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ON SOLVABILITY CONDITIONS OF A BOUNDARY VALUE
PROBLEM WITH AN OPERATOR IN THE BOUNDARY
CONDITION FOR A SECOND ORDER ELLIPTIC
OPERATOR-DIFFERENTIAL EQUATION

GUNEL M. GASIMOVA

In memory of M. G. Gasymov on his T5th birthday

Abstract. On a semi-axis we consider a boundary value problem for a
class of second order operator-differential equations of second order with
a discontinuous coefficient. Note that the principal part of the equation
under investigation contains a normal operator, and some abstract op-
erator takes part in the boundary condition. By means of properties
of operator coefficients of the boundary value problem we find sufficient
conditions providing its regular solvability.

1. Introduction

Let H be a separable Hilbert space, A a normal operator with a completely
continuous inverse A~!, whose spectrum is contained in the angular sector S, =
{\ :JargA| < €}, 0 < e < w/4. If {e,}72 is a orthonormalized basis of
eigenvectors of the operator A, ie. Ae, = Mpen, A = wne™, |on| < &,
0 < p1 < po < .., (en,€m) = dpm, where 6y, is the Kronecker symbol, then
the operator A (A(-) =Y .21 M+, en)ey) is representable in the form A = UC,
where D(A) = D(C), C (C(-) = >_72 1 tn(+, en)ey) is a self-adjoint positive oper-
ator, and U (U(:) = Y02 e"n (-, en)en) is a unitary operator in H. The domain
of definition of the operator C? (v > 0) is Hilbert space with respect to the norm
[z]l, = [[C7z]|. For v =0 we assume that Hy = H.

Denote by La((a,b); H), —oo < a < b < 400 Hilbert space of all vector-
functions f(t) determined in (a, b) almost everywhere with the values in H, with

the finite norm
1/2
1 saosn = ( / I@lFar)

In the sequel, we denote by L(X,Y’) a space of bounded operators acting from
the Banach space X to another Banach space Y.
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We introduce the Hilbert space [6]
W3 ((a,b); H) = {u: C*u € Ly((a,b); H), " € Ly((a,b); H)}

with the norm

2 2 1/2
lullwz (o)) = (HCQUHLQ((a,b);H) + HUNHLZ((a,b);H)> :

Here and in the sequel, all derivatives are understood in the sense of distribu-
tion theory [6]. For a = 0, b = +oo we assume L2((0,00); H) = Lo(Ry; H),
W22((O7 ); H) = W;(R-I—; H), Ry = (0,00).

Let the operator T' € L(H /o, H3/2). Then

W3r(Ry; H) = {u:u € W3 (Ry; H), u(0) = Tu/(0)}

is a subspace (complete) of the space W (R, ; H).
In space H consider the boundary value problem

—u"(t) + p(t) A%u(t) + Ay (t) + Aqu(t) = f(t), te Ry, (1.1)

u(0) = Tu'(0), (1.2)

where the coefficients satisfy the conditions:

1) A is a normal operator in H with a completely continuous inverse operator
whose spectrum is contained in the sector S; = {\: Jarg \| < ¢}, 0 < e < 7/4;
2) p(t) = a? for t € (0,1) and p(t) = B2 for t € (1,00), 0 < a < B < o0;

3) T € L(Hy 2, H)2);

4) By = AjA™!Y, By = A3 A% are bounded operators in H.

Definition. If for any f(¢) € Lo(Ry; H) there exists a vector-function wu(t) €
W3 (R ; H), satisfying equation (1.1) almost everywhere in R, boundary condi-
tion (1.2) in the sense of tl_iglo [u(t) — Tw'(t)]l5/2 = 0 and the estimation

”uHW22(R+,H) S COnSt ” f ”LQ(R+;H) ?

we say that u(t) is a regular solution of boundary value problem (1.1), (1.2), and
the boundary value problem (1.1), (1.2) itself is regularly solvable.

Note that for ¢ = 0, p(t) = 1, T = 0 boundary value problem (1.1), (1.2) was
first studied in M. G. Gasymov’s papers [3, 4]. The results obtained in these pa-
pers were generalized for some T' € L(H, 3, H3/5) in the paper of M. G. Gasymov
and S. S. Mirzoev [5]. For ¢ = 0, T'= 0 and p(t) # 1 satisfying condition 2),
problem (1.1), (1.2) was studied in the paper of S. S. Mirzoev and A. R. Aliev
[7]. The analog of this case for higher order equations was investigated in the
papers [1, 2]. In the sequel, for ¢ = 0, p(t) # 1, T # 0 boundary value problem
(1.1), (1.2) was considered in the paper [8].

