Proceedings of the Institute of Mathematics and Mechanics,
National Academy of Sciences of Azerbaijan
Volume 40, Special Issue, 2014, Pages 375-385
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TRANSFORMATION METHOD TO SOLVING MIXED
PROBLEMS FOR HYPERBOLIC EQUATIONS WITH

IRREGULAR BOUNDARY CONDITIOS

GAMZAGA D. ORUJOV AND ELMAGA A. GASYMOV

In memory of M. G. Gasymov on his T5th birthday

Abstract. In the paper we study mixed problems with nonlocal and
irregular boundary conditions for junction of hyperbolic systems of dif-
ferent orders with first kind discontinuous coefficients. Under definite
conditions, using the finite integral transformation method, we get ana-
lytic (integral) representation of the solution of the problem under con-
sideration.

1. Introduction

The symbolic calculus was a convenient but mathematically not substanti-
ated device for solving mixed problems. Its popularization, in great extent was
promoted by electrical-engineer. O. Heaviside to successfully used the symbolic
calculus in electrician calculations. But Heaviside did not care of grounding the
applied methods and in a number of cases came to false results. One of the
methods for solving mixed problems for partial differential equations is the in-
tegral transformations method that was successfully used by Cauchy, Laplace,
A.N. Tikhonov, V.A. II'in, M.L. Rasulov and others.

The function of a complex variable A determined by the relation

Foo = [T e s (0.1)

is said to be the transform of the function f(¢) by (Laplace).
Note that the Heviside method, as it became clear after the papers of Carson
consists of going from the function f(¢) to the function

_A/ e MF() (0.2)

M.L. Rasulov showed that the Laplace integral transformation (0.1) (conse-
quently the Heaviside transformation (0.2)) is a weak device in solving dynamic
problems at non zero initial conditions.
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In this paper we use the finite integral transformation method [5, 6]. Ap-
plication of this method to solving mixed problems is reduced to the following
stages:

1) From the sought-for function u(x,t) we pass to the function (”transform”
u(z,t)) of a complex variable:

Az, \) = /Otw(r) exp <—>\ /OTw(n)dn> u(z,7)dT,

: u(x,t,\) = /tTw(T) exp (—)\ /()Tw(n)dn) u(z,7)dT,

where T is some positive number.

2) On the transform wu(z,t,\) we perform the operations corresponding to
the given operations on u(z,t) and get ”an operational equation” (a parametric
problem).

3) In the A - plane we find ”suitable” domain €2 and on it solve the ”operational
equation” with respect to u(z,t, \):

w(x,t, N) = I(z,t, \;u(x, t) + D(x, ¢, \).

4) In the domain © we find a ”suitable” smooth line £ and from the found
transform a(x, ¢, A) we pass to the pre-image u(z,t):

u(z,t) = a /L exp [A /0 tw(f)dT] {(a(a, t, ) — I(z, ¢, A u(z, £))} dA.

From the above stated follows

Problem 1. For solving the given mixed problem find ”suitable” domain €2
and line L.

While solving mixed problems for parabolic equations with ”regular” boundary
conditions’, problem 1 was solved positively [3-11]. And also in the case when
condition (2) doesn’t contain integral summands of the sought-for function in
[12], at restrictions of "regularity” of boundary conditions for problem (1)-(3)
(stated for hyperbolic equations) problem 1 was solved positively. In the case of
irregular ”"boundary” conditions for hyperbolic equations the solution of problem
1 possesses specific peculiarites. For example, while solving mixed problems (4)-
(6) for hyperbolic equations with irregular conditions (5), problem 1 may be
solved in the classic way:

Q={A:Rex>a}, L={\: ReX =a}, (0.3)

where o and a (a > «) are some positive numbers, i.e. in this case 2 is a half-
plane, £ is the Laplace straightline. And while solving mixed problems (11)-(13)
for hyperbolic equations with irregular boundary conditions (12) it is impossible
to solve problem 1 in the similar way.

