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In memory of M. G. Gasymov on his T5th birthday

Abstract. In this paper we consider linear metric spaces possessing
certain property. The notion of a non-degenerate system is introduced.
It is proved that such systems have a complete metric space of coefficients
with a canonical basis. The basicity criterion is given in terms of the
coefficient operator.

1. Introduction

The space of coefficients is the notion of theory of basis. It is known that
the arbitrary basis in Banach space has a Banach space of coefficients that is
isomorphic to initial one (see [7, 8, 3, 6]). Each non-degenerate system (will
be determined later) in Banach space generates an appropriate Banach space
of coefficients with a canonical basis (see [3, 6, 2, 1]). In this connection, the
space of coefficients plays an important part in studying approximate properties
of systems. It has very significant applications in different fields of natural science
as solids and molecules, multiple birth of particles, aviation, medicine and biology,
data compression and etc (see [4, 5] and references in it). All these applications
are closely related to the theory of wavelet analysis. Recently, there is a great
interest to this direction and a lot of monographs (see [4]) have been devoted to
it. It is known that many topological spaces are unnormed. Therefore, study
of these or other properties of the space of coefficients in topological and, in
particular, in metric spaces is of great scientific interest.

The present paper is devoted to the study of topological properties of the
space of coefficients, generated by the non-degenerate system in metric spaces.
The paper is organized as follows. The main notion and properties that will
be used in further presentations are given in Section 2. Section 3 is devoted to
obtaining the main results. It is proved that an arbitrary non-degenerate system
in the metric space in which the metric possesses a certain property, generates
a complete space of coefficients with a canonical basis. The basicity criterion of
the systems in such metric spaces is given in terms of the coeflicient operator.
The brief summary of obtained results is given in Section 4.
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2. Main denotations and notions

Accept the following standard denotation. N is a set of all positive integers
ordered in a usual way, K is a field of scalars (K or R are real numbers, C are
complex numbers). 3! means “exists” and “is unique”, = means “follows”.

Recall some notion from the theory of bases. Let (X ; p) be some linear metric
space over the field K. Denote the linear span of the set M C X by L [M], its
closure by M.

Definition 2.1. The system {zy}, .y C X is called complete in X if L [{zn},,c v]
= X.

Definition 2.2. The system {z,},.y C X is called minimal in X if 2 ¢

L [{zn}o] VR € N.

Definition 2.3. The system {z,},.y C X is called w-linear independent in X
if %, Apxn = 0 in X yields that A, =0, Vn € N.

Definition 2.4. The system {z,}, .y C X is called a basis in X if for V2 € X,
I { ey C Kz =307 A,

We’ll use the following notion as well.

Definition 2.5. The system {z,},.y C X is called non-degenerate if x,, # 0,
Vn € N.

We'll suppose that the linear metric space (X ; p) possesses the following prop-
erties:

a) The linear operations of addition and multiplication by the scalar in (X ; p)
are continuous in X, i.e. from A\, = A, n — 00, in C and from x, — x, yn — v,
n — oo in X it follows that \pxy, — Ax, xp +yp > c+y, n — 00 in X;

B) Let 7, be a topology in X, generated by the metric p. We’ll assume that the
boundedness of the set in X with respect to the topology 7, and the metric p are
equivalent, i.e. these notion in the spaces(X ; 7,) and (X ; p) are identical.

3. The space of coefficients

Let (X ; p) be some linear, metric complete space possessing the properties «),
B) and {2}, cny C X be some non-degenerate system.
Assume

o
Az = {{M}pey C K ¢ the series Z AnTy converges in X} .
n=1
It is obvious that with respect to ordinary operations of component-wise addi-
tion and multiplication by a scalar, .z turns into a linear space. Let A\, i €% :

A= { A toens £ = {tn}pey- Assume

Ptz (/_\7/1) =Ssupp (Z AnZn; Z Mnxn) .

Show that p (-; -) is a metric in 75 .
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1) It is clear that p . (5\; ﬂ) >0, VA i €45 . Let py (5\; ﬁ) =0 =p(M\z;
pir1) = 0 = Mxy = mx = A\ = pi1, since the system {z,}, 5 is non-
degenerate. From p (A1z1 + Aawo; Mz + paza) = 0 we get Ag = po. Continuing
this process, we get A\ # i, Vk € N = X\ = [

2) Let v = {vn},cn €4z We have

P A (X = i (Z AnTn; Zﬂnxn> =
sup [P <§: AnTn; i%ﬂ%z) +p (i UnZn; iﬂn$n>] <
m n=1 n=1 n=1 n=1

p(X7) +p (75 ).
Consequently, p (-; -) is a metric in #%. Show that (J#%;p,) is complete.
3 Yy [y
Let {An}n N C Xz be some fundamental sequence, where A, = {)‘k: }keN'

On establishing the completeness we’ll need the following

Lemma 3.1. Let z € X, 2 # 0, {\},cny € C and M\yz — 0, n — oo. Then
An — 0, n— oo.

