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SPECTRAL PROPERTIES FOR THE EQUATION OF
VIBRATING BEAM

ZIYATKHAN S. ALIYEV AND SEVINC B. GULIYEVA

Abstract. In this paper we study the properties of the natural frequen-
cies and the corresponding harmonics of transverse vibrations of a rod is
exposed to tracking and axial forces. It is known that problems of this
type leads to a spectral fourth-order problem with spectral parameter
in the boundary conditions. We study the general characteristics of the
location of the eigenvalues on the real axis and oscillation properties of
eigenfunctions of these problems.

1. Introduction

We consider the following boundary value problem problem

(p(@)y" (x))" = (a(2)y () + r(2)y(z) = M (2)y(z), 0<z <I, (

¥’ (0) cos a — (py”)(0) sina = 0, (

y(0) cos B+ Ty(0)sin B = 0, (

y' (1) cosy + (py") (1) siny = 0, (

(aX+b)y(l) — (A +d)Ty(l) =0, (

where A € C is spectral parameter, Ty = (py") — qv/, «, 3,7, a,b,c,d are real
constants such that 0 < a, 8,y < 7/2 and

o =bc—ad#0. (1.6)

The coefficients p(x), ¢(x), r(x) and 7(x) are assumed to be real-valued contin-
uous functions on [0, ], moreover, p(x) is positive and has absolutely continuous
derivative, ¢(z) is non-negative and absolutely continuous on [0,!], and 7(z) is
positive on [0, ].

Problem (1.1)-(1.5) aries when variables are separated in the dynamical bound-
ary value problem describing small oscillation of a vibrating beam which is subject
to axial and servocontrol forces (see [13, 23, 25]).

The locations, multiplicities of the eigenvalues, the oscillation properties of
eigenfunctions, the basis properties in L,(0,1), 1 < p < oo, of the system of
root functions of the boundary value problem (1.1)-(1.5) with » =0, o > 0, are
considered in [18, 19], and with » = 0, o < 0, are considered in [2, 9].
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The subject of the present paper is the investigate characteristics of eigenvalue
locations in real axis, the oscillation properties of eigenfunctions, and the basis
properties in L,(0,1), 1 < p < oo, of the system of eigenfunctions of the boundary
value problem (1.1)-(1.5) in the presence of potential r (the function r(x) doesn’t
vanishes identically on any interval constituting the part of interval [0, []).

2. Preliminaries
Consider the boundary condition (see [13])
y(l)cosd — Ty(l)sind = 0, (2.1)

where § € [0, 7).

Alongside the boundary value problem (1.1)-(1.5) we shall consider the spectral
problem (1.1)-(1.4), (2.1). The problem (1.1)-(1.4), (2.1) in the case r = 0 and
d € [0,7/2] has been considered in [13] (see also [17]), where in particular proved
the following assertion.

Theorem 2.1. For fized «, 5,7 the eigenvalues of this problem are real, simple
and form an infinitely increasing sequence {fun(6)}5°; such that y,,(0) > 0 for all
n € N\{1}; p1(8) > 0 for 6 € [0, 7/2) and 6 = 7/2, B € [0, w/2); p1(w/2) =0
for B =m/2. Moreover, the eigenfunction vn5 (x) corresponding to the eigenvalue
pn(0) has n — 1 simple zeros in the interval (0,1).

In [17] it is shown that for each fixed A € C there exists a unique (up to a
constant factor) nontrivial solution v(z, A) of problem (1.1)-(1.4), (2.1) for r = 0.
For any fixed € [0,{] the function v(z, \) is an entire function of .

It is obvious that the eigenvalues p,,(0) and p,(7/2), n € N, of boundary value
problem (1.1)-(1.4), (2.1) for » = 0 are the zeros of entire functions v(z, \) and
Twv(z, A), respectively. Notice that the function

FO(/\) = TU(Z, )\)/’U(l, )‘)
is will defined for

Ne A= (G An> U @\Rr),

where A, = (ftn—1(0), n(0)), n € N, 19(0) = —oo and is meromorphic function
of finite order, i, (7/2) and p,,(0), n € N are the zeros and poles of these function,
respectively.

