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Abstract. We consider initial abstract boundary value problems for
parabolic differential-operator equations in UMD Banach spaces settings
on the rectangle [0,7] x [0,1]. We use our previous results on norm-
estimates of solutions of boundary value problems for abstract elliptic
equations with a parameter on [0,1] in a UMD Banach space. Unique
solvability of the problems is proved in the spaces of vector-valued con-
tinuous functions. The corresponding estimates of the solution are also
established. Then, completeness of a system of root functions of abstract
elliptic boundary value problems and completeness of elementary solu-
tions of initial abstract parabolic boundary value problems are obtained.
All abstract results are provided by a relevant application to parabolic or
elliptic PDEs. We also treat, in applications, integro-differential equa-
tions and boundary conditions.

1. Introduction and basic notations

In this paper, we take into account some previous results in [8] and [13] on
resolvent estimates of boundary value problems for abstract elliptic equations
with a parameter on [0,1] in a UMD Banach space to consider initial abstract
boundary value problems for parabolic differential-operator equations in UMD
Banach spaces settings on the rectangle [0,7] x [0,1]. To this end, we apply
the uniqueness, existence, and regularity results concerning the Cauchy problem
u'(t) = Lu(t) + f(t), u(0) = up in a complex Banach space X in [13] and [7] (see
the Appendix, Theorems 5.1 and 5.2).
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Let us briefly describe the main results of the paper. Of concern, is the abstract
initial boundary value problem for the parabolic differential-operator equation

ou(t,r)  O%u(t,x) ou(t, )
o o BT
(t,x) € (0,T) x (0,1),

+ Au(t,x) + Ay (z)u(t,z) = f(t, ),

N
9"k u(t,0) 0"k u(t, 1) L
W F g ;Tksu(t,xks) =0, te(0,7), k=1,2,

u(0,z) = ug(z), x€(0,1),

where my € {0,1}; ap, Br are complex numbers; xps € [0,1]; B(x), Ai(x),
for x € [0,1], and A, Ty, are, generally speaking, unbounded operators in E.
Unique solvability of the problem is proved in the space of L,((0,1); E)-valued
continuous in time functions, i.e., in C([0,T7; L,((0,1); £)), while the right-hand
side of the equation is from the space of some kind of Holder continuous functions,
Ch((0,T); Lp((0,1); E)), v € (0,1], p € [0,1), or CJ([0,T); L,((0,1); E)), v €
(0,1). We furnish here a concrete example of application to partial differential
equations. In this case, the operator A means an elliptic differential operator
in y-variable from some bounded domain of R™ with smooth boundary, B(x)
means a multiplication operator perturbed by some integral operator and Aj(x)
means some integro-differential operator, for each x € [0,1]. Moreover, due to
the abstract operators Ty in the boundary conditions, we can also treat integro-
differential boundary conditions. All the above considerations are in section 2 of
the paper.

Then, we consider completeness of a system of root functions of abstract ellip-
tic boundary value problems with a parameter (section 3) and completeness of
elementary solutions of initial abstract parabolic boundary value problems (sec-
tion 4). The corresponding applications to partial differential equations are also
shown. Generally, we would like to note that the main purpose of the paper was
to obtain results in abstract settings but we tried to illustrate some of abstract
results of the paper by relevant applications to parabolic or elliptic PDEs, even
to some of integro-differential problems.

The last section 5 is an appendix which collects the main abstract results we
used in the paper.

We bring here some relevant papers on the subjects. Up to our best knowl-
edge, there are only a few papers in the literature on the subject of section
2. In our previous paper joint with D. Guidetti [6], we consider a similar ab-
stract initial boundary value problem for parabolic differential-operator equa-
tions to that in section 2 but with rather simple separated boundary conditions.
In this case, we have succeeded to find necessary and sufficient conditions for
the unique solvability of the problem (in fact, for L,-maximal regularity) in the
space Lg((0,T); Ly((0,1); E)). In [5], the authors also consider separated bound-
ary conditions but the main part of the equation contains 2m-order differential
operator in z-variable in contrast to our second order. They also do not claim
that the underlying Banach space is UMD. Necessary and sufficient conditions
are found in order the corresponding problem will have a strict solution. So, our
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section 2, seems to be the first attempt to consider non-separated boundary con-
ditions in such abstract settings. The papers concerned to the subject of section
3 are [1] and [2]. Both papers consider a situation of B(x) = 0 in the equation
and treat other boundary conditions. Boundary conditions in [1] may contain
the spectral parameter A at the same first order that the equation and boundary
conditions in [2] may contain an unbounded operator in the main part of the
boundary condition. The reader can find some other papers on the subject of
section 3 in the references in [1] and [2]. It seems to us that there are no other
studies in the literature on the subject of section 4 in such abstract settings. So,
the results of section 4 are completely new.

Let us now give necessary definitions and notations.

If £ and F are Banach spaces, B(FE,F) denotes the Banach space of all
bounded, linear operators from FE into F' with the norm equal to the opera-
tor norm; moreover, B(E) := B(E,FE). The spectrum of a linear operator A
in E is denoted by o(A), its resolvent set by p(A). The domain and range of
an operator A is denoted by D(A) and R(A), respectively. The resolvent of an
operator A is denoted by R(\, A) := (A — A)~L.

A Banach space F is said to be of class HT, if the Hilbert transform is bounded
on Ly(R; E) for some (and then all) p > 1. Here the Hilbert transform H of a
function f € S(R; E), the Schwartz space of rapidly decreasing E-valued func-
tions, is defined by

Hf = %PV(%) ‘T,

ie., (Hf)(t) = %;1_13(1) f|7'|>5 I=7) 4r These spaces are often also called UMD Ba-

=
nach spaces, where the UMD stands for the property of unconditional martingale
differences.

Definition 1.1. Let F be a complex Banach space, and A is a closed linear
operator in E. The operator A is called sectorial if the following conditions are
satisfied:

(1) D(A) = E, R(A) = E, (=00,0) C p(A);
(2) MM+ A)~Y| < M for all A > 0, and some M < oc.

