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PARA-NORDENIAN STRUCTURES ON THE COTANGENT
BUNDLE WITH RESPECT TO THE CHEEGER-GROMOLL
METRIC

FILIZ OCAK

Abstract. In this paper we investigate para-Nordenian properties of
the Cheeger-Gromoll metrics in the cotangent bundle..

1. Introduction

Cheeger-Gromoll metric was defined by Cheeger and Gromoll in [2] and the
explicit formula for this metric was given by Musso and Tricerri in [9]. The Levi-
Civita connection of ““g and its Riemannian curvature tensor are callculated
by Sekizawa in [16] and corrected by Gudmundsson and Kappos in [5]. In [11]
Salimov and Akbulut studied a paraholomorphic Cheeger-Gromoll metric on the
tangent bundle. The similar metric in theoritical physics has been obtained by
Tamm (Nobel Laureate in Physics for the year 1958, see [17]). The geometry
of the tangent bundle equipped with Cheeger-Gromoll metric is well known and
intensively studied (see for example [4], [5], [8], [12], [15]). In [1] Agca and Sal-
imov investigate curvature properties and geodesics on the cotangent bundle with
respect to the Cheeger-Gromoll metric.

The tangent bundles of differentiable manifolds are very important in many
areas of mathematics and physics. Cotangent bundle is dual of the tangent bun-
dle. Because of this duality, some of the geometric results are similar to each
other. The most significant difference between them is construction of lifts (see
[20] for more details). In our previous paper [10], we have given the outline of the
theory of para-Nordenian structures with respect to the Sasakian metric in the
cotangent bundle. The present paper is concerned with para-Nordenian property
of the Cheeger-Gromoll metric in the cotangent bundle.

Let (M™,g) be an n-dimensional Riemannian manifold 7*M™ be the cotan-
gent bundle of M™ and w the natural projection T*M"™ — M"™. A system of
local coordinates (U,z%),i = 1,...,n in M™ induces on T*M™ a system of local
coordinates (7~ 1(U),z%,2' = p;), i :=n+i=n+1,...,2n, where 2* = p; are the
components of the covector p in each cotangent space Ty M"™, x € U with respect
to the natural coframe {dz'}, i =1,...,n.

We denote by S%(M™) the set of all tensor fields of type (r,s) on M™ and by
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QL(T*M™) the corresponding set on the cotangent bundle 7*M". During this
paper, manifolds, tensor fields and connections are always supposed to be differ-
entiable of class C*°.

The local expressions a vector and a covector (1-form) field X € 33(M™) and
w € SY(M™) are X = X* 81 and w = w;dz’ in U C M™, respectively. Then the
complete and horizontal lifts “ X, # X € S{(T*M™) of X € S}(M™) and the ver-
tical lift Vw € SL(T*M™) of w € SY(M™) are given, with respect to the natural

frame {a?;w 8W} by
o, 0
C i h
X=X - ;i X —, 1.1
Ox* thf) Ox? (1)
Hy = Xl XJ (1.2)
Vw:Zwia = (1.3)
. z?

where F?j are the components of the Levi-Civita connection V, on M" (see [20]
for more details).

Let (M™, g) be an n-dimensional Riemannian manifold and denote by r? =
9 (p,p) = 9" pip;j. Then the Cheeger-Gromoll metric CGg is defined on T*M™
by the following three equations

CCg(i X, 1Y) =Y (g(X,Y)) = g(X,Y) o, (1.4)
CGg (Vi Hy) =0,
“Co("w,"0) =+ jrg (97" (w,0) + g~ (w,p)g"(6,p)) (1.6)

for any X,V € S(M™) and w, 6 € SY(M™) [1].

2. Levi-Civita connection of ““g

In each local chart U C M™, we put X(;) = %, 00 = dat.i = 1,...,n. By
virtue of (1.2) and (1.3) we see that

. 0 . 0
éwy="Xu = 5 Wiy (2.1)

j 0
s = Ve _ 9 2.2
@ oz’ (22)

This set {€y} = {€u4), €5t = {HX(i),VO(i)} is called the frame adapted to

the connection V, in 7=1(U) c T*M™.
Using (1.2), (1.3), (2.1) and (2.2), we have

nx =, x=x = (). 23)

Vo= zi:wié(i)’ Yo=("w) = ( ?JZ > (2.4)
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with respect to the adapted frame {é(a) }, where X* and w; being local components
of X € S§(M™) and w € SY(M™), respectively (see [20] for more details).
From (2.2), (2.3) and (2.4), we have

“Cgii =“g(Ew ) = Y(9(0:,0))) = gij,
g ="9(Cqnem) = 0,
o 1 L
“Co5="9Careq) = 1zlo7(da!dal) + g7 da' pr)g (A, )
1 o
= 157 (9" + g™ g pipy),

i.e. ““g has components
ca 9ij 0
_ , I 2.5
g ( 0 52 (9" + 9% prpr) ) (25)
with respect to the adapted frame {€.,} [1].
For the Levi-Civita connection of the Cheeger-Gromoll metric we have the
following (see [1])
Theorem 2.1 Let M™ be a Riemannian manifold with metric g and CV be the