In the case of solving a wide class of mixed problems for hyperbolic equations
with irregular boundary conditions, we suggest to choose the domain 2 and the
line £ as follows (see fig. 1).

1f the boundary conditions for parabolic equations are regular in the sense of Birkhoff-
Tamarkin-Naimark-Rasulov, they are ”"regular” by our definition [6], but the inverse statement
is not true.
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2. Problem statement

Find the solution of the hyperbolic system

8 n;—1ln;—s 8j+s
atn ;;)BJS aaior i (1)~

_;)A@j (.CE) @ul (wi = fl (.le,t) )

x € (a;,b;), te€(0,T),i=1,2,..,n, (1)
under the conditions
n x(4,k) S(4,5,k)

i) om+i bi (ik) om+i '
Z Z Z { Ajm :L'matj (337 t) /x:ai + /a Vjm (:E) Hxmots Wi (337 t) dz+

i=1 7=0 m=0 i

(k) O™ —
+ B Yy u;i (z,1) /x:b,- =¢r(t), te(0,T), k=1,N, (2)
and initial conditions
oF .
atk (.It)/to—DZk() me(ai,bi), k=0,n,—1,i=1,n, (3)
where B; j s, A; j are the square matrices of order r;, o ]znl?, B(a: ,'yj o ( ) are the

vectors of the row of dimension 7;; ¢, () is a scalar function D; i, fi, u; are the
columns of dimension 7;; S (4,7, k) and x (i, k) are non-negative integers less or
n
equal to n; — 1 and n; respectively; N = Y d,, d, = n,ry,; 7i,n;, n are natural
v=1
numbers; a;, b; (a; < b;) are finite numbers ; T (0 < T' < 00) is some number.

In (1)-(3) ui,us, ..., u, is the sought-for solution, and the remaining ones are
considered to be known.

At the same time, note that the problem of vibrations of a end fastened string,
at some points of which there are concentrated masses, are reduced to the prob-
lems of the form (1)-(3) (see [1], p. 147).

In the present paper we’ll consider the case when conditions (3) are irregular.
For simplicity of notation we consider the following model problems 2 and 3.

Problem 2. Find the solution of the hyperbolic equation

u  O%u
@282+F(xt) 0<z<l, 0<t< oo, (4)
satisfying the nonlocal conditions
/K u(z,t)de = pi(t), 0<t<oo, i=1,2, (5)
and initial conditions
ok
— = 0<z<l, k=0,1 6
otk —o fk(m)u T ) IE) ( )

where u = u(z,t) is the sought-for positive solution, and the remaining ones are
the known functions.
At the same time note that conditions (5) are irregular.
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19, Let the functions F(x,t), fi(z), (k=0,1), ¢i(t), (i = 1,2) be continu-
ousfor 0<z<1,0<t < o0.

20, Let K;(z) € C%([0,1]), i =1,2 and A = K1(0)K>(1) — K1(1)K2(0) # 0.

Applying the finite integral transformation

t
ptN) = [ eV elrdr ™
0
to problem 2, we get the parametric problem
y” - )\2y = ¢($) , TE (07 1)7 (8)

Let 2 G(x,&,\) be the Green function of problem (8)-(9); A()\) be the denom-
inator of the Green function; §(z, A, v1,72) be the solution of the homogeneous
equation corresponding to (8), satisfying nonhomogeneous conditions (9);

yl(xa )\) = €_>\w; y2($> )‘) = e—)\(l—z);

Ai(z, A) = Ua(y2)yr (2, A) — Uz(y1)y2(, A);
Az(, A) = Ur(yr)ya(z, A) — Ur(y2)y1(z, A) -
For problem 2, choosing the domain 2 and the line £ by formula (0.3) by the

way stated in [6], it is easy to prove the following
Theorem 1. At restrictions 1° and 2°:

(1) if problem (4)-(6) has a solution, then this solution is unique and is rep-
resented by the integral (analytic) formula

1 t t
,t _ 5 7)\’ A(t—T1) d ’ / A(t—T1) d >
u(x,t) /I L{ (IL‘ /0 e p1(7)dr ; e po(T)dT | +

[As (2, Mg (1) + A, Nepa() / G, & N[ f1(6)+

1
/\A()\)
t
+2eM fo(€) +/ 6)‘(t_T)F(§,T)dT]d§} d\, 0<z <1, 0<t< oo, (10)
0

(2) if the integrals contained in (10) diverge, or the function u(x,t) defined
by formula (10) is not the solution of problem (4)-(6), this problem has
no solution.

