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ON SOLVABILITY CONDITIONS OF A BOUNDARY VALUE

PROBLEM WITH AN OPERATOR IN THE BOUNDARY

CONDITION FOR A SECOND ORDER ELLIPTIC

OPERATOR-DIFFERENTIAL EQUATION

GUNEL M. GASIMOVA

In memory of M. G. Gasymov on his 75th birthday

Abstract. On a semi-axis we consider a boundary value problem for a
class of second order operator-differential equations of second order with
a discontinuous coefficient. Note that the principal part of the equation
under investigation contains a normal operator, and some abstract op-
erator takes part in the boundary condition. By means of properties
of operator coefficients of the boundary value problem we find sufficient
conditions providing its regular solvability.

1. Introduction

Let H be a separable Hilbert space, A a normal operator with a completely
continuous inverse A−1, whose spectrum is contained in the angular sector Sε =
{λ : |arg λ| ≤ ε}, 0 ≤ ε < π/4. If {en}∞n=1 is a orthonormalized basis of
eigenvectors of the operator A, i.e. Aen = λnen, λn = µne

iϕn , |ϕn| ≤ ε,
0 < µ1 < µ2 < ... , (en, em) = δnm, where δnm is the Kronecker symbol, then
the operator A (A(·) =

∑∞
n=1 λn(· , en)en) is representable in the form A = UC,

where D(A) = D(C), C (C(·) =
∑∞

n=1 µn(· , en)en) is a self-adjoint positive oper-
ator, and U

(
U(·) =

∑∞
n=1 e

iϕn(· , en)en
)

is a unitary operator in H. The domain
of definition of the operator Cγ (γ ≥ 0) is Hilbert space with respect to the norm
‖x‖γ = ‖Cγx‖. For γ = 0 we assume that H0 = H.

Denote by L2((a, b);H), −∞ ≤ a < b ≤ +∞ Hilbert space of all vector-
functions f(t) determined in (a, b) almost everywhere with the values in H, with
the finite norm

‖f‖L2((a,b);H) =

(∫ b

a
‖f(t)‖2 dt

)1/2

.

In the sequel, we denote by L(X,Y ) a space of bounded operators acting from
the Banach space X to another Banach space Y .
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We introduce the Hilbert space [6]

W 2
2 ((a, b);H) = {u : C2u ∈ L2((a, b);H), u′′ ∈ L2((a, b);H)}

with the norm

‖u‖W 2
2 ((a,b);H) =

(∥∥C2u
∥∥2
L2((a,b);H)

+
∥∥u′′∥∥2

L2((a,b);H)

)1/2
.

Here and in the sequel, all derivatives are understood in the sense of distribu-
tion theory [6]. For a = 0, b = +∞ we assume L2((0,∞);H) = L2(R+;H) ,
W 2

2 ((0,∞);H) = W 2
2 (R+;H), R+ = (0,∞).

Let the operator T ∈ L(H1/2, H3/2). Then

W 2
2,T (R+;H) = {u : u ∈W 2

2 (R+;H), u(0) = Tu′(0)}

is a subspace (complete) of the space W 2
2 (R+;H).

In space H consider the boundary value problem

−u′′(t) + ρ(t)A2u(t) +A1u
′(t) +A2u(t) = f(t), t ∈ R+, (1.1)

u(0) = Tu′(0), (1.2)

where the coefficients satisfy the conditions:
1) A is a normal operator in H with a completely continuous inverse operator
whose spectrum is contained in the sector Sε = {λ : |arg λ| ≤ ε}, 0 ≤ ε < π/4;
2) ρ(t) = α2 for t ∈ (0, 1) and ρ(t) = β2 for t ∈ (1,∞), 0 < α ≤ β <∞;
3) T ∈ L(H1/2, H3/2);

4) B1 = A1A
−1, B2 = A2A

−2 are bounded operators in H.
Definition. If for any f(t) ∈ L2(R+;H) there exists a vector-function u(t) ∈
W 2

2 (R+;H), satisfying equation (1.1) almost everywhere in R+, boundary condi-
tion (1.2) in the sense of lim

t→+0
‖u(t)− Tu′(t)‖3/2 = 0 and the estimation

‖u‖W 2
2 (R+;H) ≤ const ‖ f ‖L2(R+;H) ,

we say that u(t) is a regular solution of boundary value problem (1.1), (1.2), and
the boundary value problem (1.1), (1.2) itself is regularly solvable.

