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Abstract. In the paper we study singularities of a resolvent equation,
asymptotic behavior and smoothness of solutions of a homogeneous re-
solvent equation, and also the negative part of the spectrum of two-
dimensional magnetic Schrédinger operator in the space La(Ra).

1. Introduction

In the two-dimensional space Ro consider the Schrodinger magnetic differential

expression
2

19 2
v =3 (g0 tute)) + Vo) 0
where i = /=1 is an imaginary unit, * = (z1,22) € Ro, a(z) = (a1(x), az(x))
and V(z) are magnetic and electric potentials, respectively.

It is well known that two-dimensional Schrédinger operators (without magnetic
potential) have the following peculiarities that call significant problems in their
analysis. Firstly, the classic Hardy inequality is not fulfilled and the Cwikel—-
Lieb—Rosenblum inequality doesn’t hold.

There is a deep relation between the Hardy inequality and the threshold of
the essential spectrum of the Schrédinger operator (see e.g. [15]). If the Hardy
inequality is not fulfilled, the threshold of the essential spectrum is very sensitive
to the smallest changes of the electrical potential, i.e. in this case the Schrédinger
operator becomes a virtual operator. Recall that an operator is said to be virtual
if to the smallest change of the electric potential there arises even one eigen-
value left from the threshold of the substantial spectrum. After introducing the
magnetic field, by virtue of diamagnetic inequality (that is the consequence of
the Kato inequality (see [8] or [2])) one can expect that the above described sit-
uations may be improved. Indeed in the paper [9], Laptev and Weidl showed
that if one replaces an ordinary gradient by a magnetic gradient, then under
certain conditions on the magnetic field the Hardy inequality becomes possible.
In particular, the Aharonov—Bohm magnetic field being the Dirac é—function is

2010 Mathematics Subject Classification. 35J10, 47TA13, 81Q15.
Key words and phrases. magnetic Schrodinger operator, magnetic potential, electrical poten-
tial, resolvent equation, discrete spectrum.
143



144 ELSHAD H. EYVAZOV

contained in the Laptev-Weidl class. Using the results of Laptev-Weidl, in [3]
Balinsky, Evans and Lewis proved that the Cwikel-Lieb—Rosenblum inequality
is valid for the Aharonov—Bohm magnetic field. Note that if the magnetic field
is an integer, then the ordinary and magnetic Schrodinger operators and unitary
equivalent, therefore in this case if the ordinary Schrédinger operator is virtual,
the magnetic Schrodinger operator is also virtual.

In the present paper, in the space L2(Rg) we study the singularities of the
resolvent equation, asymptotic behavior and smoothness of the solutions of a
homogeneous resolvent equation and the negative part of the spectrum of two-
dimensional magnetic Schrodinger operator generated by the differential expres-
sion H, vy, where the real magnetic and electric potentials a(z) and V (x) satisfy
the following conditions:

1) Jg, la(@)]” dz < +oo , where v > 2, |a(z)] = Vai (w1, x2) + a3(z1, z2);

2) [p, |2(2)]" dv < +o0, where 1 > 1,

O(x) = P(x1,22) = a®(x1,x2) + V(z1,x2) + idiva(zy, x2),

a?(x) = a*(x1, 29) = at(x1, z2) + a3(z1, z2),

aa1($1,$2) 8&2(1’1,1’2)
8$1 8m2 '

Note that the similar issues in one-dimensional case were investigated in [1], in
three-dimensional case in [10] and [11]. It is known that estimation of the number
of negative eigen values plays an important role both in quantum mechanics and
in spectral theory of differential operators. A lot of papers have been devoted to
the investigation of the negative part of the spectrum of the Schrédinger operator.
In the first turn we indicate the papers [4], [7], [18], [19] and references therein.

Denote by C; = {A € C: ImA >0} (C is a complex plane) an upper half-
plane. Let Hjp be an operator (it is called a free Hamiltonian) —A in Lo(RRy)
with domain of definition D(Hy) = WZ(R2) (second order Sobolev space). As
the spectrum of the self-adjoint operator Hy coincides with the positive semi-axis
[0, 4+00), then for any complex number from C, the operator Hy — A2 is the
bijection of W3 (Rz) on La(Ry) with the bounded inverse Ro(A?) = (Hp — )\2)_1.
The operator Ro(A?) is an integral operator i.e. for any f(z) € La(R2)

diva(zy,xg) =

Ro(\) f(z) = A Go(z,y,A) f(y)dy.

