2mi [ " 0o(T0) s Uo(Tn)  202(Tn)
_r v1(—Tn) . v (—Ty) EU%(_Tn) i
) et +o (5] o
Each term of (44) can be written as

[AQ,D)+K(1,1)]+4 [(K(1,1)— A(l 1) ] 27,
oulmn) _ AL+ K1) K (1,1)—4 Tote (27— ) T o0, (45)
UO(TN) 1—; + O ( n) y Tp —> —0O0Q,
va(ry) [ letB=KODAQDL [K(, 1)A(1,1):a:b] O (), - o0, »
Uo(Tn) la+B8—K(1,1)A(1, 1)]1 i [K(l 1HNA1,1)—a—1] + O (627—") T — —00.
So that, by virtue of (45), (46) and (44 ) we have
Ly = 7r11 {Tn {dlﬂlzdz - dll_jz‘ch} + Cllii? - lejz'@ +
1 d d di—id (47)
2[ 1145:12 ( = Zf) ]}+0(1)7
where ¢y = a+ 0 — K(1,1)A(1,1), co = K(1,1)A(1,1) —a—0b, d1 = A(1,1) +
K(1,1) and do = K(1,1) — A(1,1), after simplification, we have
Ir()\) = nA(la 1) + Al + 0(1)¢ (48)
where A; = 3A(4LU _ AGLDKQAY) a+b;—a+ﬂ.
To calculate the integration I,,,, we write
Ly, = Loy + Loy + Lo, (49)
where C
-1 [ d h(r, +1 . dg sinh (7, + ¢
I, — / 1 cosh(r, —|—.IC) —I—? .gsm (7, '+ZC) dc, (50)
T Jo cosh(7, +i¢) + ¢ sinh(7, + iC)
L, 1 /C” di cosh(—7, +i() + i dg sinh(—7, +i() ac, (51)
7 Jo cosh(—7, + () + 4 sinh(—7, + i()
1 [™ d; cosh(T +iCy) + i do smh(T +iCp)
Yo /_Tn cosh(7 + i(,) + i sinh(7 + i(y,) T (52)
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As for I,,,, by the help of the asymptotic formula tanh(7, +i¢) = 1+ O(e™2™),
we have

—1 Cn di 41 do —97, . —1 dy +ido
f= 2 [P ot o= 2 AR G o). oy

Similarly, by using, the asymptotic formula tanh(—7, +i¢) = —1 + O(e~?™), in
I,,,, we have

Cn 2
Iy, = 1/ [dlZdQ + O(e—zm)] ¢ =
0

T 1—1

ldl—idg
T 1—1

Cn +o(1), (54)

since ¢, = (n + %) we have
3A(1,1)
4

The asymptotic formulas used in I,,, and I,,, could not apply into I,,, (because
the integration, in I, is with respect to 7), so that it is more convenient to write

cosh(T+1i(,) = (:/1%“ [i sinh7—cosh7] and sinh(7+14(,) = (7\/15)” [i coshT—sinhT],

Ivn + LJ12 = nA(la 1) +

+o(1). (55)

so that, from(52), we have

1 [™ dy[i sinh7 — cosh 7]+ i dafi coshT — sinh 7]

I, = — d
8 i J_.  [i sinhT — cosh7] +1i [i coshT — sinh 7] ’
1 (™ dy+d 3%
== L g AL D - 22 A0, 1), (56)
w2 4

From (49), (55) and(56) we obtain

Ly = n (1= DAL + (1 - )AL 1) + o(1). (57)
To evaluate I, let
Loy = Ly + Loy + Ly, (58)
where
I, — -1 /C” ¢1 cosh(y, + i¢) + i co sinh(7, + () dc (59)
7 Jo (7o +iC)[cosh(r, +i() + i sinh(7, +iC)]
I, — 1 /C" ¢ CO‘Sh(—Tn +1i() +‘i c2 sil.ah‘(—Tn + () _ac (60)
© Jo (=7n +i¢)[cosh(—Ty, +i() + ¢ sinh(—7, + i()]
I, — 1 /T” c1 cosh(T +iG,) + i cosinh(1 4 i¢,) ir (61)
mi J . (7 +1i(y)[cosh(T 4+ i¢n) + ¢ sinh(T +i¢,)]

where ¢, co are given by (47). For I,,,, as we did befor , by using the asymptotic
formula tanh(7, +i¢) = 1 + O(e~?™), after some calculation, we have

