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AN INVERSE SCATTERING PROBLEM FOR A SYSTEM OF
DIRAC EQUATIONS WITH DISCONTINUITY CONDITIONS

HIDAYAT M. HUSEYNOV

In memory of M. G. Gasymov on his T5th birthday

Abstract. We solve an inverse scattering problem for the Dirac system
with discontinuity conditions at a point.

1. Introduction
Let’s consider a system of Dirac equations
By +Q(z)y =Xy, 0<z< oo, (1)
with discontinuity conditions at some point a € (0, 00)
y(a—0)=My(a+0) (2)
and with the boundary condition
y1(0) =0. (3)
Here
s=(30)= (525 )ew=(00 30) = ()
(4)

a, B are real numbers o # 0, p(x), ¢ (x) are real-valued functions, satisfying the
condition

/ 19 @) da < o, (5)
0

where ||-|| is the operator norm in the Euclidean space C2.
There exists the solution of problem (1)-(3) (see formula (16)) w (x, \) such
that it holds the Parseval equality

o

/u(x,)\)u*(t,)\)d)\:5(3:—t)E2,

—0o0

1

s
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where Fy = ( (1) (1) > , 0 is the Dirac delta-function, and as x — +oo

w (@) = {( B >em— ( ! >ei)‘xS(:c)} [+ 0(1)],

the function S () is called a scattering function of boundary value problem (1)-
(3).

Obviously, for determining asymptotic behavior of the normed generalized
eigen function w (z,A) it suffices to know the scattering function . Therefore,
the inverse problem of the scattering theory for a boundary value problem is
formulated as follows. Knowing the scattering function S (z) show the way for
determining the potential 2 () and find necessary and sufficient conditions for
the pregiven function be the scattering function of the problem as (1)-(3). In the
present paper this problem is completely solved.

When there are no discontinuity conditions i.e. when M = Fs, the inverse
scattering problems for the system of Dirac equations of mass, and also for the
system of order 2n Dirac equations with general self-adjoint boundary conditions
were solved in the papers [1], [4]. Note also the papers [2], [3] and others where
the inverse problems for the system of Dirac equations are considered in other
statements.

2. On the Jost solution

We call the matrix function F (x, A) satisfying equation (1), condition (2) and

the condition at infinity ligrl E (x,\) e*P? = Ej the Jost solution. It is easy to
T—r—+00

show that if Q () = 0, then the Jost solution is the function

—ABzx
e , T > a,
Eo (z,)) = { M—e 2Bz L \[te=AN2a-2)B () « 2 < g

where

BFat

Theorem 1. Under condition (5) equation (1) with discontinuity condition
(2) for all real X has the Jost solution E (x,\) representable in the form

1 T 1
M* =2 (M +BMB) = ( p iB), ot =7 (axa).

+0oo
E(z,\) = Ey(z,\) + / K (z,t) e lat, (6)
and the kernel K (x,t) satisfies the inequality
+o0
[ 1 @) de < e -1, )
where
+oo
C = max (1, | M|, | M*]]), o (z)= / 19.(s)]] ds.
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Furthermore, the following relations are fulfilled

“+00
lim / IBK (2,2 + ) — K (3.2 + ) B — O (2)|| dz = 0,
t—+0

a

t——+0
0

lim/HBK(az7a:+t)—K(x,:z—kt)B—Q(:c)M‘de:O, (8)

. 20—x+0 + _
Jim [ 1B.K @ o) - 2 @) M| de =0,

Proof. It is easy to show that the Jost solution (if it exists) satisfies the
integral equation

+00
E(z,)\) = Ey (z,)\) — / Eo (z,\) By (t,\) BQ(t) E (t, ) dt.
Substituting here instead of F (x, \) its representation of the form (6), we get
+oo +o0o
/ K (z,t) e *Bldt = — / Eo (z,\) Ey ' (t,\) BQ(t) Eo (t, ) dt—

+o00o +o00
/ Eo (z,\) Egt (t,\) BQ(t) / K (z,\) e Msdsdt (A eR). (9)
T t
Suppose z > 0. Then relation (9) takes the form:
+oo +o0
/ K (x,t) e Bt = — / e MBEDBO (1) e MPldi—
+00 400
/ e MEIBO (1) / K (t,s) e Pssdsdt.
t

x
Hence it is easy to get the following relations for the functions K (z,t) =
2 (K (z,t) £ BK (2,t) B):

o0

+oo +
1
/ KT (z,t) e Mldt = 3 / Q <“"2+t> Be Ptdi+

+o0o +oo
/e’\B(‘rt)Q(t)/K (t,s) e *B3dsdt,
t

xT

+oo +o00 +oo
/ K~ (z,t) e Bldt = — / e MBE RO (1) / K7 (t,s) e *Psdsdt.

xT
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Hence, using
BK® (z,t) = TK* (2,t) B, e *P*K* (2,t) = K+ (2,t) eP?,

we finally get integral equations for the matrix-functions K* (x,t) for z > a:

x4t

K*(2,0) = 10 (5 B+ [ Q(€) BK~ (6,1 + 2 — €) de, o

+00
= [ Q) BKT (&t —x+&)de.