Note that in the present paper € # 0, p(t) # 1 and T # 0, and this problem
was not studied even in the case p(t) = 1. Therefore, the obtained results are
new in the case p(t) = 1 as well. Notice that we can similarly consider the case
0<f<a<o.

In the present paper we find conditions in the terms of operator coefficients of
boundary value problem (1.1), (1.2), that provide its regular solvability.
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2. Main results

Denote by
Pou = Py(d/dt)u = —u" + p(t)A%u,
Pyu = Pi(d/dtyu = Aju' + Agu,u € Wi p(Ry; H).

It holds
Lemma. Let conditions 1)—4) be fulfilled. Then Py and Py are bounded operators
from the space WZQ’T(R+; H) to the space La(Ry; H).

The proof follows from the boundedness condition of the function p(¢) and
the operators By and By with regard to the intermediate derivatives theorem [6].
Theorem 1. Let conditions 1) — 3) be fulfilled, and ReUAT > 0 in Hy /. Then

for any u € W;T(RJ'_; H) the following inequalities hold
HAQUHLz(R+ 1) < (@) | Poull Ly mry (2.1)

| Au’ HLz(R+ ) S c1(e) [[Poull pym ) » (2.2)
where co(e) = a2, ¢1(e) = 27 (cos 26) "2,
Proof. For u € WZQT(R+; H) we have:

2 2
1/2p u’ _ H —1/2,1 —Azu’ _ H —1/2,
Hp O Loy P Lo(Ry;H) P Lo(Ry;H)
2
1/2 42 2
Hp 124 u‘ L) 2Re(u", A*u),®;m)- (2.3)

Integrating by parts and taking into account spectral expansion of the operator
A, we get:

—(UH, AQU)LQ(R+;H) = (Cl/QU/(O), 03/2UZU(0)> + (A*’U,/, Au/)Lg(R+;H)

Vv

2
(u'(0), UAT'(0))1 /9 + cos 2¢ HAu’HLz(RJF;H) . (2.4)
Then taking into attention inequality (2. 4) in (2.3), we have
2
H 1/2P0u) > Hp—l/z " + Hp1/2A2u‘
Ly(Ry;H Ly(Ry;H La(R4;H)
2cos25HAu HL (RysH) * (2.5)
Hence we get:
A2 < -1 H 1/2 42,, ’ <7H -1/2p ’ <
H uHLz (Ry;H) = THAXP p Ly(Ry;H) P ot Lo(Ry;H) —

1 2
o 1 Poullz,®,m) -

Consequently, inequality (2.1) is proved.
Prove inequality (2.2). From inequality (2.4) it follows that

cos 2 HAu'Hi2 < —Re(u",AZu)LQ(R+;H) < ’(pfl/Qu”,p1/2A2u)L2(R+;H) <

(Ry;H)

3 (o

2.6
)

e

Lo(R;H)
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Taking into account inequality (2.5) in (2.6), we have
1/2 . 12
cos 2z ||} < 5 (Hp P}~ eose |4 HL2<R+;H)> .
Hence we get:

2 1/2 1 2
200525HA“/HL2(R+, < 2 Hp 2 Pyu ‘ < %02 HPOUHLQ(R-HH))

LQ(R+7 )
i.e.

[Ad']],,, <27 a Y (cos 26) V2 || Poull e, i)

The theorem is proved.

Now let’s solve boundary value problem (1.1), (1.2). At first prove the following
theorem.
Theorem 2. Let conditions 1) — 3) be fulfilled, and the operator

0= (b ) rear (B )

be inversible in Hyjy. Then the operator Py realizes isomorphism from the space
W227T(R+; H) onto the space Lo(Ry; H).

Proof. Show that the kernel of the operator Py consists of only a zero element,
and the image of the operator Py coincides with Ly(R4; H). Then the assertion
of the theorem follows from the lemma and the Banach theorem on the inverse
operator. Obviously, the equation Py(d/dt)u(t) = 0 has a general solution from
WZ2(Ry; H) in the form

{ &) = e‘atAgol + e_a(l_t)Agoz, 0<t<l, o
&) =e /" ps, t>1, gj € Hyp, j=173.
Then from the condition u € WQQ,T(RJF;H) it follows that & (0) = T(£1(0)),

{%j)(l -0) = §§j)(1 +0), j = 0,1. Consequently, with respect to o1, @2 and @3
we get the following equations:

(R ;H)

up(t) =

[0}

o1 +e” Agog =T(—aAp; + OéAe_aAQOQ),

03 = e o + @y,
Bz = ae” o1 — aps.

a=be a4, and from the first equation it follows that

a+5

(<E—g;a 2aA> + TA( g;z> eZO‘A> 1 = 0.