Definition 1.2. Let EF and F' be Banach spaces. A family of operators 7 C
B(E, F) is called R-bounded, if there is a constant C' > 0 and p > 1 such that
for each natural number n, T; € T, u; € E and for all independent, symmet-
ric, {—1, 1}-valued random variables ¢; on [0, 1] (e.g., the Rademacher functions
g;(t) = sign sin(2/mt) ) the inequality

H ; szjujHLp((o,U;F) < CH jZ::lgjuj‘

is valid. The smallest such C is called R-bound of 7 and is denoted by R{T}.

Lp((0,1);E)

Definition 1.3. A sectorial operator A is called R-sectorial if
RA(0) := R{AAN +A)71 © A >0} < oo.

The number
¢% :=inf{f € (0,7) : Ra(r —0) < o0},
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where R4(0) := R{MNM + A)~! : |arg)| < 0}, is called an R-angle of the
operator A.

For the operator A closed in F, the domain of definition D(A™) of the operator
A™ is turned into a Banach space F(A™) with respect to the norm

n 1
[ullpany = (Z HAkuH2> 2.
k=0

The operator A" from F(A") into E is bounded.

For the Banach spaces F" and E, introduce the Banach space W'((0,1); F, E),
1 < p < o0, a natural number n > 1, of vector-valued functions with the finite
norm

1 1
1
lulhwgonre = [ Nu@lde+ [l @)lgds)"
0 0

We write W((0,1); E) := W ((0,1); E, E).

Let Ey and F; be two Banach spaces continuously embedded into the Banach
space £ : Ey C E, Fy C E. Two such spaces are called an interpolation couple
{Eo, E1}. Then, a standard real interpolation space (Ey, E1)g, , 0 < 6 < 1,
p > 1, and a standard complex interpolation space [Ey, E1]y are defined (for
the exact definitions we refer the reader, e.g., to the book by H. Triebel [11]).

2. Initial abstract parabolic boundary value problems and
application to parabolic initial boundary value problems

Let X be a Banach space and let A be a linear, closed operator in X. Consider
Banach spaces

) Cull; X) 1= {1 € O X), o, = sup £ (1) < oo} 1> 0;
2) CULX) = {1 | f € CX), I legax) = sup 1 (1)

+ sup [lf(t+h) = FOIATE < oo}, v (0,1, 1> 0
t<t+h
tt+hel

and the linear space
8) CUIX(A), X) = {f | f € L x () NCLX)

where I denotes an interval containing into [0, 00).
Consider now, in a Banach space E, the following abstract initial boundary
value problem for a parabolic differential-operator equation

ou(t,z)  Ou(t,z) Ju(t, )
o~ o TPy,

Ar(@)ult,z) = f(t,z), (t.z)€ (0,T) x (0,1), (2.1)

+ Au(t, z)+



156 ANGELO FAVINI AND YAKOV YAKUBOV

Ng
—i—ZTksu (t,xgs) =0, te(0,T), k=1,2, (2.2)

w(0,2) = up(z), z€(0,1), (2.3)

where my € {0,1}; ax, B are complex numbers; zxs € [0,1]; B(z), Ai(x), for
x € [0,1], and A, T are, generally speaking, unbounded operators in E.

O™u(t,0) |, 9™ ult,1)

a
K o K o

Theorem 2.1. Let the following conditions be satisfied:

(1) an operator A is closed, densely defined and invertible in a UMD Banach
space E;

) R{)\R(A A) : |argA| > B} < oo, for some 0 < B < 5; 1

) the embedding E(A) C E is compact,

) (=)™ aife — (—1)™2azp # 0;

)

for any € > 0 and for almost all z € [0, 1],

(2
(3
(4
(5

IB@)ul| < | A2ul + Ce)[lull, we D(A?),
[Ar(2)ull < el Aull + C(e)l[ull, v e D(A);

foru e D(A%) the function B(x)u and for w € D(A) the function Aj(x)u
are measurable on [0, 1] in E;,

(6) if mp =0, then Ty = 0; if my, =1, then fore >0 andu € (E(A),E) 1

%Jj’
where p € (1,00),

[ Thsull(m(a) B)yid <ellull(pa) 1B L, + C(e)]lull,

[ Thsull < EHUH a.8), T CE)|ul;

N

(7) f € Cu((0,TY; Lp((0,1); E)), for some v € (0,1], pu € [0,1);
(8) uo € W2((0,1); E(A), E; Lyu =0, k =1,2) := {u e WZ((0,1); E(4), E) |

Lyuw =0, k=1,2}, where Lyu := aku(mk)(0)+ﬂku(mk)(1)—1—25:’“1 Trsu(Tks),
k=1,2.

Then, problem (2.1)-(2.3) has a unique solution u(t,x) in
C([0, 71 Ly((0,1); E)) 0 CH((0, T1;
W2((0,1); E(A), E; Lyu =0, k=1,2),Ly((0,1); E))
and, fort € (0,T], the following estimates hold:
u(t, )L, 01)E) < C(HUO(')ng((o,n;E(A),E) + HfHC’H((O,t];Lp((O,l);E)))v

5%
ot

< C(JluoC) w0z + I lepiomtaonen )
(2.4)

Lp((0,1);E)

where C' does not depend on t.

n fact, conditions (1) and (2) are equivalent to that A is invertible R-sectorial operator in
E with the R-angle ¢% < 8.
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Proof. In the Banach space X = L,((0,1); E), consider an operator L defined by
the equalities

D(L) :=W2((0,1); E(A), E; Lyu = 0, k = 1,2),

(2.5)
Lu =" (z) = B(x)u'(z) — Au(z) — Ay(z)u(x)
and rewrite problem (2.1)-(2.3) in the following form
W (0) = Lult) + 7(0), 0

u(0) = uo,

to which we want to apply [13, Theorem 7.2.2/1] (see Theorem 5.1 in the Ap-
pendix) with 7 = 1. To this end, the only thing is to check that, for some « > 0,

IRO L) o) < MIAT, - JargAl < 5 +a, A = .