Imposing the sufficient smoothness conditions on the functions F(z,t), ¢;(t),
(1=1,2), fr(x), (k=0,1), by the method stated in [6], it is easy to be convinced
that the function u(x,t) determined by formula (10) is the solution of problem

(4)-(6)-

Problem 3. Find the solution of the hyperbolic equation

ou  Ou
— =—+4 F(z,t 1 t<T 11
51 ax+ (x,t), 0<z<1l, 0<t<T, (11)
satisfying the boundary condition
QLD ety =), 0<t<T, (12)
oz |,

ZFor G(z,6,)) , A(N) , 8(z, A\, 71,72) see [6].
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and the initial condition
uw(x,t)],_g = flx), 0<z <1, (13)

where u = u(z,t) is the sought for classic solution, and the remaining ones are
the known functions, T is some positive number.
3°. Let the functions F(x,t), f(x),~(t) be continuous for 0 <z < 1,0 <t < T.
4% Let problem (11)-(13) have the classic solution u = wu(w,t) possessing
OFu(z,t)  OFu(x,t)

the derivatives of the form , (k = 1,2) including u(x,t),

Fule.t) Pule,d) oxk 7 Otk
u(x,t) u(x,t
9zk otk € C([O’ 1] x [OvT]) , k=1,2.

Applying the finite integral transformation (7) to (11)-(13), we have

<88x - A) @z, t,\) = e Mu(z,t) — f(z) — /0 t e NF(x,T)dr,  (14)

t
i11(x,t, A) — a(z, t,\)],—q :/ ef/\T'y(T)dT, (15)
afE 0

=0
t

where ii(z,t,\) = [ e *Tu(z, T)dT.
0

For solving problem (14)-(15), at first we solve the following parametric prob-
lem:?

?J,—)\yzﬂ)(l‘), :‘UE(Oal)a (16)
y,‘xzo - y’x:l = 67 (17)

where ¢(x) € C([0,1]), [ is some number.
The denominator of the Green function of problem (16)-(17) will be

AN) =e* =\ (18)
From (18) we have
AQ) = e p(N), (19)
p(A) =1—=0a(N), (20)
where o(\) = %.

In the right half-plane we try to find some appropriative domain €2 that has
the inequality

1
lo(A)] < 3 for Ae Q. (21)
If A= reﬁ“’, then
r
oM = ey (22)

We take the sequence of numbers ¢, so that
0<p1 <2 <..<p<..<m/2 (23)

cospr < 2/e;  lim ¢, = 7/2.
n—oo

3The not self-adjoint boundary value problem was studied in [3] and in other papers
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T

The function g, (z) = veosgn U € [0,00) for z = cos o attains its greatest
value
1 1 1
max gn(z) = gn = >, for n>1, (24)
x€[0,00) COS ©p, €ecos p, 2
and in the interval [W’ ) it strongly decreases and
xlggo gn(x) = 0. (25)

cos g ) there exists such a unique number

This means that in the interval [

for which xz = ry,

Tn 1
gn(rn) = prowrerrialit (26)
x 1
Crcospn < B for x € [ry,,00). (27)
It follows from (22) and (27) that
1
oM <5 for m<r =M <oo, | <, (28)

where ¢ = arg A.
Let B
Ay, =rpcos iy +—1r,sing, = By; n=12 .;
Chp =Tn+1C0S Q@ + v —1rpp18in, = Dy; n=0,1,..;
(CrAnt1) ={X: A =rng1; on <argA < ¢pt1}, n=0,1,...,;

(AnCr) ={X:irn <A <rpy1; argA=p,}, n=1,2,...;

L is a symmetric line (see fig. 1) with respect to the real axis A of the plane
whose upper part is determined in the form

(upper part £) = U (CnAni) U U (AnCh);

=0
Q is the closed domaln with the boundary L remained at the right side of this
line (see fig.1).