Denote:

o= { gl 22002
arctg Fo(0), if f=m/2,

The problem (1.1)-(1.4), (2.1) for r = 0 and § € [0, 7) was considered in [3]

(see also [17]), where in particular, it was proved the following theorem.

Theorem 2.2. For fized «, 3,7 the eigenvalues of problem (1.1)-(1.4), (2.1) for
r =0 and ¢ € [0,7) are real, simple and form an infinitely increasing sequence
{1n(0)}52, such that pn(6) > 0 for n € No; p1(do) = 0, pui(d) < 0 in the
case 0 € (0g,m). Furthermore, the eigenfunction v,(f)(:z) corresponding to the
eigenvalue pn,(38) forn € Ny has exactly n—1 simple zeros in the interval (0,1), the
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(9)

eigenfunction vy’ (z) corresponding to the eigenvalue py(9) in the case 6 € (g, )
may have arbitrary number of zeros in the interval (0,1) which are also simple.

The problem (1.1)-(1.4), (2.1) in the case which the function r(x) doesn’t
vanishes identically on any interval constituting the part of interval [0, ] studied
in the papers [5] (see also [16]). On setting

ro = min r(z), r; = max r(z),

z€[0,l] z€[0,]]
7o = min r(x 71 = max r(x
z€[0,] (z), z€[0,] (@),

denote by (¥;) the regular Sturmian system obtained from (1.1)-(1.4), (2.1) for
0 € [0,7/2] by replacing r(z) by 79 and 7(x) by 7. The substitution

N =M\ —19

transform (W) into an equivalent completely regular Sturmian system (¥2) of
the type to which cited above assertion from [13] may be applied. Let A/, — nth
eigenvalue of the system (W9) which is positive, and A\, o = (A, +r¢)/71— nth
eigenvalue of the system (¥;), n € N. Then the eigenfunction y, o(x), corre-
sponding to the eigenvalue A, o, n € N, has n — 1 simple zeros in the interval
(0,1).
Now, using the ” u-process” (see [5, 16]) we pass from (¥;) to (1.1)-(1.4), (2.1)

by deformation

r(z,p) = (1= p")ro + p'r(z),

T(@,p) = A -y )n+p'7(x), z€[0d], p',p"€l0,1].
since the coefficient r(x, 1) increases and 7(x, (1) decreases, then by [5] the positive
eigenvalues can not decrease. The condition

Ap) 7(, p) = r(2, 1) >0 (2.2)

is a fortiori satisfied by the eigenvalues

A’m-‘rl (M)? Am—i—?(u)a

of Sturmian system which is obtained from (1.1)-(1.4), (2.1) by replacing r(z) by
r(z, ) and 7(x) by 7(x,n), where m is greatest of the two numbers mg and 2,
and myg is defined by:

)‘:no—i—l > (rim1 —1070) /70 > Xmo’ Amo+1,0 > 0. (2.3)
Then by Theorem 2.1 we have the following oscillation theorem:

Theorem 2.3. The problem (1.1)-(1.4), (2.1) for § € [0,7/2] has infinitely many
etgenvalues which all real. With exception of no more than m of them, the eigen-
values are simple and positive. If we denote them by (for fized a, 5,7)

0 < Amt1(6) < Am2(6) < ..oy
then the eigenfunction yﬁf) (x), corresponding to the eigenvalue A, (9), has exactly
n — 1 simple zeros in the interval (0,1).

However there are no results on the multiplicities of the first m eigenvalues
and on the oscillatory properties for the corresponding eigenfunctions. In future,
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in the paper [4, 6-8, 20] succeeded to study the structure of root subspaces cor-
responding of all eigenvalues and the oscillatory properties of all eigenfunctions
of regular Sturmian system (1.1)-(1.4), (2.1).

Denote:
N — N, if § €[0,0d)],
07 N\{1}, if & € (6, ).

