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GENERALIZATION OF ONE M.G. GASYMOV THEOREM ON
SOLVABILITY OF A BOUNDARY VALUE PROBLEM FOR
SECOND ORDER OPERATOR-DIFFERENTIAL EQUATIONS
OF ELLIPTIC TYPE

SABIR S. MIRZOEV

In memory of M. G. Gasymov on his T5th birthday

Abstract. In the paper a generalization of one M. G. Gasymov theorem
on solvability of a boundary value problem for a class of second order
operator-differential equations of elliptic type is established. Therewith,
the exact value of the norm of the intermediate derivative operator is
found and its relation with solvability conditions is shown.

1. Introduction

In the separable Hilbert space H consider the boundary value problem

du(t)

P (d/dt)u(t) = (d/dt—w1 A)(d/dt—wa A)u(t)+A; ke

f(t)v teRy = <07 +OO)7

)
u(0) =0, )

where the derivatives are understood in the sense of distributions theory [4], and
the operator coefficients satisfy the conditions:

1. A is a positive-definite self-adjoint operator (A = A* > cFE, ¢ >0, F -is a
unit operator) with domain of definition D (A);

2. wi, wg are complex numbers, Rew; < 0, Rews > 0;

3. the operator B; = A;A~! is bounded in H.

As is known, the domain of definition of the operator A7 (v > 0) becomes a
Hilbert space H, with respect to the scalar product (z,y), = (A7z, Ay), z,y €
D (A7). For v =0 we assume Hy = H.

Denote by Lo(R4; H) Hilbert space of all functions f(¢) determined in Ry =
(0, oo) almost everywhere, with the values in H, with the norm

+o0
1Al Ly = (/O ||f(t)||2dt>
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Following the monograph [4], introduce the Hilbert space
W3Ry H)={u: v € Ly(Ry; H), A>u € Ly(Ry; H)}

with the norm

_ "2 2,112 1/2
lullwz @, ;o) = (H“ | Lo@yem + 114 UHLQ(R+;H)> '
The spaces Ly(R; H) and W2(R; H) are determined in the similar way for
R = (—o0, o0).
From the theorem on traces [4] it follows that the following linear sets are
complete subspaces of the space WZ(R,; H) :

W3 (Ry; H;0,1) = {u: uve Wi(Ry; H), u(0) = /(0) =0},

W2 (Ry; H;0) = {u uEW2 (Ry; H), u(0 :O}.
Definition. Problem (1.1), (1.2) is said to be regularly solvable if for any func-
tion f(t) € Lo(Ry; H) there exists the function u(t) € W2(R,; H) that satisfies
equation (1.1) almost everywhere in Ry, boundary condition (1.2) in the sense
of convergence tEIJIrlo [u(?)[[3/2 = 0 and it holds the estimation

lullyz @,y < const || fll o, @, -

In the present paper we show sufficient conditions for regular solvability of
problem (1.1), (1.2), expressed by its coefficients.

For the first time, the regular solvability of boundary value problem (1.1),
(1.2) when wy = —1, wy = 1 was investigated in the papers of M. G. Gasymov
[1, 2] in connection with completeness of a part of eigen and associated vectors
of the bundle P (A). Further this result was generalized in the paper [3], when
the boundary condition contains some linear operator. For Imw; = Imwy = 0
problem (1.1), (1.2) was studied in the paper [9]. Note that in the papers [5, 11]
higher order boundary value problems were investigated.

Following the papers [3, 6-10], for obtaining solvability conditions we’ll find
the exact value of the norm of the intermediate derivative operator in the space
WZ2(Ry; H;0) and connect it with the regular solvability condition.

2. Main results
At first we consider the boundary value problem
Py (d/dt)u(t) = (d/dt —wiA) (d/dt — waA)u (t) = f(t),t € Ry,
u(0) = 0.

Denote by Py an operator acting from the space W2(Ry; H;0) to Lo(Ry; H)
in the following way:

Pou = Py (d/dt)u,u € Wi(Ry; H;0).
Using the intermediate derivatives theorem [4], we get

2
HPOU‘|L2(R+;H) <

2 (Hu//Hig(RJF;H) + w1 + wof? HAU/HiQ(RJr;H) + |wiwa|? HA2“HZ(R+;H)> <
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const ||UH%/[/22(R+;H) ,

i.e. F,is a bounded operator.