Assuming Apy = y1 € Hyjp we get

<(E - g;zew‘) + QAT (E g;g) eW‘) y1 =0,

ie. Qy1 = 0. Since from the theorem condition @) is inversible in Hy/y, then
y1 = 0. Hence it follows @1 = p2 = p3 =0, i.e. ug(t) = 0.

Now show that the equation Pyu = f has a solution for any f € Lo(R4; H).
Let’s consider the vector function

Ua(t) = x /+OO(§2E +a?A%)” </ f(s “%) etde, t € (0,1),

Then @9 =

2T
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ws(t) = % / 2R 4 A < /0 h f(s)e—isﬁds> e€lde, ¢ € (1,00).

—0o0

It is easy to see that ua(t) € Wi((0,1); H), ug(t) € Wi((1,00); H) and sat-
isfy the equation Py(d/dt)u(t) = f(t) in (0,1) and in (1, 00) almost everywhere,
respectively. Then we’ll look for the solution of the equation Pyu = f in the form

u(t) = ug(t) + e oy + e 20D Ay, for t € (0,1)
and

u(t) = ug(t) + e PEDAps for t € (1,00),
where 1,92 and p3€ Hyjo are unknown vectors. From the inversibility of the
operator () in Hj, and from the condition u(t) € W;T(R+; H), the vectors ¢;,
i = 1,2, 3 are uniquely determined. Thus u(t) € WiT(R+; H) and Pyu = f. The
theorem is proved.

This theorem implies

Corollary 1. The norms |]uHW22(R+;H) and ||Poull ., .my are equivalent in the
space Wi (Ry; H).
Corollarzy 2. The norms

Nor= s A%l IPoul e
0#ueW3 1. (Ry;H) H HLz(R+7H) Lo(Ry;H)

and
Nir = sup Au/ an [Poull Ly,
O£uEW2  (Ryi) H HLQ(&,H) 2(R4;H)
are finite and Nop < a™2, Nyp < 27 1(cos 25)*1/20[*1.
The proof follows from the intermediate derivatives theorem [6] and from
theorem 2.
Now, using the obtained results, we prove the main theorem of the present
paper.
Theorem 3. Let conditions 1) — 4) be fulfilled, the operator @Q be inversible in
Hyjy, ReUAT >0 in Hy 9, and the operators By and B be such that

g(e) = 27 (cos 2) a7 | Byl + a7 || Bl < 1.

Then boundary value problem (1.1), (1.2) is regularly solvable.
Proof. From the lemma it follows that we can write boundary value problem
(1.1), (1.2) in the form of the operator equation Pyu+ Pyu = f. Since P; ' is an

isomorphism, then after substitution of Pyu = v we get the equation v+ Py Py by =
fin La(Ry; H). On the other hand, for any v € Ly(Ry; H)

”Plp(;lv“Lg(R+;H) < [[Bill HAU/HLQ(R_HH) + 1Bzl ||A2“HL2(R+;H) S
| B1| - e1(e) ||POUHL2(R+;H) + [| B2 - cole) HP0U||L2(R+;H) =

q(E) ”P0u||L2(R+;H) = q(E) ||U||L2(R+;H) :
Here we used the inequalities from theorem 1.
Since q(¢) < 1, then v = (E + PPy Y)"'f, and u = Py Y(E + PPy )71 f.
Hence we have ||uHW22(R+;H) < const || f|| 1, m)- The theorem is proved.

Corollary 3. Let A be a self-adjoint positive operator, T = 0, and conditions
2), 4) be fulfilled. Then subject to the inequality

27t ||By|| + a2 ||By|| < 1
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boundary value problem (1.1), (1.2) is regularly solvable.

This result was obtained in the papers [1, 2, 7]. In the case p(t) = 1 we get
the result of M. G. Gasymov’s paper [4].
Corollary 4. Let conditions 1), 3), 4) be fulfilled, and p(t) =1, ReUAT >0 in
Hyy and it hold the inequality

27 (cos 26) V2 | By + || Bz|| < 1.

Then boundary value problem (1.1), (1.2) is regularly solvable.
This result is independent and in fact is new.
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