Theorem 2.4. For fixed «, 3, the boundary value problem (1.1)-(1.4), (2.1) for
0 € [0,7) has a sequence of real and simple eigenvalues

A(0) < A2(6) < ... < Ap(d) = +o0.
Furthermore, the eigenfunction y,(f) (z) corresponding to the eigenvalue A, (0) for
n € Ny has exactly n — 1 simple zeros in the interval (0,1).

By theorem 2.4 and max-min characterization of the eigenvalues [15, p.418] we
have that for any 01,2 € (0, 7) such that d; < o the relations are true

A1(02) < A1(61) < A1(0) < Aa(d2) < A2(01) < A2(0) < ... . (2.4)
3. Main properties of the solution of the problem (1.1)-(1.4)

Below we will need the following results of [13, Lemma 2.1 and Lemma 2.2].

Lemma 3.1. Let y(x) be a nontrivial solution of the differential equation (1.1)
forr =0 and X > 0. If y(x), ¥/ (x), y"(z) and Ty(z) are nonnegative at x = xg
(but not all zero) they are positive for all x > xzo. If y(z), —y'(z), y"(z) and
—Ty(x) are nonnegative at © = xo (but not all zero) they are positive for all
T < xp.

Lemma 3.2. Let y(x) be a nontrivial solution of the problem (1.1), (1.2) (1.4) for
r=0 and X\ > 0. If xy is zero of the function y(z) or y”"(x) in the interval (0,1),
then and y'(x) Ty(z) < 0 in a neighborhood of xg. If zo is zero of the function
y'(x) or Ty(z) in the interval (0,1), then and y(x)y"(x) < 0 in a neighborhood

of xg.
The following theorem is useful in the sequel.

Theorem 3.1. For each fized A € C there exists a nontrivial solution y(z,\) of
problem (1.1)-(1.4), with unique up to a constant coefficient.

Proof. Let yx(z,A), k =1, ..., 4 be solutions of equations (1.1) normalized for
2 = 0 by the Caushy conditions

g 0,0) = ks, s=1,.,3, Tyr(0,X) = 6k, (3.1)

where 0, is the Kronecker delta.
We shall seek the function y(x, \) in the following form:

4
y(@, ) = Cryp(z, N, (3.2)
k=1

where the Ci, k =1, ...,4 are constants.
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Suppose that in boundary conditions (1.2)-(1.4) «, 3, # 0. It follows by (3.1),
(3.2) and boundary conditions (1.2), (1.3) that

Cy
= = = —Cictgf. :
Cs @) 9 Cy = —Cictgp (3.3)

Using (3.3), from (3.2) we obtain

y(z, ) = O {y1(z, \) — ya(z, NctgB) + Cs {yg(x, A) + ys(z, \) ;t(goo)‘} . (3.4)

Taking into account (3.4) and (1.4), to determine C; and Cy we obtain the relation
cra*(N) + 255 (A) =0,
where
a(A) = {y1 (L, A) etgy + p(1)y{ (LA} —ctgB {wi(1, ) ctgy +p(Dyi (LA}, (3.5)

B (A) = {1l ) ctgy + p(Dys (1, A) | + ;t(g(;; {v5(L ) etgy + (D51, A) } - (3.6)

For the completion of the proof of Theorem 3.1 it is sufficient to demonstrate
that

[ (M) + [B5(N)] > 0. (3.7)
)

It follows by Lemma 3.1 that y.(I,A) > 0, y/(I,A\) > 0,k = 1,...,4 for
A > A, where \* = inf{\ € R : A7(x) —r(z) >0, z € [0,{]}. Hence, by (3.6)
the relation (3.7) holds for A > A*.

Let A € C\[A\1(do), +00). If (3.7) fails for such A, then the functions

ctgo

¢1(1‘,)\) = yl(l‘,)\) - Ctgﬁy4($v )‘) and ¢2(x7)\) = y2(x7 )‘) + m y3($7)\)

solve the problem (1.1)-(1.4). We define the function v(x, \):

(p(.’L‘, )‘) = T¢2(l7 )‘)(Zsl(xa )‘) - T¢1(l7 /\)ng(@’, )‘)

Since ¢(l, \) = 0, the function ¢(x, ) is an eigenfunction of the problem (1.1)-
(1.5) with § = 7/2 corresponding to the eigenvalue A € C\[A1(dp), +00), with is
impossible, because in this case must be A = Ag(7/2) for some k € N and by
(2.4) we have that A > Aj(7/2) > A1 (dp).