The following theorem is valid.
Theorem 1. The operator F, realizes isomorphism from the space W22(R+; H;0)
onto La(Ry; H).
Proof. Since Py is a bounded operator, it suffices to show that KerPy = {0},
JmPy = Lo(R4+; H). Since the homogeneous equation Py (d/dt)u (t) = 0 has a
general solution from the space W2 (R ; H) in the form ug (t) = e, 2 € Hs s,
then from the condition u(0) = 0 it follows that ug(t) = 0. Further, it is easy to
see that the general solution of the equation Py (d/dt)u (t) = f(t) is represented
in the form u (t) = a (t) + e“1*4z, where x € Hj/y is an unknown vector, and

+oo ) .
rit o) ([ e as) e, 1 e e
0

1 [t

“W=5:/

where
Pyt (i, A) = (i€ —wpA) ™ (i —wn A) 71, CER.

Belonging of a(t) to the space W2(Ry; H) follows from the Parseval theorem
for the Fourier integrals. From the theorem on traces [4] it follows that « (0) €
Hsjp. Then the condition u(0) = 0 yields u(t) = a(t) — e“1t40/(0).  Thus,
u € WZ(Ry; H;0) and Pyu = f. The theorem is proved.

Now prove a conditional theorem on regular solvability of problem (1.1), (1.2).
Theorem 2. Let | By|| < Ny *(0), where

l -1
M(0)= 0#u ewiggh;H;o) 4 HL2(1R+;H) 1Pl ooy -

Then boundary value problem (1.1), (1.2) is regularly solvable.
Proof. The finiteness of the norm N (0) follows from theorem 1 and from the
intermediate derivatives theorem [4]. Write problem (1.1), (1.2) in the form of the
operator equation Pyu + Piu = f, where u € WZ(Ry; H;0), f(t) € Lo(Ry; H),
and the operator Piu = Aju’ whose boundedness follows from condition 3) and
theorem 1. By theorem 1 Fy l'is an isomorphism. Then after substitution of
U = P0_119 we get the solution of the equation (E + PlPo_l) ¥ = f in the space
Ls(Ry; H). On the other hand, for any ¥(t) € La(R4; H) the following inequali-
ties hold:

—1
lepo 19HL2(R+;H) = HPIUHLQ(IR_HH) < HBI H HAUIHLQ(R+;H) S
1B [ N1 (0) [[Poull £y sy = 1B N1 (0) 191l 2y sy -
Since || By || N1 (0) < 1, then the operator E + Py P, " is inversible in Lo(R; H),
w="Py (E+PPy") " fand
||u||W22(R+;H) < const ||f||L2(R+;H) :

The theorem is proved.

From this theorem it follows that for finding the exact solvability conditions
of boundary value problem (1.1), (1.2), it is necessary to find the norm N; (0).

At first we find the norm

sup Ad o 1Poull e -
S N Ll L Ll e
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To this end, we consider a polynomial operator bundle of fourth order, depen-
dent on a real parameter 5 € R:
D (X B A) = Py (N A) Py (=X A) + BAP A%,
where
P() ()\; A) = (/\E — wlA) ()\E — WQA) .

It holds
Lemma 1. Let § € [O, d_2) , where

d = sup [CPy " (i, 1)], Py (i€, 1) = (i€ — wr) (i€ — wn).
CeR

Then the operator bundle ® (\; 8; A) is represented in the form

(X B A) =F (N B A) F* (=X 8; 4) (2.1)

and
F(\BiA) = (AE —mi (B) A) (AE — 12 (B) A) = NE + a1 (B) \MA + ag (B) fP' |
2.2

Proof. Let p € o (A), A=1i(, ¢ € R. Then
O (N By p) = Py (i 1) Po (—iC; p) — BCPu* = |Po (iG; )| — B p®

> |Py (i )| (1 ~ B G2 | Py (ic, u)l2> = |Po (i¢; ) |* (1 — Bd?) > 0

Consequently, ® (\; 3; A) has no toots on the imaginary axis, and it follows from
the equality ® (\;8;A4) = @ ( X; 3; ) = 0 that its two roots lie in the left
half-plane, two roots n; () p and 772( )p lie in the right half-plane —mn; (8)u
and —n2 (B)p. Then denote F (\;B;0) = (A—m (B8)u) (A —n2(B8) 1), where
Ren (8) < 0, Ren (8) < 0. We get <I> (X Bsp) = F (X B ) F (—X; B5 ). Fur-
ther, using the spectral expansion of the operator A, hence we get the validity of
equality (2.1). The lemma is proved.