C(o;f
2

Red
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Validity of (21) follows from (28).
Taking into account (21) in (20), we have

PN > 5, for Aeq. (29)

Taking into attention (29), from (19) we get
A(N) #0, for AeQ. (30)

Thus, we establish the following
Lemma 1. For A € Q and ¢¥(x) € C([0,1]) problem (16)-(17) has a unique
solution and this solution is represented by the formula

eAm

Y N) = T X 0(@) - Aoy

oyt 0ses1 A€o (31)

where
Az

1 x
J(z, N (x)) = AG(A){MO) — /0 e“l—f>w<f)d§}+ / My (€)de.  (32)

0
For \ € Q according to lemma 1, from (14)-(15) we get

¢
/ e Nu(x, T)dr = e T (@, \u(x, b)) + O(x,t, \), (33)
0

where

6)\:):

Bzt ) = 5o {—f(O) _ /Ot AT R(0, 7)dr +
+/01 18 [f(§)+/t e“F(g,T)dT] de—

0

—/Ot G_AT’y(T)dT} —/Om A@=8) [f(€)+/t G_ATF(E,T)dT:| de.  (34)

0
Multiplying the both sides of (33) by e*t, we have

t
e)‘t/ e Mu(x, T)dr — J(x, Mu(x, t) = eMd(x, t, ),
0

0<z<1, 0<t<T, Aeq. (35)
Now show that Ny
/ ‘;—de —on/=1t, for t>0. (36)
L

Let C} be a circle in A -plane, of radius r,, centered at the point A = 0. In
what follows, let

C;Ll) = {)\ A= Tneﬁw’ Pn < ® < 7T/2},
O = (A h=re V19 o, < o <m/2);
CO = [\ |\ =, Re) <0} (37)
It is clear that

6)\
2y —1 = - ﬁd)\: /n—i_/a(ll) +/CT(L2)+/C7(10) :Il,n+I2,n+I3,n+I4,n7 (38)

where L, is the part of £ remained interior to the circle C}.
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From (37) and (38) we get
en(cos p+v/—1sin @)

w/2
Iy, =+v—-1 dy.
> /n rn(cos ¢ + v/ —1singp) 14

Consequently *

T/2 Ty cosp w/2 o /2 ,
‘IQ,n| < / € dp = 1/ ernsm(gfso)dsp < 1/ ern(gﬂp)d(p _
¥

n n rn QO n T.n

n

= % {ern(%*@n) — 1} S % {ern%Sin(%iwn) — 1} = % {ernfcos‘p" — 1} =
7"n T 7"n

n

1 x
= 5 {(ememeni —1}
n

Hence, using (26), we get

1 L4
Toal < 5 {@m)F -1},

n

that yields the validity of
lim I, =0. (39)

n—oo

Similarly, it is established that

lim I3, =0, lim Iy, =0. (40)
n—oo n—oo
Taking into account (39) and (40) in (38), we get
/ A = 2my/-T (41)

that shows the validity of (36) for ¢ = 1. For ¢t > 0 and t # 1, taking into account

the identity
6)\15 )\
)\2d)\=t )\2d>‘ for t>0,

where C' is an arbitrary circle in the )\ plane centered at the point A = 0, from
equality (41) we get the validity of (36).