Note that for ε = 0, ρ(t) = 1, T = 0 boundary value problem (1.1), (1.2) was
first studied in M. G. Gasymov’s papers [3, 4]. The results obtained in these pa-
pers were generalized for some T ∈ L(H1/2, H3/2) in the paper of M. G. Gasymov
and S. S. Mirzoev [5]. For ε = 0, T = 0 and ρ(t) 6= 1 satisfying condition 2),
problem (1.1), (1.2) was studied in the paper of S. S. Mirzoev and A. R. Aliev
[7]. The analog of this case for higher order equations was investigated in the
papers [1, 2]. In the sequel, for ε = 0, ρ(t) 6= 1, T 6= 0 boundary value problem
(1.1), (1.2) was considered in the paper [8].

Note that in the present paper ε 6= 0 , ρ(t) 6= 1 and T 6= 0, and this problem
was not studied even in the case ρ(t) = 1. Therefore, the obtained results are
new in the case ρ(t) = 1 as well. Notice that we can similarly consider the case
0 < β ≤ α <∞.

In the present paper we find conditions in the terms of operator coefficients of
boundary value problem (1.1), (1.2), that provide its regular solvability.
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2. Main results

Denote by

P0u = P0(d/dt)u = −u′′ + ρ(t)A2u,

P1u = P1(d/dt)u = A1u
′ +A2u, u ∈W 2

2,T (R+;H).

It holds
Lemma. Let conditions 1)−4) be fulfilled. Then P0 and P1 are bounded operators
from the space W 2

2,T (R+;H) to the space L2(R+;H).

The proof follows from the boundedness condition of the function ρ(t) and
the operators B1 and B2 with regard to the intermediate derivatives theorem [6].
Theorem 1. Let conditions 1)− 3) be fulfilled, and ReUAT ≥ 0 in H1/2. Then

for any u ∈W 2
2,T (R+;H) the following inequalities hold∥∥A2u

∥∥
L2(R+;H)

≤ c0(ε) ‖P0u‖L2(R+;H) , (2.1)∥∥Au′∥∥
L2(R+;H)

≤ c1(ε) ‖P0u‖L2(R+;H) , (2.2)

where c0(ε) = α−2, c1(ε) = 2−1(cos 2ε)−1/2α−1.
Proof. For u ∈W 2

2,T (R+;H) we have:∥∥∥ρ−1/2P0u
∥∥∥2
L2(R+;H)

=
∥∥∥ρ−1/2u′′ −A2u

∥∥∥2
L2(R+;H)

=
∥∥∥ρ−1/2u′′∥∥∥2

L2(R+;H)
+∥∥∥ρ1/2A2u

∥∥∥2
L2(R+;H)

− 2Re(u′′, A2u)L2(R+;H). (2.3)

Integrating by parts and taking into account spectral expansion of the operator
A, we get:

−(u′′, A2u)L2(R+;H) = (C1/2u′(0), C3/2U2u(0)) + (A∗u′, Au′)L2(R+;H) ≥

(u′(0), UATu′(0))1/2 + cos 2ε
∥∥Au′∥∥2

L2(R+;H)
. (2.4)

Then taking into attention inequality (2.4) in (2.3), we have∥∥∥ρ−1/2P0u
∥∥∥2
L2(R+;H)

≥
∥∥∥ρ−1/2u′′∥∥∥2

L2(R+;H)
+
∥∥∥ρ1/2A2u

∥∥∥2
L2(R+;H)

+

2 cos 2ε
∥∥Au′∥∥2

L2(R+;H)
. (2.5)

Hence we get:∥∥A2u
∥∥2
L2(R+;H)

≤ max
t
ρ−1(t)

∥∥∥ρ1/2A2u
∥∥∥2
L2(R+;H)

≤ 1

α2

∥∥∥ρ−1/2P0u
∥∥∥2
L2(R+;H)

≤

1

α4
‖P0u‖2L2(R+;H) .