Proof. Indeed, let lim A, = 0 do not hold. Assume that {)\,}, .y has a bounded

n—oo
subsequence {Ap, },cn- Then from it we can isolate a convergent sequence and

not loosing generality, we’ll assume that A,, — Ao, kK — oco. We have A\, z —
Mz, k — oo, and consequently \g = 0. Thus, an arbitrary bounded subse-
quence of {\,}, .y converges to zero. It follows from the accepted assumption
that {\,}, c contains an unbounded subsequence, and let \p, — 00, k — oo.
Consequently, ﬁ — 0, k — oco. As a result, /\ A =« # 0, Vk €

N. On the other hand, by the conditions of the lemma hm ( - /\nk:v) =

khm )\— khm (An,x) = 0. The obtained contradiction proves the lemma. O
—o00 "k

So, p.x, (5\“; j\m) — 0, n,m — oo. It is easy to see that
p <)\,(€n)xk; )\]im)a:k> < 2p.x, (5\”; S\m) , Vk € N. (3.1)
Further, we’ll suppose that p is invariant with respect to the shift, i.e.. p(x;y) =
p(x—y;0),Ve,y € X. it follows directly from the inequality (3.1) that the
sequence {)\,(Cn)} N is fundamental for each fixed £ € N. Let /\én) — Ak, as

ne -
n — co. Denote A = {A\,},,cn- Show that p (An; A) = 0, n — co. Take Ve >

0. It is clear that dng :p.x, (;\n ; 5\”+p) < e, Vn >ng, Vp € N. Consequently

sup p (Z ()\,(Cn) — )\,(Cner)) Tk; 0> <e, VYn>mng, Vpe N.
m k=1

Hence, it follows

(Z ()\(n (n+p)> Th; 0) < e, Yn>mng, Vp,m € N.
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Passing to limit as p — co we get

p (Z ()\Scn) — )\k) Th; 0) <e, Vn>mng, Yme N. (3.2)
k=1

We have

rp r+p
p <Z ()\;”) — Ak;) Tk 0) <p <Z (A;ﬁ”) — Ak;) ; 0) +

k=r k=1

r—1
P (Z ()\é,n) — )\k> ; 0) <2, VYn >mngy, Vr,p € N.
k=1

It follows from X, €.%; that Im{" :

m-+p
p (Z /\,(gn)xk; 0) <e, Vm> m((]n), Vp € N.
k=m

Consequently, for a fixed n > ng we have

m-+p m-+p m-+p
P (Z ALTk; 0) =p (Z <)\k — )\2”)> TE + Z )\,(Cn)xk;0> <
k=m k=m

k=m

m-+p m—+p
P (Z <)\k — )\,(Cn)> xk;()) +p <Z )\,(Cn)xk;0> < 2e, Ym > mén), Vp € N.
k=m k=m

From the azbitrariness of e > 0 it follows that the series Y -, Az converges in
X. Thus, A € and it follows from relation (3.2) that lim py, (An; A) = 0.
n—o0

As a result, we get that (J#z; ps) is a complete metric space. It is obvious that
the metric p_; is invariant with respect to the shift. Show that linear operations
in % are continuous. Let p1 — pp in C and A = {\,},cy €#z. We have

pae (BA5 10A) = prs (10— po) A;0) = sup p (1 = o) Sm; 0) (3.3)

where Sy, = 3" Ay, Vm € N. Since the sequence {S,},cy converges in X,
it is clear that it is bounded in (X;p), and also in (X;7,). Take Ve > 0. Then
36 >0,Vt, [t| <0: p(tSm;0) <e, Vm € N. From (3.3) we get
Pz (BA; o)) < e, for | — po| < 6.

This means that ,ujx — Moj\ in #z. Let {X"}HEN ; {ﬂn}neN C Kz and A\, — A,
Un — [, a8 . —> OO.