In turn, the latter inequality (with o = § — 3) follows from [8, Theorem 6] (with

¢ =7 — [3; see Theorem 5.3 in the Appendix). So, from Theorem 5.1, it follows
that problem (2.1)—(2.3) has a unique solution in

C([0,T1; Ly((0,1); E))N
CH((0, T); W2((0,1); E(A), Es Lyu = 0, k =1,2), L,((0,1); E))
and, for ¢ € (0,77, the following estimates hold:
et My 012y < C (0O llwzqoea.e) + 141 )u0() L0158

+ 1By 0155 + IF 0@ Lato1:m )

%
ot

< A . .
oy < CUOIz 00505 + 14 OOl @02)

+IBOuo() L, (0.8 + f”Hf||cg((o,t];Lp<(o,1);E>)>,

where C' does not depend on ¢. Taking into account condition (5) and that the op-
erator % is a bounded operator from Wg(((], 1); E(A), E) into Wpl(((), 1); E(A%), E)
(see, e.g., [9, Theorem 7 and Corollary 8]), we get, from the last inequalities, in-
equalities in (2.4). O

If one uses [7, Theorem 7.2] (see Theorem 5.2 in the Appendix) instead of [13,
Theorem 7.2.2/1] (see Theorem 5.1 in the Appendix) then one gets the following
result instead of Theorem 2.1.

Theorem 2.2. Let the following conditions be satisfied:

(1) an operator A is closed, densely defined and invertible in a UMD Banach
space E;

2) R{)\R(A A) ¢ |arg M| > B} < oo, for some 0 < < §;

3) the embedding E(A) C E is compact,

4) (=)™ a1 — (=1)™azf # 0;

5)

for any € > 0 and for almost all z € [0,1],

NN AN

IB@)ul| < | A2ul| + C(e)[lull, we D(A?),
[A1(z)u] < ellAull + C(e)llull, we D(A);
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foru e D(A%) the function B(x)u and for uw € D(A) the function Aq(x)u
are measurable on [0,1] in E;,

(6) if mg =0, then Ts = 0; if my, = 1, then fore >0 andu € (E(A), E)
where p € (1,00),

1Tksull(Baye), . < EHUH(E(A),Eu T C@ul,

3+o5p oL

Tesull < ellullea.p), |, +CE)ul;

(7) f e Cg([O’T];LP((Ov1)§ E)) with f(0,z) + ug(x) — B(x)up(x) — Aug(z) —
A (x)ug(x) € W, for some v € (0,1), where Wy := {v € Ly((0,1); E) |

INg > 0 big enough such that sup (14+X)7 ||L(>\I_L)_1UHLp((O,l);E) < oo}
A>Xo
and the operator L is defined by (2.5);

(8) up € W2((0,1); E(A), E; Lyu =0, k=1,2).
Then, problem (2.1)-(2.3) has a unique strict solution u(t,x) in

with the regularity % € Cy([0,T]; Ly((0,1); E)).

1
%’[ﬂ

Show now the following application of Theorem 2.1. Let Q := (0,1) x G,
where G C R", r > 2 be a bounded open domain with an (r — 1)-dimensional
boundary 0G which locally admits rectification, and let us consider in the domain
(0,T) x Q a very nonclassical parabolic initial boundary value problem (with
integro-differential terms in the equation and unbounded operators and the values
of the unknown function in intermediate points in boundary conditions)

Dyul(t,z,y) — D2u(t, z,y) + b(x,y) Deu(t, z,y) + / c(x,y, z)Dyu(t, z, z)dz—
G
,

Z asj(y)DsDju(t, x,y) + Z bj(z,y)Dju(t,z,y) + bo(z,y)u(t, z,y)

s,j=1 j=1
+ZZ/ coj(x,y,2) DL u(t, @, 2)dz = f(t,z,y),
(=0 j=1
(t,z,y) € (0,T) x (0,1) x G, (2.7)
Ny,
Lyw = ap D u(t,0,y) + BrDy*ult, 1,y) + Y Thsu(t, oy, ) = 0,
s=1
(t,y) € (0,T) x G, k=12, (2.8)

Lou := ch )Dju(t,z,y") + co(y )u(t,z,y") = 0,

(taw,y) (0,7) x (0,1) x 9G, (2.9)
u(0,2,y) =uo(z,y), (z,y)€(0,1)xG, (2.10)
where D; = %, D, = (%, D, = %, D; = —ia%j, Dy := (D1,...,D,),

my € {0,1}, ax, Bk are complex numbelrs7 y:=(y1,.--,Yr), Tks € [0,1] , Tys are,



INITIAL ABSTRACT BOUNDARY VALUE PROBLEMS FOR PARABOLIC ... 159

generally speaking, unbounded operators in L,(G), 1 < ¢ < co. Let m be the
order of the differential boundary operator Lg in (2.9), i.e., m = O if all ¢;(y') = 0,
j=1,...,7 (and then ¢o(y') # 0, Vy' € 9G), and m = 1 if at least one of ¢;(y’),
j=1,...,r,is not identically zero.
We will consider the space

By o(G) == (Wp(G), W (G))oq,
where 0 < s, s1 are integers, W (G) stands for the Sobolev space, 0 < 0 < 1,
l<p<oo,1<g<ooands=(1—-86)sy+ 0s;.
Theorem 2.3. Let the following conditions be satisfied:

(1) (smoothness conditions) |asj(y) — asj(z)| < Cly — 2|° for some C' > 0
and § € (0,1), Vy,z € G; b,bj, by € Lss(Q); ¢,c0j € Loo(Q x G); ¢j,co €
C*m(0G); 0G € C%

(2) (ellipticity condition for the below operator A) for y € G, o € R,
larg A| > 3, for some 0 < 8 < T, |o| + |\ # 0, we have