Now let A € [A1(dp), A*). It follows from (2.3) and Theorem 2.4 that \* =
Am/(0). We define the function 9 (z, A):

¢($a )‘) = ¢2(la A)le(xa >‘) - ¢1(lv /\)¢2($7 )‘)a

Since ¥ (I, A) = 0 and T'p(l,\) = 0, the functions ¥ (x, \) and ¢(z, \) are eigen-
functions of the problem (1.1)-(1.5) with § = 0 and 6 = 7/2 corresponding to
the same eigenvalue A € [A1(7/2), A, (0)). However, this contradicts the relation

(2.4).
The remaining cases are considered similarly. Theorem 2.1 is proved.
In fact, the functions yi(z,A), &k = 1, ..., 4, and their derivatives are entire

functions of A (see [21, Ch. 1]), and therefore y(z, A) is also an entire function of
A for each fixed z € [0,1].
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It is obvious that the eigenvalues A, (0) and A, (7/2), n € N, of boundary value
problem (1.1)-(1.4), (2.1) are the zeros of entire functions y(z, ) and Ty(z, ),
respectively. We observe that the function

Fr(N) =Ty(l,\)/y(l,\)
is will defined for

ANEA= (G An> Ue\wr),

where A,, = (Ap—1(0), A,(0)), n € N, Ag(0) = —oo and is meromorphic function
of finite order, A\,,(7/2) and A, (0), n € N are the zeros and poles of these function,
respectively.

In equation (1.1) we set A = p*. By Theorem 1 in [21, p.59], in each subdomain
of the complex p — plane equation (1.1) has four linearly independent solutions
zk(z,p), k = 1,4, which are regular with respect to p (for sufficiently large p)
and satisfying the relations

z,(:)(a:,p) = (pwk (7“/]7)411>S ePwrX 14+0(1/p),k=1,4,5s=0,3, (3.8)

_ z 1
where wy, k= 1,4, are the distinct fourth roots of unity, and X = [ (r/p)4dt.

0
For brevity, we introduce the notation s(d1,d2) = sgnd; + sgnde. Let w; =
l 1
—t,wy = t,wy = —l,wy = 1, and h = [ (r/p)4dt. We shall seek the solution
0
y(z, A) in the following form:

4
y(xv )‘) = Z Cka(.CU, P),
k=1

where ¢, k=1, 2, 3, 4, are constants depending only on \. Taking into account
(3.8) and boundary conditions (1.2)-(1.4), we obtain for large |\ | the asymptotic
estimate

(sin (pX + %sgnﬁ) — cos (ph + 55(8, 7)) ep(X—h)) 1],
y(l’>)\) = (Sian _ COSpX + (_1)sgna€pr 4 (_l)lfsgn'y\/i
X Sln(ph + %(_1)sgn’y) ep(X_h)) [1]’ Zf S(OZ’B) 7é 1’

(3.9)

where [1] = 140 (%) Similarly, for the function T'y(x, \) we obtain the following
asymptotic estimate

=) (cos (0 + Fgn) + cos (oh + 35(3.))

x !XV i f s(a, B) =1,
—pY(pr®)T (cos pX +sin pX + (—1)Enee—pX — (~1)l-ssm
V2sin (ph+ Z(=1)) e?X=M) (1], if s(a,B) =1,

Ty(xz,\) =

(3.10)

Remark 3.1. As an immediate consequence of (3.9), we obtain that the number
of zeros in the interval (0,[) of function y(x, \) tends to +o00 as A — £ oo.
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Taking into account relations (3.9) and (3.10), we obtain the asymptotic for-
mulas

1 1—2sgn~y T us
3 3 1 (\/5) cos(ph+§sgn5+zsgn'y)
P (p(l)r (1))4 cos(pl+%sgnﬁ+%(l+sgn'y)) [ L
if s(a,B) =1,
F.(\) = (3.11)
1 1—2sgn~y s
a8 (V)T eos(phm1 s 3)
p(p(1)r°(1))4 cos(ph+ Esgny) [1],
L if s(a,B)=1,

In turn, from (3.11) should the asymptotic formula

E.(\) =— (\@)1_259”7 (p(l)rg’(l))i VB (1 +0 <1/{‘/W)) , as A = —o0.

