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ON THE SPECTRUM OF A CLASS OF NON-SELF-ADJOINT
“WEIGHTED” OPERATOR WITH POINT §-INTERACTIONS

MANAF DZH. MANAFOV

In memory of M. G. Gasymov on his 75th birthday

Abstract. We obtain the spectrum structures of a non-self-adjoint op-
erator. Notice that the given “weig” is a sum of finite zero order gener-
alized functions.

1. Introduction, Definition Of The Operator

We use the following notation: (C(”)(a, b) is a linear space of scalar complex-
valued functions which are n-times continuously differentiable on (a,b). Let
Ls(a,b) be a linear space of scalar complex-valued functions on (a,b), which has
square summable modules WJ(a,b), j = 0,1,2, stands for the Sobolev space of
functions defined on (a, b) that belong to La(a,b) together with their derivatives
up to order j, m be a fixed number in N, xg = —o0, and x, 11 = +00.

The paper is devoted to study of the spectral properties of ”weighted” one-
dimensional equation

= (s ) + alwhy =2, (1)

m

in the space La(R), where "weighted” function is p(z) = 1+ > apd(x — z) and
k=1

coefficient is

o
g(z) =27 qpe’”,
B=1

where ¢ = 22021 lgs| converges (y > 0).

In this formula, o > 0, zx (1 < 22 < ... < zp,) (k=1,2,...,m = 1,m) are
real numbers.

Notice that, the problems on the studies of one and multi-dimensional Schrodin-
ger operators with singular potentials (that is, e.g., point interactions, measures,
or distributions) have appeared in physical literature. Mathematical investiga-
tions of appropriate physical models were initiated at the beginning of the last
century in the papers [5, 20]. This theme intensively has developed in the last
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three decades (see [4, 9, 13, 14, 15, 18, 19]) and to the books [2, 3], where ad-
ditional references can be found. Spectral problems for singular potentials from
Wy L(R) were recently studied in the papers [10, 23], see also the bibliography
therein, where W, !(R) is the set of integrals (that means interactions) which in
Ls(R). The spectrum and Parseval formula are studied in the papers [16, 17] for
ar,=0,k=1,m.

Here, the approach is based on the idea of approximation of the generalized
”weight” with smooth ”weight”s.

Consider the differential expression

il =~ (@) + ato

where the density function

1 m
Pa(x) =1+ - ;O‘an(x - Ik)a

is defined using the characteristic function

1, for z €10,¢],
Xe(z) =14 0, forz¢[0,e], e < min{z; —z;_1}.
=2,m
The density function p.(x) is chosen so that it converges to the p(x) as ¢ — 0T
(see [24]). Therefore, the approximation equation is of the form:

Ea[y] = )‘2y- (1'2)

Agree that the solution of equation (1.2) is any function y(x) determined on
R for which the following conditions are fulfilled:

1) y(z) € C¥(wp,xp +¢) NC?(xp, + &, 7p41) for k=0, m;

2) —y"(@)+q(@)y(z) = Ny(z) for z € (zx, a2 +e)U(zrte, 2h41), k=0,m;
) () =ylay), A+ad)y (@) =y (z) for k=Tm;

4) y((xr+e)t) =y +)7), y((wp+e)") = 1+ )y ((zx +¢)7) for
k=1,m.

These conditions guarantee that the functions y(z) and p.(z)y’(z) are contin-
uous at the points x and zy +¢ ( k=1, m).

Define the operator L. generated in the Hilbert space La(R) by the differential
expression /:[y]. The domain of definition of the operator L. is the set of all
function belonging to Lo(R) with satisfying conditions 1) - 4).

Let RS be resolvent of the operator L. and R) be a resolvent of the operator
Lo(ag =0,k =1,m).