Remark. Obviously, there exists a point (y such that d = ‘goPo_l (i¢o, 1)!

Denote

p=— (w1 +w2),q=wiws.
It holds

Corollary 1. The coefficients of the quadratic bundle F (X\;B;A) satisfy the
following relations:

1) Rean (8) > 0; 2) Iman (8) = Imp; 3) 2Reaq (8) = |ax1 (B8)[° = 2Req —[p[* +5;

4) Impq = Imau (B) ao (8); 5) |ao (B)] = lal-

Indeed, Rea; (B) = —Ren (8)—Rena (8) > 0. The relations 2)-5) are obtained
from equality (2.1) with regard to (2.2) by associating the same coefficients \.
Lemma 2. Let 8 € [O, d_2). Then for any v € W2(Ry; H;0) it holds the
equality

2
1PoullZ, e, i) — B [ AV, &, o) = Be (a1 (B) — p) + || F (d/dt; B; A) ull?, ) -
(2.3)
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Proof. For B €[0,d?) andu € WQQ(R+;H' 0) we have:

|P| HAUIHLQ(R+ H) + |‘I‘ HA2UHL H) —2i-2Re( ,pAu) La(Ry;H) + (2.4)
"
2Re( ,qA u) Lo(RysH )+2Re (pAu qA u)
Integrating by parts, we get:

2Re (u", AU ), iy = — W/ (0)][%/2, (u”,A2u)L2(R+;H) =_ ||Au’H%2(R+;H) ,

2Re (Au/, A%u) La(RysH) = 0.

La(RysH)

Taking into account these equalities in (2.4), we get

2 2
||Pou|]%2(R+;H) = HUHHLQ(RJr;H) + (|p\2 _ 2Req> HAUI”LQ(R_‘_;H) I
2 _
lal” [A2ul| ], @, oy + 20mpIm (', A%u) oy — Rep [[f OF,+  (25)
= )
2ImpqIm (A, A*u) g g -

Similarly we have:
|F (dfdt: 5; Ayl ) = || + 01 (8) A’ + a0 (8) A%ul| i) =
012 ey + (lon (D) — 2Rea (5) \‘AU’IIiQ<R+;H; +loo BF 4%z,
+2Iman (B)Im (u//7A2u)L2(;R+;H) — Rean () [|u (O)lfy /2 + 2
2Imay (B) a (B)Im (Au/, A U)LQ(R+;H) — Reay (B) [|[v/ (0)[[1 /2 -

(2.6)
Taking into account relations 2)-5) in equality (2.5), allowing for (2.6), we get
the validity of equality (2.3).
Corollary 2. For 8 € [0 d*Q) and u € WZQ(R+;H;0, 1) it holds the equality

”POUHLQ (Ry;H) ”AU HL2 (Ry;H) — | ' (d/dt; B; A) u||%2(R+;H) . (2.7)

Using equality (2.7), we prove the following theorem.
Theorem 3. The norm N (0, 1) = d, where

N (0, 1) = sup A’ o Poull e
07&u EWQQ(R_‘_;H;O’]_) H “LQ(R+,H) L2(R+,H)

Proof. Passing to limit as 8 — d~2 in equality (2.7), we get HP0U||%2(R+;H) >
d—2 ’|Au/||%2(R+;H) for all u € W2(Ry; H;0,1), i.e. Np(0,1) < d. Show that
N; (0, 1) = d. For that, for any £ > 0 it suffices to construct a vector-function
ue (t) € W2(Ry; H;0,1) such that
2 2
E (u) = ||P0u5||L2(R+; H) — (d "’5) HA“ HL2 (RosH) < 0.