Now consider the case 0 < x < a. In this case we have
E, ((17, )\) — M~ e Bz + M+e*)\(2a7$)B7
—AB(z—t)
1 e , for a<z<t or x<t<a,
Eo (z,A) By~ (t,A) = { M—e= B@=0 | pf+e=rBCa—a—t)  for o< g <t

Therefore, proceeding from relation (9), similar to the case mentioned above for
the matrix-function K% (x,t) we get the integral equations:
z+t

Kt (z,t) = —3BQ (&) M~ — fBQ K~ (s,t+x —s)ds,
K~ (z,t) = —3BQ (&3 t)M+—%M+BQ(7f—x2+2a)—

a “+oo

fBQ(s)K+(s,tfx+s )ds — f M~BQ(s)K* (s,t —x+ s)ds—

x
t+2a—x

| MT™BQ(s)K~ (s,t+2a—z—s)ds, 0<z<a, z<t<2a-uz,

a

( tha
2
Kt (z,t)=—3iM " BQ(Zt) — [ M BQ(s) K~ (s,t+x — s)ds—
a —i—o%
[BQ(s) K™ (z,t+x—s)ds— [ MTBQ(s) KT (s,t —2a+ x + s)ds,
K~ (z,t) = —iMTBQ (=5t29) — [BQ(s) KT (s,t — 2+ s) ds—
t+2a—zx

+00 2
| M—BQ(s) KT (s,t —x+s)ds— [ MTBQ(s)K™ (s,t+2a—z—s)ds,

O<z<a, 2a—zxz<t<o0.
(11)
For proving the existence of the solution E (x,\) it suffices to show that the
systems of equations (10), (11) have the solutions K+ (z,t) satisfying the inequal-
ities

+/OOHKi (1) dt < % {e207@ —1}, (12)

and hence for the kernel K (z,t) = Kt (z,t)+ K~ (z,t) estimation (7) will follow.
Assume

+

T+t

Q

)B, z>a, t>s,
1
12
M

ITH)BM_, O<zr<a, x<t<2a-—uz,

(ﬁ)B O<zx<a, t>2a-—uz,

N ‘

22
K (z,t) = Q

A
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KO_ (l‘, t) =

0, z>a, t>s,
1Q(x+22a t)BM+ 1M+Q(t+2a x)B 0<z<a, z<t<a-—uz,
1M+Q(t+2‘z B2-i)B, 0<z<a, t>2a-—u,

K, (2,t) =

ztt
2
| Q(s)BK,_,(s,t+z—s)ds,z>a,t>zor 0<z<a,z<t<2a-uz,
x

o~
+

x

S %M\

M~Q(s)BK, ,(s,t+x—s)ds+ [Q(s)BK,_;(s,t+x — s)ds+

+
+ [ M s)BK | (s,t—2a+xz+s)ds, 0<x<a, t>2a-—un,
a

K, (z,t) =
¢ +oo

[ Q(s)BK | (s,t—x+s)ds, z>a, t>u,
x

a +oo
[Q(s)BK | (s,t—x+s)ds+ [ M~Q(s)BK,} | (s,t —x+s)ds+
t+2ész @

+ [ MTtQ(s)BK, ;(s,t+2a—x—s)ds, 0<z<a, 2 <t<2a-—muz,
a

a +oo
[Q(s)BK | (s,t—x+s)ds+ [ M~Q(s)BK,} |(s,t —x+s)ds+
r t+2ézfa: @

+ [ MtQ(s)BK, ,(s,t+2a—x—3s)ds, 0<z<a, t>2a—muz,
a

From the definition K (x,t) (n =0,1,2,...) it follows

o0 +o00
[ K5 wola<c [ 196l ds=cow.

400 +00 0
/HK,f(x,t)Hdtgc/ 12 (s)| /HK; \d§+/HKn L (5,9)| dé | dé.

Applying the mathematical induction method, we have

—+00

onem+l £ (g1t
/HKff(x,t)Hdtg (nil()!)} .