Now, define the operator according to the differential expression (1.1). Ob-
viously the extended operator is not uniquely defined. One such self-adjoint
operator can be constructed using the method of generalized point interactions
(see [3, 22]). Consider the Hilbert space H = Ly(R) @& I3 and the non-self-adjoint
operator L defined by following formula

() = ()

w
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on functions (y, h) € W2(R/{z1,x2,...,zm}) © Iz satisfying the boundary condi-
tions
y (=) =y (),
hiy = —vVor{yty, k=1.m,
where {[y/] /v/a} and {y} denote the vectors from I, with the coordinates [y (=) —
Y (x3)]/+/axk and y(wzy), respectively. The resolvent of the operator L restricted

to the space Lo (R) coincides with the resolvent of differential operator Ly with
the boundary conditions at the points xy,

e (e DS e

This paper comprises three sections. In section 2 we prove that norm resolvent
convergent , as € — 07. In section 3 the spectrum operator L is determined.

2. On Norm Resolvent Convergence

Let’s study the norm resolvent convergence of the operator sequence L. with
respect to €. One can easily prove that the resolvents of L. do not converge to a
resolvent of any operator acting in the Hilbert space Lo(R). The limit is called
generalized resolvent and it is restriction to Ly(R) of the resolvent of a certain
self-adjoint operator acting in a certain extended Hilbert space [1]. Recently,
norm resolvent convergence was investigated with different conditions in [7, §].

Theorem 2.1. Let oy, > 0 (k = 1,m), then the resolvents of the operators L.
converge to the restriction to Lo(R) of the resolvent of L as € — 0%.

Proof. We construct the resolvent of the operator L. for ImA # 0. For that we
solve in Ly(R) the problem
—y"(2) + q(z)y(x) = Ny(2) + F(z), v # x5, 25 + € (k =1,m),
y(af) = (), (Lt oty () = o/ () (k= L), (2.1)
y((z +e)7) = (($k+€) ) (’f—l )
Y ((@x+e)t) = 1+ )y ((zr+2)7) (k=T,m),

where F(x) is an arbitrary function belonging to La(R).
It is well-known (see [16]) that the equation

y'(@) + a(2)y(z) = Ny(z), € (—o0,00),

has two linear independent solutions f(z,A), f(x,—\). Any solution of the
equation y(z, A) has the following representation

y(xa )‘) = le(xa )‘) + Cgf(l’, _/\)7

where C7, C are some numbers.
By the Lagrange method (see [21]) the solution of problem (2.1) takes the form

SRR N
Y (2, A) = W[@l»soz]_é R(z,t; \)F(t)dt
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where

. _ f(va)f(t7_>‘)’ t<u,
R(myt’ )\) N { f(t’ )‘)f(x7 _/\)> t >,

and b5 (j = 2,4m + 1) are arbitrary numbers.

Denote

bgf(x7_)\)7 —xo<r<uz,
# bik—lf(xv)‘)+bikf($v =), T <x<Tpte (k :LL)’
Wlpr, @2 | b (@A) + 05 0f(@,=X), ap+e<z<azppy (k=1,m-1),
im—i—lf(wa A)a Ty < T < 00,

Srot = F@e, £X), fro =@ EX), forexr = flante, £0), fliex = farte, £0);

Ay = { “ok D=2 L Tm) s DRV = det(M5,,(V)), where M, (A) =

where B® = col(b], b5, ..., b%,,),

where M5

, | R(zg, t; N\ F(t)dt, if h =2k
Ry (F) = o

—00

ayg, h = 2k,
_f17_ f17+ fl,— 0 0
-fi- A+ Dfis 1+ f 0 0
0 —fl4e+ —fite— Jite+ Jite,—
0 7(1 + %)f{“r&—" 7(1 + %)f{+e,— f{+57+ f{_;’_&_
_fr/n,+ _ffln,— fm+ , fm,— ,
“JIm,+ _f — (1 + aem) m,+ (1 + a?) m,—
0 0 _fm-‘ra,-i- _fm-‘ra,—
0 0 —(I+2m) ey —(L+22) e -

_17

| R(zp+e,t; \)EF(t)dt, if h = 2k,

Then for defining the number b5, from the conditions of problem (2.1) we get
the system

ME, (VB = LAR,

AR’ = col(0, AR}, 0, A3 R}, ..., 0, Ao R}, ).