Let the vector = € Hy, ||z|| = 1, and g (t) be a scalar function from W2(R).
Then by the Plancherel theorem,

B (g (0)2) = 23 (B (i€, A) Fy (i€, 4) = (& +¢) (*A%) @) |3 (O dC =
JI3 (@ (i + e, A) 2, 2) 19 (Q) dC
If 14 is an eigenvalue, and «x is an eigenvector of the operator A, then

(<I> (iCo, d? + 5,u) x,x) =0 (iCo, d? + 8,,u) < 0.
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If u € 0 (A), then for any § > 0 we can find x5, ||zs]| = 1 and A"z = p™zs +
o(1), 6 -0, m=1,2,.... Then for small 4 we again have

(q) (i{o, d? + ¢, A) x5, acg) < 0.

Since the function ¢ (e,z) = (<I> (iC,d2 + 5,A) x,x) is continuous with respect
to the argument ¢, we can find an interval (7o (¢), 71 (¢)) on which ¢ (e,z) < 0.
Now we choose g (t) € WZ(R) so that its Fourier transform § (¢) has a support
in the interval (79 (¢), 71 (¢)). Then we get E (g (¢t)x) < 0. Since the functional
E (-) is continuous in the space WZ(R; H), then from the theorem on density
of finite vector-functions in W2(R; H) (see [4]) it follows that there exists the
function uy (t) € WZ(R; H) with the support (=N, N) C R, and E (uy (t)) < ¢.
Assuming u. (t) = uy (t — N) €WZ(Ry; H;0,1) we have E (ue (1)) < 0. The
theorem is proved.

Since W2(R; H;0,1) € W2(Ry; H;0), then Ny (0) > Ny (0, 1) =d.
Theorem 4. The norm Ni (0) = d if and only if Re (a1 (8) —p) > 0 for all
Be(0,d?).

Proof. Let N1 (0) = d. Then for any 8 € (0, d~2) and u € W3 (Ry; H;0) it holds
the inequality

1Poul7, @,y — B HAU/‘EZ(R+;H) > (1= BN7(0)) | Poull? g, .y > 0.

Further, from the form F (A; 8; A) and equality (2.2) it follows that the Cauchy
problem

F(d/dt;3; A)u(0) =0, u(0)=0, v (0) ==z
for any x € Hj /5 has the solution u (3,t). Then taking into account equality (2.3),
we get Re (a1 (8) —p) > 0 for B € (0, d"?). Vice versa, if Re (o (8) —p) > 0,
then from (2.3) it follows

|’P0UH%2(R+;H) - B HA“/H;(&;H) > 0.

Now, passing here to limit as 8 — d~2, we get N7 (0) < d, i.e. N1 (0) =d. The
theorem is proved.

Hence we get
Corollary 3. Let Rep <0 (Re (w1 +w2) > 0). Then N1 (0) =d.

Now consider the case when Re (a; (8) — Rep) < 0 for some 3 € (0, d"?). In
this case N; 2 (0) € (0, d~2). Then for 8 € (0, Ny 2(0)) and u € WZ(R; H;0)

we have:
HPOU||%2(R+;H) -8 HAu/HiQ(R+;H) > (1- BN (0)) HPO“||%2(R+;H) > 0.
As in the proof of theorem 4, having considered the Cauchy problem, we get
Re (aq (B) —p) > 0 for B € (0, Ny 2(0)).
By definition of Nj (0) for any 3 € (N;?(0), d~2) there exists a function
ug (t) € WZ(Ry; H;0) such that

HP0“ﬂ|’iQ(R+;H) -8 HAUIB HZ(I&;H) <0.

Then from equality (2.3) it follows that Re (o (8) — p) < 0. Thus, Reay (N1_2 (0))
= Rep. Hence it follows that for finding N; (0) we should solve the equation
Rea; () = Rep together with relations 1)-5). If this equation has a solution from
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the interval (O, d_2) equal fp, then N, (0) = 5071/2‘ But if this equation has no
solution from the interval (0, dfz), then Ny (0) = d. Thus, for Rep > 0 we solve
the equation Rea; () = Rep. Taking into account relation 2), we get o () = p.
From relation 4) it follows that Rep (Imag (8) — Imgq) = Im (Reog (8) — Req).