(3.12)
From (3.12) follows immediately
Lemma 3.3. The following relation holds:
lim F.(\) = —o0. (3.13)
A——00
We also have the following result.
Lemma 3.4. The following formula holds:
I
dF.(N\) 1 9
= Adx, A€ A 3.14
o = i [ e s, (3.14)

0

The proof is similar to that of [17, lemma 5; 3, Lemma 1].
Now we investigate the problem on the number of zeros of function y(x, \).

Lemma 3.5. Every zero x(\) of the function y(x, \) is simple and is a differen-
tiable function of A € [A1(do), +00).

Proof. If A > \*, then by Lemma 3.2 the function y(z,\) does not have
multiple zero in the interval (0,1). Let A € [A1(do), Am(0)]. We define the angle
dx by the equality &) = cot™ (Ty(I,\)/y(l,\)) € [0, 7). Then X is a eigenvalue of
the problem (1.1)-(1.4), (2.1) with the serial number of the [1, m|N Ny. Hence, by
Theorem 2.4 the zeros of function y(x, \) contained in (0,1) are simple. The rest
of the proof concerning the smoothness of z(\) follows the well-known implicit
function theorem. The Lemma 3.5 is proved.

By 7(\), we denote the number of zeros of y(z, A) in the interval (0,/). Lemma
3.5 and Theorem 2.4 readily imply the following assertion.

Lemma 3.6. Let A > \1(dp). If A € (An—1, An] forn > 1, then 7(\) =n — 1.

4. Oscillatory and basis properties of eigenfunctions of the
problem (1.1)-(1.5)

The considered problem (1.1)-(1.5) can be reduced to the eigenvalue problem
for the linear operator L in the Hilbert space H = L2(0,1)® C with inner product

(9.4) = ({y, k}, {u. s}) = (y,w)zg + |o| " ks, (4.1)
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where (-, -)rz is an inner product in L3(0,) and
- 1
i = Liula). ) = { - (@) + roh(a))  aTol®) - (o)}
is an operator with the domain

D(L) = {{y(x),k} € H : y(x) € W (0,1), (Ty(x))" + r(z)y(z) € L2(0,1) ,
y(x) € B.Cy., k=ay(l) —cTy(l)}.

dense everywhere in H (see [24]). Obviously, the operator L is well defined in H.
Problem (1.1)-(1.5) acquires the form
Ly =Xy, § € D(L),

i.e., the eigenvalues A, n € N, of the operator L and problem (1.1)-(1.5) coincide
together with their multiplicities, and between the root functions, there is a one-
to-one correspondence

Un = {yn(@), kn} < yn(2), kn = ayn(l) — cTyn(l).

Problem (1.1)-(1.5) is strongly regular in the sense of [24]; in particular, this
problem has discrete spectrum.
We define a number s and an operator J : H — H as

_ 0, if >0,
71 1, if 0<0,

Hy, k} = {y, ksigno}.

The operator J is unitary and symmetric on H, and its spectrum consists of two
eigenvalues, 1 with multiplicity s and 41 with infinite multiplicity. Therefore,
this operator generates the Pontryagin space II,, = L?(0,1) @& C with the inner
product (J— metric) [11, 12]

(Qaa)nx = [{y,k},{ms}] = (yvu)LQ +O'_1k§. (42)
Theorem 4.1. The operator L is J—self-adjoint in 11,,.

The proof is similar to that of Proposition 1 in [10] (see also [14, Theorem
2.2)).

Remark 4.1. In the case o > 0 (i.e., if x =0) J = I and II,, = Iy = H, where
I denotes the identity operator on H. Hence, in this case the operator L is
self-adjoint on H.