T
At Y ag(y)oso; # 0;
s,j=1
(3) (Lopatinskii-Shapiro condition for the below operator A) vy’ is any point
on OG, the vector o' is tangent and o is a normal vector to OG at the
point y' € OG. Consider the following ordinary differential problem, for
|arg A| > B with B from condition (2):

[)\ + 8;1 GSj(y') (g; - ios%> (a; - iq%)}u(zﬁ) =0, t>0, (2.11)
~ (e d

;CJ(«U (- wj@)ﬂ(t)‘tzo =h, form=1, (2.12)

w(0) =h, for m=0; (2.13)

it is required that for m = 1 problem (2.11), (2.12) (for m = 0 problem
(2.11), (2.13)) has one and only one solution, including all its derivatives,
tending to zero as t — oo for any numbers h € C; 2

(4) (=1)™a1Be — (=1)"2azf # 0;

91
(5) if my =0 then Tys = 0; if my, = 1 then, fore >0 andu € By )," (G; Lou =

O,m<2—%—%),

<
Tl ooy S el ooy o+ C@Melzy @,

| Tstllzy ) < ellullzy @) + CEllullLy@),

where p # qiil and p,q € (1,00), or p = q%’l and m =07

2Remind that, in the case m = 0, boundary condition (2.9) is transformed into the Dirichlet
boundary condition u(t,z,y") =0, (¢,z,y") € (0,T) x (0,1) x 9G.
3 ~1
3In the case when p = 5 = 2and m = 1, BF,(G; Lou € B3,(G)) (see [11, Theorem
3 ~
4.3.3]) should be written instead of B3 ,(G; Lou = 0,m < 1). By, (G) := {u | u € By ,(R"),
supp(u) C G}.
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(6) f S CZ((O>T]7LP((07 1)7LQ(G))): fO?“ some vy € (07 1}7 K S [Oa 1);
(7) wp € W2((0,1); W2(G; Lou = 0), Ly(G)) := {u € W2((0,1); W2(G; Lou =
0),Ly(G)) | Lyu=0, k=1,2, y € G}.
Then, problem (2.7)-(2.10) has a unique solution in
C([0,77; Ly((0,1); Le(G)))N
CH((0, T W ((0,1); W (G5 Lou = 0), Lg(G)), Ly((0, 1); Ly(G)))
and, for t € (0,T], the following estimates hold:
lu(t, 2, )| £, (0,1);Lq(c)) < C(HUO(% Wlwz1):w2(6).Lq(6))

+ 1 e, st (0.15L0() )
H Qu(t, =, y)
ot

(2.14)

(O (C) C(Huo(% llwz(0,1):W2(G),Lq(@))

+ e 0t (@.1iLa() )
where C' does not depend on t.
Proof. Let us denote E := L,(G) and consider an operator A which is defined by

the equalities

,
D(A) := WqQ(G; Lou=0), Au:=— Z asj(y)DsDju(y) + Aou(y),
s,7=1
where, by [4, Theorem 8.2], there exists A\g > 0 such that A is an R-sectorial
operator in E with the R-angle ¢’¥ < m. For z € [0,1], also consider operators

B(a)u := bz, y)uy) + /G e(,y, 2Yul2)dz,

Ju _Zb (z,y)Dju(y) + bo(z, y)u(y)

1 r

+ZZ/%zy7 )DL u(2)dz = Aguly).

(=0 j=1
Then, problem (2.7)—(2.10) can be rewritten in the form
ou(t,z)  O*u(t,z) ou(t, )
o~ o TPW T
= f(t;x), (t,2) € (0,T) < (0,1),

+ Au(t, z) + A1 (z)u(t, x)

0"k u(t, 0) Bmku t,1) Al
k™5 ZTksu (t,zrs) =0, te€(0,7), k=1,2,
u(0,2) = up(z), (O, 1),

(2.15)
where u(t,z) := u(t,x,-), f(t,x):= f(t,x,-), and up(z) = up(z,-) are functions
with values in the UMD Banach space E := L4(G), i.e., in the form of problem
(2.1)-(2.3). We want now to apply Theorem 2.1 to problem (2.15). Conditions
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(7)-(8) of Theorem 2.1 follow from conditions (6)-(7). Conditions (1)-(6) of Theo-
rem 2.1 follow from conditions (1)-(5) and it was shown in the proofs of Theorems
7 and 8 in [8]. O

Examples of Ty, (at least for 0G € C*) satisfying condition (5) of Theorem
2.3 and the corresponding conditions of all further application theorems (for the
proof see [8, p. 52]):

1) (Thsu)(y) = yrsuly), where s € C;

all

2) (Thsw)(y) = Jig Xjojer Thst(@,y) 5o O d, where Tyge € Lu(G x G), 3 +
1 T

% = 1, t = min(q,q’), % + % = 1, and Tk (x,y) are continuously differentiable

with respect to y;, 7 = 1,...,7 and %Tksz € Ly(G x G). So, we consider, in

particular, integro-differential boundary conditions.

3. Completeness of a system of root functions of abstract elliptic
boundary value problems and application to elliptic boundary
value problems

Consider the corresponding spectral problem to problem (2.1)-(2.2) in a Ba-
nach space F, i.e.,
L\ = du(z) —u"(z)+ B(z)u' (z) + Au(z) + A1 (z)u(z) = 0, z € (0,1), (3.1)
N
Lyu = agu™)(0) + Brul™) (1) + > Thsu(wps) =0, k=1,2, (3.2)
s=1
where X is a complex parameter, my € {0,1}; a, Br are complex numbers;
zps € [0,1]; B(x), Ai(z), for x € [0,1], and A, Ty, are, generally speaking,
unbounded operators in £. A number )\g is called an eigenvalue of problem
(3.1)-(3.2) if the problem

L()\o)u = 0, Lku = 0, k= 1, 2,

has a non-trivial solution ug(x) that belongs to WPQ((O, 1); E(A), E), for some
1 < p < o0, and up(z) is called an eigenfunction of problem (3.1)-(3.2) corre-
sponding to the eigenvalue A\g. A solution wu,,(z), for a natural number m > 1,
of the problem

L()\g)um 4+ Um_1 =0, Lipuy, =0, k=1,2,

belonging to W2((0,1); E(A), E), is called an m-th associated function to
the eigenfunction ug(x) of problem (3.1)-(3.2). We combine the eigenfunctions
and associated functions of problem (3.1)-(3.2) under the general name of root
functions of problem (3.1)-(3.2).

