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PARA-NORDENIAN STRUCTURES ON THE COTANGENT

BUNDLE WITH RESPECT TO THE CHEEGER-GROMOLL

METRIC

FILIZ OCAK

Abstract. In this paper we investigate para-Nordenian properties of
the Cheeger-Gromoll metrics in the cotangent bundle..

1. Introduction

Cheeger-Gromoll metric was defined by Cheeger and Gromoll in [2] and the
explicit formula for this metric was given by Musso and Tricerri in [9]. The Levi-
Civita connection of CGg and its Riemannian curvature tensor are callculated
by Sekizawa in [16] and corrected by Gudmundsson and Kappos in [5]. In [11]
Salimov and Akbulut studied a paraholomorphic Cheeger-Gromoll metric on the
tangent bundle. The similar metric in theoritical physics has been obtained by
Tamm (Nobel Laureate in Physics for the year 1958, see [17]). The geometry
of the tangent bundle equipped with Cheeger-Gromoll metric is well known and
intensively studied (see for example [4], [5], [8], [12], [15]). In [1] Ağca and Sal-
imov investigate curvature properties and geodesics on the cotangent bundle with
respect to the Cheeger-Gromoll metric.

The tangent bundles of differentiable manifolds are very important in many
areas of mathematics and physics. Cotangent bundle is dual of the tangent bun-
dle. Because of this duality, some of the geometric results are similar to each
other. The most significant difference between them is construction of lifts (see
[20] for more details). In our previous paper [10], we have given the outline of the
theory of para-Nordenian structures with respect to the Sasakian metric in the
cotangent bundle. The present paper is concerned with para-Nordenian property
of the Cheeger-Gromoll metric in the cotangent bundle.

Let (Mn, g) be an n-dimensional Riemannian manifold T ∗Mn be the cotan-
gent bundle of Mn and π the natural projection T ∗Mn → Mn. A system of
local coordinates (U, xi), i = 1, ..., n in Mn induces on T ∗Mn a system of local

coordinates (π−1(U), xi, xī = pi), ī := n+ i = n+ 1, ..., 2n, where xī = pi are the
components of the covector p in each cotangent space T ∗xM

n, x ∈ U with respect
to the natural coframe {dxi}, i = 1, ..., n.

We denote by =rs(Mn) the set of all tensor fields of type (r, s) on Mn and by
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=rs(T ∗Mn) the corresponding set on the cotangent bundle T ∗Mn. During this
paper, manifolds, tensor fields and connections are always supposed to be differ-
entiable of class C∞.

The local expressions a vector and a covector (1-form) field X ∈ =1
0(Mn) and

ω ∈ =0
1(Mn) are X = Xi ∂

∂xi
and ω = ωidx

i in U ⊂ Mn, respectively. Then the

complete and horizontal lifts CX,HX ∈ =1
0(T ∗Mn) of X ∈ =1

0(Mn) and the ver-
tical lift V ω ∈ =1

0(T ∗Mn) of ω ∈ =0
1(Mn) are given, with respect to the natural

frame { ∂
∂xi
, ∂
∂xī
}, by

CX = Xi ∂

∂xi
−
∑
i

ph∂iX
h ∂

∂xī
, (1.1)

HX = Xi ∂

∂xi
+
∑
i

phΓhijX
j ∂

∂xī
, (1.2)

V ω =
∑
i

ωi
∂

∂xī
(1.3)

where Γhij are the components of the Levi-Civita connection ∇g on Mn (see [20]

for more details).
Let (Mn, g) be an n-dimensional Riemannian manifold and denote by r2 =

g−1(p, p) = gijpipj . Then the Cheeger-Gromoll metric CGg is defined on T ∗Mn

by the following three equations
CGg

(
HX,HY

)
= V

(
g(X,Y )

)
= g(X,Y ) ◦ π, (1.4)

CGg
(
V ω,HY

)
= 0, (1.5)

CGg
(
V ω, V θ

)
=

1

1 + r2

(
g−1(ω, θ) + g−1(ω, p)g−1(θ, p)

)
(1.6)

for any X,Y ∈ =1
0(Mn) and ω, θ ∈ =0

1(Mn) [1].