—lep+icy [ dC —lec+ic Nk
Iy, = — )= ——= 1 1),
= AR [ s o) = A i)+ o)
(62)
keeping in mined that 7,, = ¢, = 7 (n + 2) on Q, I,,, becomes
el ;
Ly = — 212 (14 4) + o(1). (63)

w141
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Using the asymptotic formula tanh(—7, 4+ i) = —1 + O(e~?™), in I,,,, we
deduce, after some calculation, that

1Cl—iC2/Cn ClC 1 ¢ —1co . Gn
m= N )y i) o m 1= i) Ae(l), (64)
again ¢, = 7 (n+ 2) on Q}, so that,
| or—
Iy = — 272 4n1 — i) + o(1). (65)

v . .
2 1—4

From (63) and (65) we have

1 CcC1 — iCQ .
Iy, + Iy, =2 Re {m T In(l— 2)} +0o(1)
1 3
== [ InV2 (¢1 —¢ca) + T late) ] +0o(1). (66)
Further, to evaluate I,,,, we use the equalities
. (=™ . . 4 (=™ .
cosh(7+i(,) = 1 sinh t—cosh 7|, sinh(7+:(,) = 1 cosh 7—sinh 7],
(T+iGn) 7 [ ] (T+iCn) 7 [ ]
(67)
I - 1 /T” ci[cosh 7 — i sinh 7] 4 @ co[sinh 7 — 4 cosh 7] P
Y i ). (7 +1iCy)[coshT — 4 sinh T + i(sinh 7 — i cosh )] 77
_ C1 + (&) /Tn dT + Co — C1 /Tn tanh(T + ZCn) d’]',
T Jog, (T +1iGn) T Jop  (THiC)
therefoe,
Iy, = 3(‘31:‘32) + 02;01 In2 + o(1). (68)
From (58), (66) and (68) we have
I, = 3(01;02) + 62;61 Inv2 + o(1). (69)
Let
Le=12 +12 413, (70)
1 11 12 13
where
. = 1 Gn 1 . dy cosh(r, + ZC) + Z d? sinh(7, —|— i0)\? i, ()
2w Joo (T + Q) cosh(7, +i¢) + i sinh(7, + i()
-1 /Cn 1 dy cosh(—7, +iC) + i dy sinh(—7, + i¢) \ 2 dc, (1)
v T 27 0o (=™ +1iQ) cosh(—7, 4 i¢) 4 ¢ sinh(—7, + () ’

7, — -1 /T” 1 dy cosh(t +iCp) + i do sinh (7 4 i¢,) \ * p (73)
vt T org (T 1G) cosh(7 +i¢,) + 4 sinh(7 + i¢,) '
We evaluate, now, the right hand side of (70)
1 /Cn 1 dy cosh(my, 4 i¢) + i dy sinh(m, 4 i¢) ) 2 ac
vh ~ og o (mn+1i¢) cosh(r, + i¢) + i sinh(7, + iC)
1 e d1 + i dy tanh(r, + i)\ ? ac
2n )y (rn+i¢) \ 144 tanh(r, +i() ’
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by using the asymptotic formula, tanh(r, +i¢) =1+ O(e~?™), we have

1 dy + ids 2 rén d(
I, = — e G
vh 27r< 1+i ) /0 (Tn+iC)+o()

1 (dl + ids

“omi \ 144

>2ln(1 +i) + o(1). (74)

By using the asymptotic formula tanh(—7, +i¢) = —1 + O(e~?™) and similar
technique, as in IU%I, we obtain

2 = A .
Y12 2mg 1—14

. 2
-1 (dl _2d2> In(1—i) + o(1). (75)

From (74) and (75), we have

. 2
Lp + 12 =2Re {1 <d1 + Zd2> In(1+ i)} + o(1)

27 1—1

(d2 — d2 n2 d1 d2
2 471) +=— +o(l). (76)

As for 1,2 , we use the equalities cosh(r+i(n) = (,\}%n [ 4 sinhT —cosht |, sinh(T+

iCn) = (—\/15)" [ i coshT — sinht |, therefore, (73) becomes

7. — —(d1 + d2)2 /T" dr
vl T R e (T +iCn)

+d§ —d3 /T" tanh7dr  (co — c1)? /Tn tanh® rdr 77)

- + - —_—
ar ) (T +iG) 8mi o, (THG)

By using the asymptotic formula tanh 7 = 14+ O(e~2™) in the second and third
terms of (77), we obtain

—3(dy + d2)2 d% — d% (dg — d1)2
Ip =— In2 — 1).
vl 6 a7 6 oW (78)
From (76) and (78), we have
d? + d3
Ip,=-At% ) (79)
1 4
Substituting from (43),(48),(57),(69) and (79) into (34), and passing to limit as
n — oo we obtain the required formula (21), which complete the proof. O
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