Let A be an eigenvalue of L of algebraic multiplicity v. We set p(\) to be equal
to v if ImA # 0 and to the integer part v/2 if ImA = 0.
Theorem 4.2. The eigenvalues of the operator L are arranged symmetrically
n
around the real axis, and Y p(A;) < s for any system {\:}7_; (n < 4+00) of

T=1
etgenvalues with nonnegative imaginary parts.

The proof of this theorem follows from [22].
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Remark 4.2. In the case o > 0 (i.e., if 5 = 0) the all eigenvalues of problem
(1.1)-(1.5) are real and simple. In the case ¢ < 0 (i.e., if ¢ = 1) this problem
may have either one pair of complex conjugate nonreal eigenvalues or one real
multiple eigenvalue whose multiplicity does not exceed 3.

Lemma 4.1. [11]. Let L* be the adjoint operator of L in H. Then L* = JLJ.

The proof of this lemma follows from [11, Section 3, Proposition 5].
For ¢ # 0 let N be an integer such that puy_1 < d/c < un.

Theorem 4.3. Let 0 > 0. Then the eigenvalues of the boundary value problem
(1.1)-(1.5) are form an infinitely increasing sequence A\ < Aa < ... < Ap < ...,
where A, € (An—1(0),A(0)) if ¢ = 0 or ¢ # 0 and n < N; Ay, AN+1 €
(An=1(0), AN (0)]; A\ € (An—2(0),A=1(0)) if ¢ # 0 and n > N + 1 Moreover,
the corresponding eigenfunctions yy(x), y2(x), ..., yn(x), ... have the following os-
cillatory properties :(a) if c =0 and n > 1, then y,(x) has exactly n — 1 simple
zeros in the interval (0,1); (b) if ¢ # 0 and n > 1, then y,(x) has exactly n — 1
simple zeros for n < N and exactly n — 2 simple zeros for n > N in the interval

0,1).

The proof is similar to that [19, Theorem 2.2] (see, also [18, Theorem 2]) in
view formula (3.12) and Lemmas 3.3, 3.4 and 3.6.

If ¢ > 0, then by theorems 4.1 - 4.3 and remarks 4.1, 4.2 L is a self-adjoint
discrete lower-semibounded operator in H and hence the system of eigenvectors
{yn(x),kn}, n € N, of this operator forms an orthogonal basis in H.

Throughout the following, we assume that the condition o > 0. By (4.1) (or
(4.2)) we have

(Un, Un) g = ”%H%g + U_lk}%' (4.3)
We denote:
Op = ||yn||%g +o k2, n=1,2, ... (4.4)
Then, by o > 0, from (4.4), we obtain
5, >0, n=1,2, ... (4.5)
Note that,
kn = ayn(l) — cTyn(l) #0, n=1,2, ... (4.6)

Indeed, if &k, = 0 for some n € N, then y,(l) = Ty,(l) = 0 by (1.5) and (1.6),
which contradicts the relation (2.4). Then, by virtue of (4.3), (4.5) and (4.6),
the elements J,, = {9,,(), sp} of the system {1J,,}°°, conjugated to the system
{0n},2, are defined by the relation

On = 67 4, n eN. (4.7)
Hence, from (4.7), by (4.5) and (4.6), we find that
$p =0k, #0,m €N. (4.8)

Let ¢ be an arbitrary fixed positive integer.

Theorem 4.4. The system of eigenfunctions {yn(:z:)}zo:l’n# of problem (1.1)-
(1.5) forms a Riesz basis in the space L5(0,1) and basis in the space L;(0,1), 1 <
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p < 00, and the conjugate system {un(x)}f:Ln# of the system {yn(ac)}zozlm#g
1s given by the formula

Un(x) = yn(x) - 3n3;1y€(x)

The basicity of the system {yn(2)},Z; , in the space L5(0,1) follows from
Corollary 3.1 of [1] by (4.8). Next, the basis property of this system in the space
L;(0,1), p € (1, 00)\{2} can be proved in accordance with the scheme of the proof
of Theorem 5.1 in [2].

Remark 4.3. In the case o < 0 the spectral properties of problem (1.1)-(1.5) are
studied similar to that of [2].
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