Define the set I' = {\ : ImA # 0, D(\) = 0}. For A ¢ I" we have

2m
£ ]‘ / £
bj = ng()\) ;ApRlelm,Qp,j()‘)a

im,2p,;(A) is an algebraic complement of the element
im(A) = (M j)amxam. If we introduce the denotation

X, (z,7) =
AlMZme,l (/\) f (Jf, _)‘) )

Ay |:M4fm,2p,4k:72 (M) f(@,A) + Mg, 0461 (A) f (2, *)‘)} ) z € (wp,zp +¢) (n=1,m),

Ak [MZm,2p,4k ()\) f (.’L', )‘) + Méfm,2p,4k+1 ()\) f ((E7 _>‘):| ’ T e (
AmMZm,QpAm ()‘) f (LL', )‘) ’

m; ; of the matrix

x € (—o0, 1),

Jmte+
/
fm+z—:,+

T+ xhs1) (n=1,m—1),

z € (Tm +6,00),
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for p = 1, m, then the solution of problem (2.1) takes the form
Ry (F) =y (z,y) =

oo

- /R(x t-)\)F(t)dt—i—leniXE(a: N R, (F)
W 1, 2] . Y eDe () o P P
2m
e E LT

where
X5 (LA € L*R) (p=T1,2m) , ImA #0,A ¢ T.

Ase — 07 ; from expression (2.2) it follows that the resolvent RS of L. converges

in the operator norm the resolvent of the operator L restricted to the subspace
Ly(R) C H. O

3. Nature of The Spectrum of the Operator L

Now let’s cite a theorem on the spectrum of the operator L.

Theorem 3.1. Let all intensities of the 6- interactions be a, > 0, k = 1, m . Then
the spectrum of the operator L consists of the absolutely continuous part [0, +00)
on the continuous spectrum there are spectral singularities at the points \2 =
(%)2 (n=1,2,3...) of multiplicity mn+ 1, and has exactly m distinct eigenvalues
on the negative half-line, that are determined as roots of the equation eD® (\) =

0(s —07).

Proof. By the spectrum of the operator Lg (ak =0,k =1, m) is absolutely con-
tinuous and coincides with the set [0,+00) on the continuous spectrum there

are spectral singularities at the points \2 = (%)2 (n=1,2,3...) of multiplic-
ity mn + 1.Since the operator (R§ — Ry)(F) (¢ — 07) is finite dimensional
according to the known results of [6, 11], the absolutely continuous part of the
spectrum of the operator L coincides with the absolutely continuous part of the
spectrum of the operator Lo (a =0,k =1,m), i.e. with [0,+00). According
o [12], the spectrum of the operator L may differ from the spectrum of the
operator Lg (ak =0,k= m) unless by the finitely many negative eigenvalues.
Furthermore, the number of these eigenvalues exactly m. O

Example 3.1. Let g(x) = 0, m = 1. Then the equation eD® (\) = 0 is of the

form
_ M1 e~ A1 A1 0
_)\6)\.”61 _(1 + %)6—)\1‘1 (1 + ﬂ)e)\$1 0
€ 0 _e*/\(11+€) _e)\(exﬁrs) ef)\(:rlJrs) = 07

0 (1 + %)e—k(xl-ke) 7(1 + %)6)\(351—&-5) 7)\6—)\(:51—&-5)

where \2 < 0.



288

MANAF DZH. MANAFOV

Decomposing the determinant D (\) into two rows, we obtain

—ce

2
oy | —AR(24 L)e AT 4 N2(1 4 W)U A@iF2e) _ Sle-Alert2e)

2 ,—A
—(24 W) (14 D)AZe A

I
e

Hence, we obtain that \?> < 0 is the eigenvalue of the operator L(q(z) = 0,
m = 1) if X is the solution of the equation o e~ = (2¢ + )2,
As e — 0T, it follows that the operator L has exactly one eigenvalue in the

form
o4
a?’
1
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