T

oo
Hence it follows that the matrix series Y KF (z,-) = K* (z,-) converge uni-
n=0
formly with respect to x € (0,00) in the space L; and estimations (12) are
fulfilled.
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Now prove relations (8). Write the first equation from the system (10) in the

form
ztt

>+2/2(2(5)K_(s,t+x—s)ds

T

r+t

—2BK™t (z,t) = Q <

or having made a substitution ¢ — x + ¢, in the form

ot
—BK (v,z+1t)+ K (z,x+t)B = Q(J:+2>—|—2/ s) K™ (s,2z +1t—s)ds.
Hence
+oo 00 ;
/ |K (x,x+t) B— BK (x,z +t) —Q(m)”de/HQ <x+2> —Q(2)|| dzx
T 0
ool #+3
—1—2/ /Q(S)K_(s,2:n+t—s)ds de =1 (t) + 15 (t) .
0 T
In order to set up the first relation from (8), it suffices to show that
lim I (t) = 0. (13)

t—+0

Changing the integration order and making change of variables £ = 2z +t — s,
we get

too [ w3

Ig(t)§2/ /|]Q(S)|}|K_(s,2:c+tS)Hd.s dx =

0
t+s s+t

/||Q |l /HK &)|| d¢ ds+/HQ )l /HK )| de | ds. (14)

According to estimations (12), we have:

t+s

/HQ H/HK )| deds <
/2 |Q<s>u7»|f<-<s,s>|<dsdss £20000) _ / 192(s)]| ds,
0 s

thus, the first summand from the right hand side of (14) tends to zero as ¢t — +0.
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s+t
In the sequel, since ¢ (s) = [|Q(s)] | |K~ (s,8)]|dé — 0 as t — +0 and
S

according to (12)

oe(s) < 125)] / | (5,6)]| de < 1 [2(s)]],

then by the theorem on limit passage under the sign of integral, we have
(e}
lim [ ¢ (s)ds = 0.

t—+0
t

2
Thus, (13) is valid, and so the first equality from (8) is valid as well. Proceeding
from equations (10), (11), the remaining relations from (8) are proved in the same
way. The theorem is proved.
Corollary 1. The vector-function e (z,\) and e (x,\), where

e (2, \) = eo (2, ) + 701( (@, 1) ( ; )emdt, (15)

—1

M‘ei/\x< 1 >+M+e“‘(2a_x)< 1.>, 0<zx<a,

—1 —1

1 )
. )e“\x,x > a,

eo (x,A) = <

are a fundamental system of solutions of problem (1), (2).

3. Basic equations of the inverse problem

Let’s consider the boundary value problem (1)-(3).
Denote by ¢ (x,\) the solution of equation (1) with discontinuity conditions
(2) and initial conditions

¥1 (Oa )‘) =0, ¢ (07 A) =1
Lemma 1. For all A € R the following identity is valid
2ip (z, \)

u(z,\) = (0N

=e(m,N) =S\ e(z,N), (16)

where S () = Zigg\\g is the scattering function of problem (1)-(3) continuous on

the whole axis, and S (X) — So (A) € Ly (—o0, +00). Here

at —iB+ (a” +if) e %
at +i8 + (a= —if) eiaA

is the scattering function of problem (1)-(3), when Q (z) = 0.

Theorem 2. The kernel of the representation (6) satisfies the functional-
integral equation (the basic equation of the inverse problem)

+ 2
Fl(w,y)+K(:v,y)—K(w,2a—y){w (é _(i >+

So(\) = (17)
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O%( ) /th (t+y)dt =0, (18)
=Re2ﬁr7[so<x>s<x>]<_1i S )ema g

A (2,y) = Fs(zx+vy), =>a,
1Y) = M Fs(x+y)+ M Fs(2a—2+y),0<x<a.

Proof. Write equality (16) in the case Q (z) =0 (A € R):
2ipo ($, )‘)

= A) — So (A A). 16
o @y (z,A) = So (A) eo (z,A) (160)
From relations (16), (16¢), (13) we have
2ip (2, ) 2“00 /K x,t) e Mt
€; (0, )\) 610

400
[So(A) =S (N)]eo(z,\) + / K (2,t)[So (\) = S ()] ( _12 ei)\t> di—

A) 701( (x,t) ( _1Z >eMtdt.