Consequently, inequality (2.1) is proved.
Prove inequality (2.2). From inequality (2.4) it follows that

cos 2ε
∥∥Au′∥∥2

L2(R+;H)
≤ −Re(u′′, A2u)L2(R+;H) ≤

∣∣∣(ρ−1/2u′′, ρ1/2A2u)L2(R+;H)

∣∣∣ ≤
1

2

(∥∥∥ρ−1/2u′′∥∥∥2
L2(R+;H)

+
∥∥∥ρ1/2A2u

∥∥∥2
L2(R+;H)

)
. (2.6)
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Taking into account inequality (2.5) in (2.6), we have

cos 2ε
∥∥Au′∥∥2

L2(R+;H)
≤ 1

2

(∥∥∥ρ−1/2P0u
∥∥∥2
L2(R+;H)

− 2 cos 2ε
∥∥Au′∥∥2

L2(R+;H)

)
.

Hence we get:

2 cos 2ε
∥∥Au′∥∥2

L2(R+;H)
≤ 1

2

∥∥∥ρ−1/2P0u
∥∥∥2
L2(R+;H)

≤ 1

2α2
‖P0u‖2L2(R+;H) ,

i.e. ∥∥Au′∥∥
L2(R+;H)

≤ 2−1α−1(cos 2ε)−1/2 ‖P0u‖L2(R+;H) .

The theorem is proved.
Now let’s solve boundary value problem (1.1), (1.2). At first prove the following

theorem.
Theorem 2. Let conditions 1)− 3) be fulfilled, and the operator

Q =

(
E − β − α

β + α
e−2αA

)
+ αAT

(
E +

β − α
β + α

e−2αA
)

be inversible in H1/2. Then the operator P0 realizes isomorphism from the space

W 2
2,T (R+;H) onto the space L2(R+;H).

Proof. Show that the kernel of the operator P0 consists of only a zero element,
and the image of the operator P0 coincides with L2(R+;H). Then the assertion
of the theorem follows from the lemma and the Banach theorem on the inverse
operator. Obviously, the equation P0(d/dt)u(t) = 0 has a general solution from
W 2

2 (R+;H) in the form

u0(t) =

{
ξ1(t) = e−αtAϕ1 + e−α(1−t)Aϕ2, 0 < t < 1,

ξ2(t) = e−β(t−1)Aϕ3 , t > 1 , ϕj ∈ H3/2, j = 1, 3 .

Then from the condition u ∈ W 2
2,T (R+;H) it follows that ξ1(0) = T (ξ′1(0)),

ξ
(j)
1 (1 − 0) = ξ

(j)
1 (1 + 0), j = 0, 1. Consequently, with respect to ϕ1, ϕ2 and ϕ3

we get the following equations:

ϕ1 + e−αAϕ2 = T (−αAϕ1 + αAe−αAϕ2),

ϕ3 = e−αAϕ1 + ϕ2,

βϕ3 = αe−αAϕ1 − αϕ2.

Then ϕ2 = α−β
α+β e

−αAϕ1 and from the first equation it follows that((
E − β − α

β + α
e−2αA

)
+ αTA

(
E +

β − α
β + α

)
e−2αA

)
ϕ1 = 0.

Assuming Aϕ1 = y1 ∈ H1/2 we get((
E − β − α

β + α
e−2αA

)
+ αAT

(
E +

β − α
α+ β

)
e−2αA

)
y1 = 0,

i.e. Qy1 = 0. Since from the theorem condition Q is inversible in H1/2, then
y1 = 0. Hence it follows ϕ1 = ϕ2 = ϕ3 = 0, i.e. u0(t) = 0.

Now show that the equation P0u = f has a solution for any f ∈ L2(R+;H).
Let’s consider the vector function

uα(t) =
1

2π

∫ +∞

−∞
(ξ2E + α2A2)−1

(∫ ∞
0

f(s)e−isξds

)
eiξtdξ, t ∈ (0, 1),
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uβ(t) =
1

2π

∫ +∞

−∞
(ξ2E + β2A2)−1

(∫ ∞
0

f(s)e−isξds

)
eiξtdξ, t ∈ (1,∞).