Here the generalized function

_!
4
is a fundamental (see e.g. [16, p. 204]) solution of the operator —A — \? | i.e.

Go(z,y,)) = ~H§" (A |z — y)

(_A - )\2)G0(CC, Y, )‘) = 5(33 - y)v
where A two-dimensional Laplace operator, §(z — y) ¢ is the Dirac function,
Hél)()\ |x — y|) is the first order Hankel function.
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Subject to conditions 1) and 2) we can write differential expression (1) in the
form

Aoy =—-A+W,
where
W = =2idiva(z) + ®(z). (2)
Consider in Ls(Rg) the quadratic forms

“+o0
ho(p) = / Vol de,

—00

ha,v () = ho(p) + (W, p),

where V = (8%1’ 8%2 ) is a symbolic Hamilton vector, W is an operator acting by

formula (2). Obviously, ho(p) corresponds to the self-adjoint operator Hy := —A
with domain of definition W2(Rj). It is known that Q(ho) = Wi (Ry) = D(H}/?)
(first order Sobolev space) and for any ¢ € Q(ho), ho(p) = (Hé/an, Hé/Qap).

Note that if a(z) and V(x) are sufficiently smooth bounded functions, then
minimal (in this case they are maximal) operators Hy and H = Hy + W, respec-
tively, that correspond to differential expression —A and, H, y are self-adjoint
operator in Lo(Rs) with the same domains of definition W2(Rg) (second order
Sobolev space). Generally speaking, under conditions 1) and 2) the differen-
tial expression H, y doesn’t define the minimal operator on the linear manifold
C3°(Rg), therefore for constructing a self-adjoint operator by means of this ex-
pression, in the paper [5] the method of quadratic forms is used and the following
theorem is proved.

Theorem 1. Let conditions 1) and 2) be fulfilled. Then there exists a unique
lower bounded self-adjoint operator H = Ho+W , responding to the form hq v (@) =
ho(v) + (W, ) with Q(Ho) = Q(H) such that any essential domain of the oper-
ator Hy is a essential domain for the operator Has well. In particular, the space
of the governing functions C§°(Ra) is the essential domain of definition of the
operator H.

Note that the sum Hy + W is understood in the sense of forms and it may
differ from the operator sum.

Let C'(R2) be a Banach space of all bounded continuous functions on R with
the nom sup [f(z)| = || fllom,) < +oo-

zER2

Let h(z) € C§°(Ry) and z = A%, ImA > 0. Suppose
uo(N) = ug(z, A) = Ro(A)h(z), u(A) = u(z, ) = R(N*)h(z),

where Ry(A\?) = (Ho — )\2)71 and R(\*) = (H — )\2)71 are the resolvents of the
operators Hy and H, respectively. Taking into account that the operators —A
and Rg()\?) are permutational, and according to theorem 1 the space of governing
functions C§°(R2) is a essential domain of both operators Hy and H from the
equation of perturbation theory

R(A?) + Ry(OVHWR(MN) = Ry(\?),
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for u(\) we get the inhomogeneous equation
u(A) + K(A)u(A) = uo(N), (3)

where K () is an integral operator with the kernel

K(z,y,\) =
O0Go(x,y, A O0Go(x,y, A
Gole, 9, V() — 220080 () 5;0C0@y )y
o0x1 Oz

In the paper [6] it is proved that the operator K (\) is compact in C'(Rz) for
all A from C,, is continuous with respect to A in the uniform operator topology
and is analytic with respect to A in C_. in the same topology. These results allow
to apply to the equation

F+EKNf=0 (4)
the Fredholm analytic theorem [13, p. 224, theorem VI.14]. According to Fred-

holm’s theory, inhomogeneous equation (3) for I'mA > 0 has a unique solution in
C(R2) if the respective homogeneous equation (4) has only a zero solution.

2. Main Results

It is known (see e.g. [12], [14]) that study of peculiarities with respect to param-
eter \ of the solution of the scattering theory problem is reduced to investigation
of the set of those A at which homogeneous equation (4) has a non-trivial solution,
and also asymptotic behavior and smoothness of the solutions f(z) themselves.
Now investigate equation (4).