Levi-Civita connection of the cotangent bundle T*M™ equipped with the Cheeger-
Gromoll metric “©g. Then €OV satisfies

1
i) YOV HY = H(VXY)+§V(pR(X,Y),

1
i) Vixw = V(Vxw)+ —T(p(g o R(, X)),

2a
i) COTeIY = Mg o RO, Y)) (2.
1 1
i) COVYVE = = (COg(w,10) 0+ gV 0,70) ) + T g(Ves, V)

1
— —g("w,70) (" 0,78)70

for all X, Y € S(M™), w,0 € SYM™), where o = g~Low € SHM™), R(, X))@ €
ST(M™), g7l o R(, X)@ € S3(M™), a = 1+ 1%, R and v§ denotes respectively
the curvature tensor of V and the canonical vertical vector field on T*M™ with
expression ¥0 = pie ).

3. Para-Nordenian structures on (T*M",““g)

In [3], an almost paracomplex manifold is an almost product manifold (M™, p),
¢? = I, such that the two eigenbundles 7+ M™ and T~ M" associated to the two
eigenvalues +1 and —1 of ¢, respectively, have the same rank. It is well known
that the dimension of an almost paracomplex manifold is necessarily even.

The purity conditions for a tensor field w € %g(M 1) with respect to the
paracomplex structure ¢ given by

w((le,XQ, ...,Xq) = w(Xl, (pXQ, ...,Xq) = w(Xl,XQ, ceny (qu) (31)



66 FILIZ OCAK

for any X1, Xo, ..., X, € S§(M?7) [14].
In [19], an operator ¢, : SH(M>") —
the pure tensor field w, given by
(¢¢w)(Y, Xl, Xg, ...,Xq) = (ng)(w(Xl, Xg, ,Xq)) — Y(w((le,XQ, ceey Xq))
—i—w((LXlgO)}/, Xo, ...,Xq) + ...+ W(X]_,XQ, ey (qucp)Y). (32)

where Lx denotes the Lie derivative with respect to X.

If ¢, w vanishes, then w is said to be almost para-holomorphic with respect to
the paracomplex algebra R(j) ( see [6], [14]).

Let M?" be an almost paracomplex manifold with the structure ¢. A Rie-
mannian metric g is a para-Norden metric (B-metric) if

9(pX,pY) = g(X,Y)

qu]L(MQ") joined with ¢ and applied to

or equivalently
9(eX,Y) = g(X,¢Y)

for any X, Y € S§(M?™). If (M?", ) is an almost paracomplex manifold with a
para-Norden metric g, then (M?", ¢, g) is an almost paracomplex Norden mani-
fold [14, 18]. If ¢ is integrable, we say that (M?", ¢, g) is a paracomplex Norden
manifold [12].

In [14], Salimov and his collaborators showed that for an almost paracomplex
manifold with Norden metric , the condition ¢,g = 0 is equivalent to Vo = 0,
where V is the Levi-Civita connection of g.

If the Riemannian metric g is a pure with respect to an almost complex struc-
ture ¢, then a Riemannian manifold (M?", g) with ¢, is said to be almost para-
Nordenian. Its known that, the almost para-Nordenian manifold is para-Kahler
(Vgp = 0) if and only if g is paraholomorphic (¢,g = 0) (see [12]).

We investigate para-Nordenian properties with using an almost paracomplex
structure on T*M" as follows:

Fix = -HX,
{ Ve — Vi (3.3)
for any X € S3(M™) and w € SY(M™) which defined by Cruceanu and his
collaborators in [3]. Then we obtain F? = I.

We put
S(X,¥) =CC g(FX, V) =CC ¢(X, FY)

If S(X,Y) =0 for all vector fields X and Y which are of the form Yw, V6 or
HX HY then S =0. Then from (3.3), (1.4), (1.5) and (1.6), we have

S(Vw,Y 0) =CC g(FVw,Y 0) —=°C g(Vw, FV6) =0,
S(V HX) _CG g(ijH X) _CG g(VW7 7HX) — QCGQ(VW’H X) — 0,
SHXY ) = (_HX7V 0) _CG 91XV 0) = _QCGg(Vw’H X) =0,
S Y) =CC g(~H X y) _CC (i x, _Hy) =,

i.e. “Cg is pure metric with respect to F. Then we have

Theorem 3.1 Let (M™,g) be a Riemannian manifold and (T*M™,“%g) be its
cotangent bundle. Then (T*M",¢Cg) with almost paracomplex structure F is an
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almost paracomplex Norden manifold.
The Nijenhuis tensor is given by the following equation
No(X,Y) = [pX, oY] — p[pX, Y] — o[ X, Y] + [X,Y]. (3.4)

It is well known that the integrability of the almost paracomplex structure is
equivalent to the vanishing of the Nijenhuis tensor.
In [20, p.238, p.277], the following formulas was given

)W f =0, i) "XV =V (X)),
i) [T X,V w] =V (Vxw), w)[Yw,Y 0] =0, (3.5)
IXHY] = X Y]+ yR(XY) =T (X Y]+ (pR(X,Y)
for any X,Y € S{(M™), w,0 € SY(M™), where pR(X,Y) = (pi(R(X,Y)é)).
Then using (3.5), we have
Ne("X, 1Y) = 4V (pR(X,Y))

and the other is zero. Therefore, we have the following result.
Theorem 3.2 Let (M™,g) be a Riemannian manifold and (T*M™ “Cg) be its
cotangent bundle. Then the almost paracomplex structure F' is integrable if and
only if M™ is locally flat.