Let us, first, formulate and prove a completeness theorem in the framework of
Hilbert spaces.

Let an operator C' from a Hilbert space H into a Hilbert space H; be bounded.
Then its adjoint operator C* from H; into H is bounded and, for u € H,
u1 € Hy, we have

(Cu,u1) g, = (u,C*ur)p.
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Since (C*C)* = C*C** = C*C, the operator C*C in H is selfadjoint. From
(C*Cu,u)g = (Cu,Cu)yg > 0 it follows that the operator C*C' in H is non-
negative. In turn, it implies that there exists a unique non-negative selfadjoint
operator T := (C’*C)% in H. If C from a Hilbert space H into a Hilbert space

H, is compact, then, in addition to the above, the operator T' = (C*C’)% in H is
compact. The eigenvalues of the operator T are called singular numbers of the
compact operator C' and are denoted by s;(C; H, H;). Enumerate the singular
numbers in decreasing order, taking into account their multiplicities, so that

sj(CyH,Hy) == X\(T), j=1,...,00.

Theorem 3.1. Let the following conditions be fulfilled:
(1) ag, B are complex numbers; (—1)™ a8y — (—1)"2 a9 # 0; zxs € [0, 1];
(2) the embedding H(A) C H is compact and for some t > 0, for the embed-
ding operator J, it holds that s;(J; H(A),H) < Cj~t, j=1,2,..;
(3) the operator A is closed, densely defined in a Hilbert space H and, for
some ¢ such that 2%~ < ¢ < T,

2+t
IR, A)| < O+ M) Jargh > 7 — g
(4) for any € > 0 and for almost all x € [0, 1],
IB@)ul < el Abul + C@)lull, e D(AY),
[Ar(@)ul] < el Aul| + C(e)l[ull, we D(A);
foru € D(A%) the function B(x)u and for w € D(A) the function Aj(x)u

are measurable on [0, 1] in H,;
(5) if mg =0, then Tys = 0; if my, = 1, then fore >0 and u € (H(A)’H)iﬂ’

L+ CEIull

H(A)LH), + C(e)||ull-

| Thsull (), m)

[Thsull < efful

o Sellullcaay,m

Y
W=

—

Then, the spectrum of problem (38.1)-(3.2) is discrete and a system of root func-
tions of problem (3.1)-(3.2) is complete in the spaces W3 ((0,1); H(A), H; Lyu =
0, k=1,2) and Ly ((0,1); H).

Proof. In the space H := L9((0,1); H), consider an operator A which is defined
by the equalities
D(A) :== W3 ((0,1); H(A), H; Lyu = 0, k =1,2),
Au= —u"(z) + B(x)u'(z) + Au(z) + A1 (2)u(z).
Apply [13, Theorem 2.2.2/1] to the operator A in H.

Using the same technique as in the proof of [12, Theorem 4], one can show
that W ((0,1); H(A), H; Lyu = 0, k = 1,2) is dense in Ly ((0,1); H), i.e., the
first condition of [13, Theorem 2.2.2/1] is fulfilled.

By [13, Theorem 5.2.1/1], the embedding W((0,1); H(A), H) C L2((0,1); H)
H is compact, i.e., the embedding H(A) C H is also compact. By [13, Lemmas
1.2.10/3 and 1.7.8/6],

(3.3)

s; (JiH(A),H) < C's; (J; W3 ((0,1); H(A), H), L ((0,1); H)) < Cj~ %41,
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i.e., the second condition of [13, Theorem 2.2.2/1] is also fulfilled (with p = 2%
in [13, Theorem 2.2.2/1]).

By [8, Theorem 6] (in the framework of Hilbert spaces and for p = 2 in [8,
Theorem 6]; see Theorem 5.3 in the Appendix), in view of that in Hilbert spaces
R-boundedness is just norm-boundedness, for sufficiently large |A| from the angle
larg A| < ¢ < 7, for a solution of the equation

A+ Au=f
it holds the estimate
Il 0,005y + 1471 0,0y F 14U L 0,075y < C A L00738)

From the last estimate, for sufficiently large |A| from the angle |arg \| < ¢ < 7,
we have

IR —A)| <C N

Consequently,

IRCAA<SCINT, arg(=N)] 27—, [N = oo
Since ¢ > 22—L then m — ¢ < 2’% Therefore, condition (3) of [13, Theorem
2.2.2/1] is also satisfied (with n = 1 and, previously chosen, p = 2% in [13,
Theorem 2.2.2/1]). O

In order to formulate a completeness theorem in the framework of Banach
spaces, we need a definition of approximation numbers (of a compact operator)
which coincide with (the operator’s) singular numbers in the framework of Hilbert
spaces (see, e.g., [13, Theorem 1.2.10/2]). Let C be a compact operator from a
Banach space E into a Banach space E7. Then,

5;(CyE, Ey) = dim}i;{f(lg)q IC — K| g,
KeB(E,E1)
are said to be the approximation numbers of C.

Consider now problem (3.1)-(3.2) in a separable, reflexive UMD Banach space
E and in the space E := L,((0,1); E'), which is also a separable, reflexive UMD
Banach space (for reflexivity see [10, Theorem 5.7]), introduce an operator A
defined by the equalities

D(A) :=W2((0,1); E(A), E; Lyu =0, k =1,2),
Au = —u"(z) + B(2)u'(z) + Au(z) + Ay (z)u(x).