It holfs

Lemma 2. If ¢(t) € C?([0,T)]), then it holds the following inversion formula

Y
W\E ; {eAth(t, A) — )\go(O)} d\ = o(t) —20(0), 0<t<T, (42)

where @(t, \) is form (7).
Proof. According to the lemma conditions, we have

~ 6)\t 1 S0/ t e)\i 1 t .
Bt ) = S0 = = 3ol = 50 + G0 + 5 [ Ao

Consequently, using (36) we have

J {2t - o0} r = —av ot + 2T 0

4Here we use the known inequality %x <sinz <z, for 0 < z < w/2. (see for instance
Fichtenholts G.M. Course of differential and integral calculus. M.: Nauka, 1969, vol.1).
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+2mv/—1 /0 (t—71)¢"(r)dr,

that yields the validity of lemma 2.
It holds
Lemma 3. If (z) € C%([0,1]), then it holds the following inversion formula

AJ@JW@MQ:~4¢4¢WL 0<z<l, (43)

where J(z, \;(x)) is from (32).
Proof. According to the lemma conditions, from (32) we get

e—A(l—m) o
I Xs(a)) = =3 0la) + 1) 4 5T M)+

ef)\(2fz) , e*)\(l*{b) , 1 1 M)

oo O = S0 -5 [ N
_6_>\(1_$) 1 xE
oy | e (44

Using the Jordan lemma [2] and estimations (29) and (21), from (44) we easily
get the validity of formula (43). The lemma is proved.

Remark. In lemma 2 and 3, the restrictions imposed on the functions ¢(?)
and ¥ (x) may be weakened.

From (35) we have

t At
{e’\t/ e_’\Tu(:r,T)dT - eTu(av, 0)} — J(z, M u(z,t)) = @iz, t, N),
0

0<z<1, 0<t, \eQ, (45)

where ®q(x,t,\) = eM®(x,t,\) — %tf(x)
Integrating (45) and using the inversion formulas (42) and (43) we get

) = @)+ 5= |

Thus, we established the following
Theorem 2. Under restrictions 3° and 4°:

Oy (z,t,\)d\, O0<zx<l,0<t<T. (46)

(1) if problem (11)-(13) has a solution, this solution is unique and it may
represented by formula (46);

(2) if the integrals contained in (46) diverge or the function u(x,t) defined by
formula (46) is not the solution of problem (11)-(13), then this problem
has no solution.

Imposing the sufficient smoothness conditions on the functions F(z,t), f(z),
v(t), by the method stated in [6], it is easy to be convinced that the function
u(z,t) determined by formula (46) is the solution of problem (11)-(13).

Remark 1. Denote by A the roots of the equation

e —A=0.

At the same time note that for all \g it holds the inequality ReA; > 0, and for
large k£ they have the asymptotics

ReX, = In(2km); ImA, = £2kw, k= N,N +1,...,
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where N is a rather large natural number.

Let L be the Laplace straight line passing through the point a, where a is any
positive fixed number and Re\; # a, for all Ag.

Then integrating® (45) with respect to the Laplace straight line L, we have

)\t
/ Md)\/ (x,7)dT — TCD\U(:C 0)—

L

—/J(:L",A;u(ac,t))dA:/<I>1(x,t,>\)d)\. (47)
L L
Note that

/)‘td/\/ u(z, 7)dr = v —1u(z,t), t>0;

= 2r VT
LA

/L J(x, \ju(z, t))d)\ = 7/ —1u(z, t) + 2mv/—1x

X Z e {u(O t) — /1 M8y (¢ t)dﬁ} 0<z<l. (48)
)\k ] ) 0 ’ )

Substituting (48) in (47), we get

e)\kil‘ 1
u(z,0) + Y SV {u(O,t) —/\k/O eAkgu(§,t)d§} =

ReXp<a

Oy (z,t,\)d\, O0<z<l1l,0<t<T. (49)

271'\/7 /

(49) is the Fredholm integral equation of second kind. It is clear that it is
more difficult to solve the Fredholm equation of second kind than problem 3
Consequently, for solving problem 3 it is not appropriate to solve problem 3 by
using the Laplace straight line.

Remark 2. The method used here for finding the ”appropriate” domain {2
and line £ may be successfully used while solving a wide range of mixed problems
for hyperbolic equations with irregular boundary conditions.
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