The following theorem is valid

Theorem 2. Let A € C4, and f(x) be the solution of the equation

flz) = — A K(z,y,\) f(y)dy. (5)

Then if conditions 1) and 2) are fulfilled, then for any § € (0,Im\) there exists
a number Cs > 0 such that for any x from Ro

@) < 28t (6)

V1+ |z

Proof. According to general theory of compact operators (see. [12, p.41] or
[11]) there exists a sequence of numbers {, } and sequence of functions { f,,(z)} C
C(R2) such that for each n

ysn
and 1i_>m Yo =1, fn(x) = f(z) uniformly as n — oo.

Assume

gn(@) = /1 + |z]e® £, ().
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According to (7) we have

gn(x) = ~Tn wl K(;(Jj,y, A)gn(y)dy’ (8)
yl<n

where

V3t se-
K&(x7y7 )‘) = —/——F—=¢ (I |yDK($7y7)‘)
V1t

From the conjecture for |y| <mn, |x|>n+ 1 we have

KN < ———

V1+ |z
where C' > 0 is a constant number. From estimation (9) and conditions 1), 2),
by virtue of compactness of the operator K(\) (see [6]) we get that the operator
Ks(\) with the kernel Ks(z,y,A) is a completely continuous operator in C'(Rg).
It is clear that

A (1D(y)| + laly)]), (9)

Jim [|K50(A) = Ks(Mll oy =0,

where K5, (\) = Ks(A)Xn, Xn is an operator of multiplication by the character-
istic function of the sphere S,(0) = {z € Ry : |z| < n}. It follows from equation
(8) and compactness of the operators K;, () that there exist g(x) € C(Rg) and
the subsequence {gp, ()} such that g,, (r) — g(z) uniformly as k — oco. The
uniform boundedness of the sequence {gy, ()} yields that there exists a number
Cs > 0 such that for any natural k it is valid the inequality

sup [gn, (¢)| < Cs.
TE€Ro

Passing in this inequality to limit as £ — oo, we get

sup |g(x)| < Cs,
rER2
whence taking into account the representation g(z) = /1 + |z]e’ll f(z) it follows
that inequality (6) is valid. The theorem is proved.
Theorem 3. Let A € Cy, and f(x) be the solution of equation (5). If in
addition to conditions 1) and 2) for rather small positive number § the condition

3) fl la(y)| dy € La(Ry),
)

T—y|<S |p—y|?
is fulfilled, then f(z) € W3 (Rg
Proof. It is known that (see [6]) if x # y(x,y € Rg) and 0 < arg A < 7, then
as A |z —y| — 0 it is valid the asymptotic formula

0 1 z;—y;
RN A ~  —— 4 J ) = 1 2
aijO(xvyu ) I ’.’L’—y|27 J ’
From this property and lemma 2 from the book [16] (see [16, p. 281]) we get
A A 1
/ aGO(ajvya )8G0(x7ya )dy < Aj In ' 7 ] =1,2, (10)
Ry 0% Oz |z —y|
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where Aj; are some constants. By condition 2), from estimation (10) and the
equality (see [5] or [6])

1
lim < sup / In P(y)|dy p =0,
0<6—0 {xGRQ |lz—y<4| |'T - y| ‘ ( )|

with regard to theorem 2 we get
8G0 (JI, Y, )‘)
Ro 81'J

®(y) f(y)dy € L2(Rz), j =1,2. (11)

Consider

o 82G0($, Y, )‘) . _
V() = /RQ W@z(y)f(y)dy, gk, l=1,2.

Represent 1; () in the form

_ 82G’O(‘T? Y, )‘)
R e e O

*Go(x,y,))
0"Go(T, Yy, A) g —
/|my|2§ Oz j0xy, ai(y)f(y)dy

1/)5711375(33) + w;?k),l(x)7 j’ k;l = 1, 2. (12)
Using the asymptotic formula (see [6])

_t b (e 1
GO(:c,y,)\)—4 Tr)\\a:—y\e ) 11+0 eyl

(x £y (z,y €Ry), 0 <arg\ <, as |\ |z —y| = +00)
and condition 1), with regard to theorem 2 we have

1’/)](',2]3,1($) € La(Rg), j, k1 =1,2.