Theorem 3.2. Let the spectrum of the operator A be non empty; for some s > 0,
5;(J;W((0,1); E(A), E), Ly((0,1); E)) < Cj~%;

and let all conditions of [8, Theorem 6] (see Theorem 5.3 in the Appendiz) be
satisfied. Moreover, condition (2) of [8, Theorem 6] is satisfied for some %W <
p<mif0<s <2 and for some 0 < p <7 ifs>2.

Then, the spectrum of problem (3.1)-(3.2) in E is discrete and a system of root
functions of problem (3.1)-(3.2) is complete in the spaces Wg ((O, 1); E(A), E; Lyu =
0, k=1,2) and Ly ((0,1); E).
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Proof. The proof repeats the steps of the proof of Theorem 3.1, but one has to
use, instead of [13, Theorem 2.2.2/1], the Burgoyne’s theorem [3, Theorem 4.5],
which is also presented in a more convenient form, for using in application, in
[14, Theorem 1]. As well, one should use [14, Lemma 2| instead of [13, Lemma
1.2.10/3). 0

Let us show an application of Theorem 3.1. We will use the same differential
operators from the application part of section 2 since (almost) all conditions of
Theorem 3.1 for them have been already checked there. Our purpose here is just
to demonstrate to the reader a possible application of abstract settings to PDEs
and do not give various problems of ordinary and partial differential equations to
which our abstract methods can be applied.

So, again, let Q := (0,1) x G, where G C R", r > 2 be a bounded open domain
with an (r — 1)-dimensional boundary G which locally admits rectification, and
let us consider in the domain a very nonclassical elliptic boundary value problem
(with integro-differential terms in the equation and unbounded operators and the
values of the unknown function in intermediate points in boundary conditions)

Mu(z,y) — D2u(z,y) + b(z, y) Dyu(z, y) + / c(x,y, z)Dyu(x, 2)dz
G

- Z asj(y)DsDju(wa y) + Z bj(xv y)Dju(x7y) + bg(x,y)u(x, y)

5,j=1 j=1
1 T
+ 303 [ ey Dl ule )dz =0, () €, (3.4)
=0 j=1"GC
Ni,
Lyu = akDZlku((Ly) + /BkD;nku(lay) + ZTksu($ksa ) =0, ye G7

s=1

k=12, (3.5)

'
Lou := ch(y,)Dju(xvy,) + co(y')u(a:,y') =0, (l‘,y,) € (Oa 1) x 0G, (36)
j=1

where D, == &, D, = % Dj = —z‘aiyj, D, := (D1,...,D,), my, € {0,1},
ag, P are complex numbers, y = (y1,...,Yr), Tgs € [0,1] , Tys are, generally
speaking, unbounded operators in La(G). Let m be the order of the differential
boundary operator Ly in (3.6), i.e., m = 0if all ¢j(y/) =0, j = 1,...,7 (and then
co(y') # 0, Vy € G), and m = 1 if at least one of ¢;(y'), j = 1,...,r, is not
identically zero.

Theorem 3.3. Assume that conditions (1)-(5) (with p = q = 2) of Theorem 2.3
are fulfilled (conditions (2)-(3) with some 0 < f < 7 — 2273:2 .

Then, the spectrum of problem (3.4)—(5.6) is discrete and a system of root func-
tions of problem (3.4)—(3.6) is complete in the spaces W3 ((0,1); W3(G; Lou =

0), Lo(G); Lyu =0, k=1,2,y € G) and La(Q).

Proof. We are going to use Theorem 3.1. Construction of all operators and all
necessary explanations are the same as in the proof of Theorem 2.3. The only
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additional checking is of condition (2) and the corresponding restriction on ¢ in
condition (3) of Theorem 3.1. From, e.g., [11, formula 4.10.2/(14)], it follows that

s;(J;W3(G; Lou = 0), La(G)) < C5 77, j=1,2,...,

i.e, condition (2) of Theorem 3.1 is fulfilled with ¢ = % In turn, this implies the
restriction on ¢ in condition (3) of Theorem 3.1 for ¢ = m — 5. Note that in
the proof of Theorem 2.3 it is mentioned that for the constructed operator A the
corresponding R-boundedness for the resolvent has been proved in [8]. In the
framework of Hilbert spaces, this coincides with the just norm-boundedness in
condition (3) of Theorem 3.1. O

4. Completeness of elementary solutions of initial abstract
parabolic boundary value problems and application to
parabolic initial boundary value problems

Consider problem (2.1)-(2.3) with the homogeneous equation (2.1), i.e.,

8“(8tt’ 7 _ 8215(;2’ z) B(m)(%g;x) + Ault, z)
+ Ay (z)u(t,z) =0, (t,z) € (0,T) x (0,1), (4.1)
Fhu(t,0) MRt 1) &
O T +;Tksu(t,xks) =0, te€(0,7), k=1,2, (42)
w(0,z) = uo(z), € (0,1), (4.3)

where my, € {0,1}; ax, Br are complex numbers; zis € [0,1]; B(x), A;(z), for
x € [0,1], and A, T} are, generally speaking, unbounded operators in E.

Combining Theorem 2.1 and Theorem 3.1 (or Theorem 3.2), we can get the
following theorems about an approximation of the unique solution of problem
(4.1)-(4.3) by linear combinations of elementary solutions of (4.1)—(4.2). Remind
that, e.g., by [13, Lemma 2.1/1], a function of the form

At tkl tk‘ifl
ui(t,z) :==e ﬁuio(:n) +
i

(ki —1)!
becomes the elementary solution of (4.1)—(4.2) if and only if u0(x), wir(z),...,
uik, () is a chain of root functions of problem (3.1)—(3.2) corresponding to the
eigenvalue ;.