Now we investigate paraholomorphy property for the Cheeger-Gromoll metric
with respect to the almost paracomplex structure F' defined by (3.3). From (1.4),
(1.5), (1.6), (3.1), (3.3) and (3.5) we have

(er o) ("X Y. w) = 29 (" (pR(X,Y))," w),
(er“C) ("X wTY) = 2Cg(YwY (pR(X,Y))),
and the others is zero. Therefore we have
Theorem 3.3 The triple (T*M", F,“%g) is paraholomorphic Norden (para-Kahler-
Norden) manifold if and only if M™ is flat.
Remark. Let J € 31(M™). We define a tensor field P.J of type (1,1) in T*M"
by

(3.6)

Diix =H (rx), PjVw=-"V(wolJ)=-V(wJ) (3.7)

for any X € S§(M™) and w € SY(M™). The diagonal lift PT of identity tensor
field I of type (1,1) has the components

Y 0
Dy _ J )
I= < Spal% o > (3.8)

with respect to the induced coordinates and satisfies P12 = I [20]. Thus 7T is
an almost paracomplex structure.

We note that the Cheeger-Gromoll metric ““g is pure with respect to the
almost paracomplex structure 1. Therefore, we have the following
Theorem 3.4 Let (M™",g) be a Riemannian manifold and (T*M™,“%g) be its
cotangent bundle. The triple (T*M™,P1,%Cg) is an almost paracomplexr Norden
manifold.

Using (1.4), (1.5), (1.6), (3.1), (3.3) and (3.5), we get
(oo 9T XT YV w) =29Cg(V (pR(X,Y))," w),
(¢DICG9)(HX7V ij Y) = _QCGQ(V"‘)vv (pR(X, Y))),
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and the other is zero. Thus, we have the following
Theorem 3.5 Let (M™",g) be a Riemannian manifold and (T*M™,€%g) be its
cotangent bundle. The almost paracomplex Riemannian manifold (T*M™,P I,€C g)
1s paraholomorphic Norden if and only if M™ is flat.

If Lyg = 0 (LxV, = 0), then a vector field X € 33(M™) is called Killing
vector field (infinitesimal affine transformation) where Ly is the Lie derivative.

Given a vector field X € S4(T*M™) and the almost para-Nordenian structure
F,if Ly F =0, then X is said to be almost paraholomorphic [16].

It is well known that [20, p.277]

(L= oavm, 59

XV =Y (Lxw),
where (LxV)Y = VyVX+R(X,Y)and (LxV)(Y,Z) = Lx(VyX)-Vy(LxZ)—
v[X,Y}Z.

We now consider the Lie derivative of F' with respect to the complete lift ¢ X.
Using (3.3) and (3.8), we get
(LexF)Y0 = LoxFY0—F(Ley"0) = LeyV0— F(Y(Lx#))
Y(Lx6) -V (Lx0) =0, (3.10)

(Lex )Y = Loy FEY — F(Loy 1Y)
= "X Y] =V ((LxV)Y) = F("X, Y]+ V(p(Lx V)Y)) (3.11)
= 2V (p(LxV)Y).
Thus, we have the following
Theorem 3.6 If X is an infinitesimal afine transformation (LxV = 0) of M",
then its complete lift © X € S (T*M™) is an almost paraholomorphic vector field
with respect to the almost paracomplex structure (F,“%g).
Given a non-integrable almost paracomplex manifold (M?", ¢, g) with a Nor-

den metric. An almost paracomplex Norden manifold (M?", ¢, g) is a quasi-para-
Kahler-Norden manifold, if S Zg((V xp)Y, Z ) = 0 where o is the cyclic sum by

three arguments [7]. In [13], the authors proved that X({/Zg((vxgp)Y, Z)=0is

equivalent
(009)(X.Y, Z) + (dp9)(Y. Z, X) + (¢,9)(Z, X,Y) = 0.
We put
AX,Y,2) = (6r““9)(X,Y, 2) + (¢r““9)(V, Z, X) + (6r““9)(Z,X,Y) = 0

for all X,Y,Z € SL(T*M™). Using (3.6), we have A(X,Y,Z) = 0 for all
X,Y,Z € SY(T*M™). Hence we have

Theorem 3.7 Let (M™,g) be a Riemannian manifold and (T*M™,€%g) be its
cotangent bundle. Then (T*M™,“%g) with almost paracomplex structure F is a
quasi-para-Kahler-Norden manifold.
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