From the estimation

<
8a:j8:nk -

2 xT
[ sty

al\y .
oy [ AWy =12

fe-yl<s 2 — y*
and condition 3) it follows that z/zj(lk)l(x) € Ly(Ry), j,k,0 = 1,2. Thus, from
representation (12) we have
0?Go(z,y, A )
visa() = [ FEUEID ) gy € La(Ra), ki =12 (13
R, x0Ty,
Relations (11) and (13) show that the generalized derivatives

8f(15) / 8G’O (1:7 Y, )‘)
Ro

87]- = oz, O(y) f(y)dy—
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. 82G0($7y7 )‘) . 82G0([E,y, )\) )
90 O, - T — =1
2 /]RQ 8x1a$] “ (y)f(y)dy 2 /1;2 aiUQaZE] az (y)f(y)dy7 J ’ 27

of the function f(z) belong to La(Rz). Hence and from theorem 2 it follows that
f(z) € W}(R3). The theorem is proved

Theorem 4. Let A € C, and f(x) be the solution of equation (5). Then if
conditions 1), 2) and 3) are fulfilled, then A = i, 7 > 0. And \* = —72 is the
etgenvalue of the operator H of finite multiplicity.

Proof. Show that the number \? is the eigenvalue of the operator H. From
theorems 2 and 3 it follows that equation (5) has a non-trivial and descending
solution from the space W4 (Ry). Show that it is valid

hav(f) = ho(f) + (W[, f) = N(F. ).
From the everywhere density of the space of governing functions C§°(Rs3) in
W3 (Rz) it follows that there exists a sequence {f,(z)}>; C C5°(R2) such that
n11_>1{>10|]fn(3:) - f(a:)HWQ(RQ) = 0. Since ImA > 0, then the operator —A — \?

one-to-one maps the spaces generalized functions of slower growth S’ onto it-
self (S is the Schwartz space [17, p. 87]). It is known that C§°(Rg) C S’ and
W1 (Rg) C S'. Hence it follows that the images of the elements of the spaces
C5°(Rg) and W4(Rs) at mapping —A — A% became the elements of the space
of generalized functions of slower growth S’. In particular, the linear manifold
(—A — M%) C§°(Ry) is everywhere dense both in Ly(Rz) and Wy (Rz). The similar

results hold for the operator —A — X as well. Now let (NS (—A - XQ) C5(Rya).

Then there exists a unique element ¢ € C§°(R2) such that ¢ = (—A — XQ) ©.
Taking into account (5) and the equality K(A\) = Ro(A\2)W, we have

0=(f+KWNfp) = lim (fo+ KA fa, ) =
Jim (fut KO)fu (-4 =X) ) =

lim ((—A=X) (fa+ KN fa), ) =

Tim (=8 = X) (fa+ RoODW ) ) =
Tim (A = X2) fo + W) =

(FA=N) f+Wfp)=(Hf = N[
By arbitrariness of 1 (together with it by arbitrariness of ) we get
Hf = —Af+Wf=\Ff (14)

For proving the equality A = i7, 7 > 0 it suffices to note that A = ¢ +ir7 € C
and the eigenvalue \? of the self-adjoint operator H should be real. Note that
the finiteness of multiplicity of the eigenvalue A = —72 of the operator H follows
from the Fredholm analytic theorem. The theorem is proved.
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Remark. In equality (14) the sum —Af + W f should be understood in the
sense of quadratic forms but not as the sum of the operators. The matter is that
though both functions f(x) and (Hf) (x) belong to the space Lo(R3), but it may
happen that none of the functions —Af and W f belong to the space La(Ryz).

Theorem 5. Let conditions 1), 2) and 3) be fulfilled. Then the negative part
of the spectrum of H consists of eigenvalues of finite multiplicity, and only the
number A = 0 may be their limit point.

Proof. Boundedness of the negative part of the spectrum of the operator H
follows from theorem 1. On the basis of theorem 1 we deduce that each negative
eigenvalue of the operator H may be only of finite multiplicity. For proving the
last statement of the theorem, it suffices to note that from the analyticity of
the operator valued function K(\) (see [6]) and Fredholm’s analytic theorem it
follows that each negative eigenvalue is an isolated point of the negative part of
the spectrum of the operator H. The theorem is proved.
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