Then, taking into account relation 3), we get Reay () = Req+g and Imayg (8) =
B Imp

+ I'mgq. Finally, from 5) for 5 we get the equation

2 Rep
B\’ BImp\* _ o
Req+ = Img+E2222) = g2
( ety ) +{Ima+ g g0 lq]
Taking into account 8 # 0, we get
—4Rep - Repg

Thus, the following theorem is proved
Theorem 5. The norm N (0) is determined as follows:

d for  Rep <0,
N1 (0) - d 1/2 fOT’ BO ¢ (Oﬂd_Q) ) Rep > 07
By M? for Boe(0,d72), Rep>0,

where By is determined from equality (2.8).

References

[1] M. G. Gasymov, On the theory of polynomial operator pencils, Soviet Math. Dokl.
12 (1972), 1143-1147 (translated from Dokl. Akad. Nauk SSSR, 199 (1971), no.4,
747-750).

[2] M. G. Gasymov, The multiple completeness of part of the eigen- and associated
vectors of polynomial operator bundles, Izv. Akad. Nauk Armgjan. SSR Ser. Mat., 6
(1971), no. 2-3, 131-147 (in Russian)

[3] M. G. Gasymov and S. S. Mirzoev, Solvability of boundary value problems for
second-order operator-differential equations of elliptic type, Differ. Equ., 28 (1992),
no. 4, 528-536 (translated from Differentsialnye Uravneniya, 28 (1992), no. 4, 651—
661).

[4] J. L. Lions and E. Magenes, Non-homogeneous boundary value problems and appli-
cations, Dunod, Paris, 1968; Mir, Moscow, 1971; Springer-Verlag, Berlin, 1972.

[5] S. S. Mirzoev, Conditions for the well-defined solvability of boundary-value prob-
lems for operator differential equations, Soviet Math. Dokl., 28 (1983), 629-632
(translated from Dokl. Akad. Nauk SSSR, 273 (1983), no.2, 292-295).

[6] S.S. Mirzoev and R. F. Safarov, On holomorphic solutions of some boundary-value
problems for second-order elliptic operator differential equations, Ukrainian Math.
J., 63 (2011), no. 3, 480486 (translated from Ukrain. Mat. Zh., 63 (2011), no. 3,
416-420).

[7] S. S. Mirzoev and S. G. Veliev, On the estimation of the norms of intermediate
derivatives in some abstract spaces, Journal of Mathematical Physics, Analysis,
Geometry, 6 (2010), no. 1, 73-83.

[8] S. S. Mirzoev and S. G. Veliev, On solutions of one class of second-order operator
differential equations in the class of holomorphic vector functions, Ukrainian Math.
J., 62 (2010), no. 6, 928-942 (translated from Ukrain. Mat. Zh., 62 (2010), no. 6,
801-813).



GENERALIZATION OF ONE M.G. GASYMOV THEOREM ON SOLVABILITY ... 307

[9] S.S. Mirzoev and Kh. V. Yagubova, On the solvability of boundary value problems
with operators in the boundary conditions for a class of second-order operator-
differential equations, Dokl. Nats. Akad. Nauk Azerb., 57 (2001), no. 1-3, 12-17 (in
Russian).

[10] S. S. Mirzoyev, On the norms of operators of intermediate derivatives, Trans. Acad.
Sci. Azerb. Ser. Phys.-Tech. Math. Sci., 23 (2003), no. 1, 157-164.

[11] A. A. Shkalikov, Elliptic equations in a Hilbert space and related spectral problems,
J. Soviet Math., 51 (1990), no. 4, 2399-2467 (translated from Trudy Sem. Petrovsk.,
14 (1989), 140-224).

Sabir S. Mirzoev

Baku State University, Baku, AZ1148, Azerbaijan.

Institute of Mathematics and Mechanics, National Academy of Sciences of
Azerbaijan, Baku, AZ11/1, Azerbaijan.

E-mail address: mirzoyevsabir@mail.ru

Received: September 16, 2014; Accepted: October 15, 2014