First, consider the Hilbert spaces setting, i.e., we will use Theorems 2.1 and
3.1.

win () + -+ - + g, (:L')) (4.4)

Theorem 4.1. Let the following conditions be fulfilled:

(1) ag, B are complex numbers; (—1)™ a8y — (—1)"2 a9 # 0; zxs € [0, 1];
(2) the embedding H(A) C H is compact and for some t > 0, for the embed-
ding operator J, it holds that s;(J; H(A),H) < Cj7t, j=1,2,..;
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(3) the operator A is closed, densely defined in a Hilbert space H and for
some @, such that max{2+t, 2} <p<m,

IR A < CA+ AN JargAl 27— o
(4) for any € > 0 and for almost all x € [0, 1],
|B@)ul| < | Azul + C(e)[lull, we D(A?),
[A1(z)u]| < ellAull + Ce)l|ull, we D(A);
foru e D(A%) the function B(x)u and for w € D(A) the function Aj(z)u

are measurable on [0, 1] in H;
(5) if mi =0, then Tys = 0; if my, =1, then fore >0 andu € (H(A),H)1 ,,
4’

”TksuH(H(A),H)%z < SHUH(H(A),H)%I’Q + C(e)]lull,
[ Trsull < 5||“||(H(A),H)% + C(e)||ull;

;2

(6) up € W2((0,1); H(A),H; L, = 0, k = 1,2), where Lyu := au™)(0) +
Breul™) (1) + S0, Thgu(zgs), k= 1,2.
Then, problem (4.1)-(4.3) has a unique solution u(t,x) in

C([0,T7; Lo((0,1); H)) N CH((0,T); W5 ((0,1); H(A), H;
Liu=0, k=1,2),Ly((0,1); H))

and there exist numbers Cy, such that for the solution it holds

: H ot |
nsoo tren(z)i)ig] Z il L2((0,1); H)
" (4.5)
. auz
lim Zcm ‘ =0,
N0 42 (0,1 Lo ((0,1);H)

where u;(t,x) are elementary solutions (4.4) of (4.1)-(4.2).

Proof. By Theorem 3.1, a system of root functions of problem (3.1)—(3.2) is com-
plete in WQQ((O, 1); HA),H; Lyu =0, k=1, 2). Hence, there exist numbers Cj,
such that

R Hu0<') - Zz:; Cints (0, .)ng((o,l);H(A),H) =0 (4.6)

where u;(t,z) are elementary solutions (4.4) of (4.1)—(4.2). On the other hand,
from Theorem 2.1 (remind, in the framework of Hilbert spaces, R-boundedness
is just norm-boundedness), we get that problem (4.1)—(4.3) has a unique solution
u(t,x) in

C([0,T]; La((0,1); H)) N C*((0,7; W5 ((0,1); H(A), H;

Liu=0, k=1,2),Ly((0,1); H))

and for the solution the corresponding estimates in (2.4), with f = 0, are fulfilled.
Then, u(t,z) — > Cinui(t, z) is a unique solution of problem (4.1)—(4.3) but
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with the initial function is equal to ug(z)—> "1 | Cinui(0, z) and the corresponding
estimates in (2.4) will be

lu(t, Zcmul M ea(,:m) < Clluo(-) Zcmuz HW2 ((0,1);H(A),H)>
au n auz ’-
H _;Ci" ot ‘LQ«O by = Clleol) Zcmuz Mwzo,0:4),m)

(4.7)
where C' does not depend on t € (0,7]. From (4.6) and (4.7) we get (4.5). O

Consider now problem (4.1)-(4.3) in a separable, reflexive UMD Banach space
E and in the space E := L,((0,1); E), which is also separable, reflexive UMD
Banach space (for reflexivity see [10, Theorem 5.7]), introduce an operator A
defined by the equalities

D(A) == W2((0,1); E(A), E; Lyu =0, k =1,2),
Au = —u"(z) + B(z)u' (z) + Au(z) + A1 (z)u(z).

Theorem 4.2. Let the spectrum of the operator A be non empty; for some s > 0,
5 (J; W ((0,1); B(A), B), Ly((0,1); B)) < Cj~%

and let all conditions of [8, Theorem 6] (see Theorem 5.3 in the Appendiz)
be satisfied. Moreover, condition (2) of [8, Theorem 6] is satisfied for some
?ﬂ<<p<7rif0<s§1 and for some 5 < ¢ < m if s > 1; finally, up €
W2((0,1); E(A), E; L, = 0, k =1,2), where Lyu == cul™)(0) + Brul™) (1) +
Zé\fzkl Tksu(xks), k = 1,2.

Then, problem (4.1)-(4.3) has a unique solution u(t,x) in

C([0,T); Ly((0,1); E)) N C*((0,T]; W, ((0,1); E(A), E;

Liu=0, k=1,2),L,((0,1); E))

and there exist numbers Cy, such that for the solution it holds

lim max Hu(t, )= Zcinuz‘(ta )‘

n—00¢€[0,T] — Lp((0,1);E) (48)
lim — Z Cin duilt, ) ) =0,
=00 e (0,7 P ot NL,((0,1);E)

where u;(t,x) are elementary solutions (4.4) of (4.1)-(4.2).

Proof. The proof is the same as that of Theorem 4.1. We only use Theorem 3.2
instead of Theorem 3.1. O

Show an application of Theorem 4.1. In fact, all necessary data are given in the
application part of section 2. We just take the homogeneous equation (instead of
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the nonhomogeneous equation (2.7))

Dyu(t,z,y) — D2ult,2,y) + bla, y) Deult, 2, ) + / (2,9, 2) Doult, 7, 2)d=
G

—Zasj )DsDju(t, z,y) +Zb (z,y)Dju(t, z,y) + bo(x, y)ult, z,y)
’]1 jl

—l—ZZ/%xy, De u(t,z,z)dz=0, (t,z,y) € (0,T)x(0,1) x G,
/=0 j=1
(4.9)
with boundary conditions (2.8)—(2.9) and initial condition (2.10).