It is easy to see that uα(t) ∈ W 2
2 ((0, 1);H), uβ(t) ∈ W 2

2 ((1,∞);H) and sat-
isfy the equation P0(d/dt)u(t) = f(t) in (0, 1) and in (1,∞) almost everywhere,
respectively. Then we’ll look for the solution of the equation P0u = f in the form

u(t) = uα(t) + e−αtAϕ1 + e−α(1−t)Aϕ2 for t ∈ (0, 1)
and

u(t) = uβ(t) + e−β(t−1)Aϕ3 for t ∈ (1,∞),
where ϕ1, ϕ2 and ϕ3∈ H3/2 are unknown vectors. From the inversibility of the

operator Q in H1/2 and from the condition u(t) ∈ W 2
2,T (R+;H), the vectors ϕi,

i = 1, 2, 3 are uniquely determined. Thus u(t) ∈W 2
2,T (R+;H) and P0u = f . The

theorem is proved.
This theorem implies

Corollary 1. The norms ‖u‖W 2
2 (R+;H) and ‖P0u‖L2(R+;H) are equivalent in the

space W 2
2,T (R+;H).

Corollary 2. The norms

N0,T = sup
06=u∈W 2

2,T (R+;H)

∥∥A2u
∥∥
L2(R+;H)

‖P0u‖−1L2(R+;H)

and
N1,T = sup

06=u∈W 2
2,T (R+;H)

∥∥Au′∥∥
L2(R+;H)

‖P0u‖−1L2(R+;H)

are finite and N0,T ≤ α−2, N1,T ≤ 2−1(cos 2ε)−1/2α−1.
The proof follows from the intermediate derivatives theorem [6] and from

theorem 2.
Now, using the obtained results, we prove the main theorem of the present

paper.
Theorem 3. Let conditions 1) − 4) be fulfilled, the operator Q be inversible in
H1/2, ReUAT ≥ 0 in H1/2, and the operators B1 and B2 be such that

q(ε) = 2−1(cos 2ε)−1/2α−1 ‖B1‖+ α−2 ‖B2‖ < 1.

Then boundary value problem (1.1), (1.2) is regularly solvable.
Proof. From the lemma it follows that we can write boundary value problem
(1.1), (1.2) in the form of the operator equation P0u+ P1u = f . Since P−10 is an

isomorphism, then after substitution of P0u = v we get the equation v+P1P
−1
0 v =

f in L2(R+;H). On the other hand, for any v ∈ L2(R+;H)∥∥P1P
−1
0 v

∥∥
L2(R+;H)

≤ ‖B1‖
∥∥Au′∥∥

L2(R+;H)
+ ‖B2‖

∥∥A2u
∥∥
L2(R+;H)

≤

‖B1‖ · c1(ε) ‖P0u‖L2(R+;H) + ‖B2‖ · c0(ε) ‖P0u‖L2(R+;H) =

q(ε) ‖P0u‖L2(R+;H) = q(ε) ‖v‖L2(R+;H) .

Here we used the inequalities from theorem 1.
Since q(ε) < 1, then v = (E + P1P

−1
0 )−1f , and u = P−10 (E + P1P

−1
0 )−1f .

Hence we have ‖u‖W 2
2 (R+;H) ≤ const ‖f‖L2(R+;H). The theorem is proved.

Corollary 3. Let A be a self-adjoint positive operator, T = 0, and conditions
2), 4) be fulfilled. Then subject to the inequality

2−1α−1 ‖B1‖+ α−2 ‖B2‖ < 1



ON SOLVABILITY CONDITIONS OF A BOUNDARY VALUE PROBLEM . . . 177

boundary value problem (1.1), (1.2) is regularly solvable.
This result was obtained in the papers [1, 2, 7]. In the case ρ(t) ≡ 1 we get

the result of M. G. Gasymov’s paper [4].
Corollary 4. Let conditions 1), 3), 4) be fulfilled, and ρ(t) ≡ 1, ReUAT ≥ 0 in
H1/2 and it hold the inequality

2−1(cos 2ε)−1/2 ‖B1‖+ ‖B2‖ < 1.

Then boundary value problem (1.1), (1.2) is regularly solvable.
This result is independent and in fact is new.
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