It follows directly from the inequality of triangle and invariance of p with
respect to the shift that

pte (Mo =+ fins A+ 1) < prz (An = A 0) + purz (fin — 55 0) = 0, as n — oo.
Consequently, the linear operations are continuous in Jz.

Consider the operator T : %z — X, determined by the expression

TA=Y An, A= {An}pey € S5

n=1
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Let A, = X\, n — 00, in J#; , where )\, = {)\,E:n)}k N €#%. We have
€

p (TAn; TA) =p (i ()\;”) _ )\k> Tp; O) <

k=1

supp(i()\() )\k):m€7 >—>O,n—>oo.

k=1
Hence it follows dlrectly that T is a continuous operator. Let A € KerT), i.e.
=0 =Y Azn = 0,where A = {\.},cny €45 It is clear that if the
system {Zn}en 1s w-linear mdependent then A\, =0, VYn € N, and as result
KerT = {0}. In this case there exists an inverse operator T~ : ImT —.#;. If
in addition ImT is closed in X, then T—! is also continuous.

Denote by {en},cny C-#z a canonical system, where e, = {0nk},cns Onk 1S
Kronecker’s symbol. Show that {e,}, .y forms a basis for J¢;. Take VA =
{An}nen €#z. Show that the series > 7 | Ajejconverges in #z. Indeed, since
the series > ° | Az, converges in X, then for Ve > 0, 3mg € N:

mo+p
p(Z AT 0) < e, Ym > mg, Vp € N.

Thus
mo+p
P <Z )\nen;0> = pe ({505 Mngs o5 Amg+p3 05 ... 15 0) =
mo

T
sup p(z AnTn; O) <e, Ym >my, Vp € N.

mo<r<mo+p n=mo

Hence it follow that the series ZZOZI Anen converges in #z. We have

Ptz </\ = Z)‘nen;0> = pap ({05 Am1s o )5 0) =
n=1
sup p( Z )\nxn;0> <e, Vm > my.

r>m-+1 n=m-+1
Consequently, lim Y™ | A\pe, = \in A, ie. X = Yol Anen. Consider the
m—0o0
linear functionals e} ()\) = A\p, Vn € N. Show that they are continuous. Let

n

A — \, n — 00, in Ay, where \, = {)\gl)}k N C Kz As it was established
€

)\,(Cn) — Ak, n — 00. Consequently, e} (S\n) = )\,(Cn) — A =€) (5\), as n — 0o, and
so, e}, is continuous, Vk € N. It is easy to see that €} (ex) = Opg, Vn,k € N. As
a result we get that {e;}, .y is a biorthogonal system to {en}, .. This proves
the basicity of the system {e,}, .y in #% . So the following theorem is valid.

Theorem 3.1. Let (X;p) be a metric space possessing the properties o), 3), p be
invariant with respect to the shift, and {x,}, .y C X be a non-degenerate system.
Then the appropriate space (Hz; py,) is complete, the canonical system {e,},cn
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forms a basis for it. Furthermore, the metric p . is invariant with respect to the
shift and linear operations are continuous in J#z .

Assume that the system {z,},.y is w-linear independent and the range of
values of the operator T is closed, i.e. ImT = ImT. In this case, as it follows
from the previous arguments and the Banach theorem, the spaces £z and ImT
are isomorphic. Furthermore, 7" is an isomorphism between them. It is easy to
see that T'e,, = x,, ¥n € N. Then it is clear that the system {x,}, . forms a
basis for ImT. In case of its completeness in X it also forms a basis for it. T
is said to be a coefficient operator. It is easy to see that the inverse is also true,
i.e. if the operator T brings about an isomorphism between %z and I'mT , then
{xn}, cn forms a basis for ImT'. In case of its completeness inX, it forms a basis
for it.

Thus the following theorem is valid.

Theorem 3.2. Let (X;p) be a metric space possessing the properties a), 3), p be
invariant with respect to the shift, and {x,}, .y C X be a non-degenerate com-
plete system in X. Then it forms a basis for it only if the appropriate coefficient
operator T : Fz — X is an isomorphism in L (#z; X).

4. Conclusion

Summarizing the all obtained results, we find the following conclusion:

1) in each linear metric space satisfying the properties «) and () an arbi-
trary non-degenerate system generates the corresponding linear metric space of
coefficients also satisfying the properties ) and f);

2) regardless of the fact that this system is complete or minimal, the space of
coefficients has a canonical basis;

3) this system generates a corresponding coefficient operator, which acts from
K ¢ to X and it forms a basis only when this operator is an isomorphism between
Kz and X.
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