Theorem 4.3. Assume that conditions (1)-(5) and (7) (with p = q¢ = 2) of
Theorem 2.3 are fulfilled (conditions (2)-(3) with some 0 < 8 < m — 2272"2 .
Then, problem (4.9), (2.8)-(2.10) has a unique solution u(t,z,y) in

C([0,T]; L2((0,1); La(G))) N CH((0,T]; W5 ((0,1); W5 (G; Lou = 0), La(G);
Liu=0, k=1,2,y € G),La((0,1); L2(Q)))

and there exist numbers Cy, such that for the solution it holds

)

lim max H (t,z,y) ZCmul (t,z y)‘

n—00 te[0,T] 1 L2((0,1);L2(G)) (4.10)
ou( t x,y) - Ou;(t, x,y) '

li Cin—Fa— =0,

i s PR S en PEER

P ki—1
where u;(t, ,y) = e (27“2‘0(3773/) + Gaoyrta () +~-+uz'ki($,y)) are el-

ementary solutions of a system (4.9), (2.8)-(2.9), i.e., wio(x,y), wi(z,y),...,
wik, (,y) is a chain of root functions of problem (5.4)-(3.6).

Proof. We use Theorem 4.1. Like to the proof of Theorem 3.3, we note that all
operators and all necessary explanations are the same as in the proof of Theorem
2.3. As in the proof of Theorem 3.3, the only thing is to check condition (2) and
the corresponding restriction on ¢ in condition (3) of Theorem 4.1. In our case,
they are the same as in Theorem 3.1 (which have been already checked in the

proof of Theorem 3.3) since max { 2% S g f = 22]:t for t =2 and r > 2. O
5. Appendix

Consider, in a Banach space X, the Cauchy problem

u'(t) = Lu(t) + f(2),

u(0) = wo. (5.1)

Theorem 5.1. ([13, Theorem 7.2.2/1]) Let the following conditions be satisfied
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(1) L is a linear closed operator in X and, for some n € (0,1], a > 0,
_ m
IR, D)y < MINT, - Jarg Al < 5 +a, A = oo

(2) f€Cu((0,T];X), for some y € (1 —n,1], p € [0,7);
(3) uwp € D(L).
Then, problem (5.1) has a unique solution in C([0, T]; X)NC((0,T); X (L), X),
and the solution can be represented in the form

u(t) == eFug + / t L () dr, (5.2)
0

where the semigroup e’ := ﬁ fF e’\tR()\,L)d)\ and I' is completely contained in
p(L) and coincides with the rays arg A = £(5 + «), for large |\|. Moreover, for
t € (0,T], the following estimates hold:

@)l < € ()1 Zuoll + lluoll + 1 fllc, o))

Il @)+ L) < € [£7 (I1Luoll + fuoll) + 77~ fllc oo |

where C' does not depend on t.

(5.3)

Let us now formulate another theorem for problem (5.1) which is a corollary
of [7, Theorem 7.2].

Theorem 5.2. (a corollary of [7, Theorem 7.2]) Let the following conditions be
satisfied

(1) L is a linear closed operator in X and, for some n € (0,1], a > 0,
- 7T
IR D)y < MIAT, - Jarg Al < 5 +a, A = oo

(2) f e Cy(0,T]; X) with f(0) + Lug € W, for some v € (1 —n,1), where

W, = {v € X | IXg > 0 big enough such that sup (1 + \)7||L(A] —
A> Ao

L)~ x < oo};
(3) uwo € D(L).
Then, problem (5.1) has a unique strict solution in C*([0,T); X(L), X) with
the regularity Lu € CJT1(0,T); X) and u' € C7T"1(]0,T); X).

Remark 5.1. In fact, if n = 1 then the theorem implies maximal C7-regularity.
On the other side, it is well-known that there is no maximal C-regularity for
problem (5.1)!

Consider, in a Banach space E, an abstract elliptic boundary value problem
with a patameter
L\)u := du(x) —u”"(z) + B(x)u' (z) + Au(x) + Ay (2)u(z) = f(2),

N (5.4)
Liu = agu™)(0) + Bul™) (1) + ZTksu(:vks) = fr, k=12,
s=1

where \ is a complex parameter, my € {0,1}; ax, B are complex numbers;
zps € [0,1]; B(z), Ai(z), for x € [0,1], and A, Tys are, generally speaking,
unbounded operators in F.
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Theorem 5.3. ([8, Theorem 6]) Let the following conditions be satisfied:
(1) an operator A is closed, densely defined in a UMD Banach space E;
2) R{IAR(N\, A) : |arg\| > 7 — ¢} < oo for some 0 < ¢ < 7;t
) the embedding E(A) C E is compact;
) (=1)™a1fr — (—1)™azf1 # 0;
5) for any e > 0 and for almost all x € [0,1],
1B(x)ul| < el|Azul + C(e)[lull, e D(A2),
[Ar(z)u]l < ellAull + C(e)lull, v e D(A);

foru e D(A%) the function B(x)u and for w € D(A) the function Ai(z)u
are measurable on [0,1] in E;
(6) if my, =0, then Ts = 0; if my, =1, then fore >0 andu € (E(A),E) 1

%7])’

(
(3
(4
(

where p € (1,00),
1 ThsullBay,e, o <ellullea,e,  +C@E)lul,
2Taop P 2p P

[ Thsull < ellullzea).py,  +CE)lul-

N

Then,

(a) the operator L(A) : u — L(\)u = (L()\)u, Llu,L2u>, for |arg A| < ¢
and sufficiently large |A|, is an isomorphism from WZ((0,1); E(A), E)
onto LP((07 1);E) + (E(A)ﬂE)Ql,p + (E(A)aE)é'g,p, where ek = % + %,

and for these A, the following coercive estimate holds for the solution of
problem (5.4)

IMllullz, 0,18 + 10" HL,,(m ) +[AulL,0,1:m)

< C[Iflep00:e .S (sl ), 10, + N25051)

k=1
(b) the operator u — (Lyu, Lou), for |argA| < ¢ and |\| sufficiently large,
Jrom W2((0,1); E(A), E) into (E(A), E)g, p+(E(A), E)a, p, has a contin-
uous right-inverse; in other words, there exists such an operator R(f1, f2) =
u continuous from (E(A), E)g, ,+(E(A), E)g, p into W2((0,1); E(A), E),
where u is a solution of the system Lyu = fr, k=1,2.
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