Multiply the both hand sides of equality at first by -t 5 (1,—i) e, where y > z,
and integrate with respect to A within —oo and +oo:

1 [ f2ie(e) g0 ()
21 (&) (0, A) €10 (0, A)

} (1, —i) eMNdp =

K(z,y) < Zl __f ) +i7r / [So (A) =S ()] eq (2, A) (1, =) €dA+

2
/ K (z,t) 217T_70[50 (A) =S (\)] < _12 ) (1, —i) MY grdt—

/ / So (A ( . > (1, —i) e drdt. (20)

On the other hand, according to formula (17) we have

So (A) =

—if+ (o +if)e ¥ |- =B giax (0 B ? liax
at +ip at +if at +ip
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Consequently,
17 Alt+y) at —if 7?4 p?
— e’ )dy = — o (t
27 / ol P R eanrre] KA
a” +if (at —iB) (e +1ip)

at +if t+y ) (a+ +iB)?
and since for y > x K (z,—y) =0, K (z,—2la —y) =0, l = 1,2, ..., then the last
summand in the right-hand side of equation (20) takes the form

a” +1if 1 —i
In what follows, the subintegrand matrix-function in the left-hand side of equal-
ity (20) is regular, bounded in the closed upper half-plane for y > z. Then,
applying the Jordan lemma, we get that this integral equals zero. Taking into
account the above stated ones, and also real-valuededness of the elements of the
matrix-function, from relation (20) we get the basic equation (18) of the inverse
problem. The theorem is proved.

S(t+y+2a)+ ...,

4. Solvability of the basic equation. The uniqueness theorem of
the solution of the inverse problem

Theorem 3. For any fized © > 0 the basic equation (18) has the matriz
solution K (x,-) with the elements from Lo (z,00).
Proof. Note that for any fixed x > 0 the operation

M (f) =
f ) Eyy, x> a,

e fea-y | (o )+ 2 (] o )] 0<e<a
is invertible in the space Lo (x,oo;(Cz). Therefore the basic equation (18) is
equivalent to the following equation with a completely continuous operator:

K (z,y) + (M)~ Fi (2,y) + (M) "' FK (,-) (y) = 0, y > .

Consequently, in order to prove the theorem, it suffices to show that the ho-
mogeneous equation

tam+B2 /1 0 280"t (01
n@wﬁum—w[ii+ﬂz(0_1)+w51@(10>]
/fx s(t+y)dt=0, y>u=x, (21)

has only a trivial solution f, (-) € Lo (:c, o0; (CQ). Multiply scalarly the equation
(21) by fz (y) and integrate with respect to in the interval (x,00). As a result we
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get
:/Oo(fx (), fx (y) dy + :/Oo(fx (v) . fz (20 —y)) dy [Cm ( é —2 )

“+o0o
o1
s (Vo)) o nonema=-o e

In this equation, instead of Fj (¢ + y) substitute its expression from formula (19)
and take into account the relation
+oo

ata=4+B2/1 0 2Ba~1 01
/(fx(y),fx(Za—y))dy [M(O _1)+a+2+52< 1 0)} -

Re % / So (M) @ (N) @ () dA,

wmzfn@(i)ww,

and the Parseval formula

where

+00 1SS
/ (fe (), fo (y)dy = % D (X) D" (N) dA.

Then equality (22) will take the form
17 _ IR —
— / () -V SN} {<1> (\) —d(\) S()\)} d\ = 0.
4m

Hence we have

PAN)=D(N)S(N).
By definition

€1 (07 )‘)
S(A) = .
( ) €1 <07 )‘)
Then the vector-function Z (A) = ® (A) e; (0, A) is regular in the half-plane Im A >
0 continuous up to the real axis and satisfies the condition

ZN\)=2Z()\), —00o<\< oo

Consequently, Z () is an entire vector-function. From the definition of the vector-
function Z () it follows that it converges to zero as A\ — oco. Therefore, by the
Liouville theorem Z (A) =0, ® (A) = 0 and so f; (y) = 0. The theorem is proved.
Corollary 2. The potential Q (x) is uniquely determined from the given scat-
tering function S (\).
The solution of the inverse scattering problem in the class (5) gives
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Theorem 4. For the function S (\), —oo < A\ < 0o to be a scattering function
of the problem of the form (1)-(4) with real p(x) and q(x), satisfying inequality
(5) it is necessary and sufficient that the following conditions to be fulfilled:

19, the function S ()\) is continuous on the whole axis, S (\) = S~1(\), each
element of the matriz function Fs(x) belongs to La (—00,00) and

/ |F. (@) de < oo
0
20, homogeneous equation
Ta=+B82/1 0 2Ba~! 01
ot oS (3 0) e s (11)]
/f(t)Fs(Hy)dt:O
0

has only a zero vector-solution with the components from Ly (0,00);
30. the homogeneous equation

ata"+6° /1 0 280" (01
r+ s [ (0 1)+ am (1))
0
[t E =0
has only a zero solution with the components from Lo (—00,0).
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