2. Levi-Civita connection of CGg

In each local chart U ⊂ Mn, we put X(i) = ∂
∂xi
, θ(i) = dxi, i = 1, ..., n. By

virtue of (1.2) and (1.3) we see that

ẽ(i) = HX(i) =
∂

∂xi
+
∑
h

paΓ
a
hi

∂

∂xh̄
, (2.1)

ẽ(̄i) = V θ
(i)

=
∂

∂xī
. (2.2)

This set {ẽ(α)} = {ẽ(i), ẽ(̄i)} = {HX(i),
V θ

(i)} is called the frame adapted to

the connection ∇g in π−1(U) ⊂ T ∗Mn.
Using (1.2), (1.3), (2.1) and (2.2), we have

HX = Xiẽ(i),
HX = (HXα) =

(
Xi

0

)
, (2.3)

V ω =
∑
i

ωiẽ(̄i),
V ω = (V ωα) =

(
0
ωi

)
(2.4)
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with respect to the adapted frame {ẽ(α)}, whereXi and ωi being local components

of X ∈ =1
0(Mn) and ω ∈ =0

1(Mn), respectively (see [20] for more details).
From (2.2), (2.3) and (2.4), we have

CGgij = CGg
(
ẽ(i), ẽ(j)

)
= V

(
g(∂i, ∂j)

)
= gij ,

CGgīj = CGg
(
ẽ(̄i), ẽ(j)

)
= 0,

CGgīj̄ = CGg
(
ẽ(̄i), ẽ(j̄)

)
=

1

1 + r2

(
g−1(dxi, dxj) + g−1(dxi, pk)g

−1(dxj , pl)
)

=
1

1 + r2

(
gij + gikgljpkpl

)
,

i.e. CGg has components

CGg =

(
gij 0
0 1

1+r2

(
gij + gikgljpkpl

) ) (2.5)

with respect to the adapted frame {ẽ(α)} [1].
For the Levi-Civita connection of the Cheeger-Gromoll metric we have the

following (see [1])
Theorem 2.1 Let Mn be a Riemannian manifold with metric g and CG∇ be the
Levi-Civita connection of the cotangent bundle T ∗Mn equipped with the Cheeger-
Gromoll metric CGg. Then CG∇ satisfies

i) CG∇HX
HY = H(∇XY ) +

1

2
V (pR(X,Y ),

ii) CG∇HX
V ω = V (∇Xω) +

1

2α
H(p(g−1 ◦R( , X)ω̃),

iii) CG∇V ω
HY =

1

2α
H(p(g−1 ◦R( , Y )ω̃), (2.6)

iv) CG∇V ω
V θ = − 1

α

(
CGg(V ω, γδ)V θ + CGg(V θ, γδ)V ω

)
+
α+ 1

α
CGg(V ω, V θ)γδ

− 1

α
CGg(V ω, γδ)CGg(V θ, γδ)γδ

for all X,Y ∈ =1
0(Mn), ω, θ ∈ =0

1(Mn), where ω̃ = g−1◦ω ∈ =1
0(Mn), R( , X)ω̃ ∈

=1
1(Mn), g−1 ◦ R( , X)ω̃ ∈ =2

0(Mn), α = 1 + r2, R and γδ denotes respectively
the curvature tensor of ∇ and the canonical vertical vector field on T ∗Mn with
expression γδ = pie(̄i).

3. Para-Nordenian structures on (T ∗Mn, CGg)

In [3], an almost paracomplex manifold is an almost product manifold (Mn, ϕ),
ϕ2 = I, such that the two eigenbundles T+Mn and T−Mn associated to the two
eigenvalues +1 and −1 of ϕ, respectively, have the same rank. It is well known
that the dimension of an almost paracomplex manifold is necessarily even.

The purity conditions for a tensor field ω ∈ =0
q(M

2n) with respect to the
paracomplex structure ϕ given by

ω(ϕX1, X2, ..., Xq) = ω(X1, ϕX2, ..., Xq) = ω(X1, X2, ..., ϕXq) (3.1)
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for any X1, X2, ..., Xq ∈ =1
0(M2n) [14].

In [19], an operator φϕ : =0
q(M

2n)→ =0
q+1(M2n) joined with ϕ and applied to

the pure tensor field ω, given by

(φϕω)(Y,X1, X2, ..., Xq) = (ϕY )(ω(X1, X2, ..., Xq))− Y (ω(ϕX1, X2, ..., Xq))

+ω((LX1ϕ)Y,X2, ..., Xq) + ...+ ω(X1, X2, ..., (LXqϕ)Y ). (3.2)

where LX denotes the Lie derivative with respect to X.
If φϕω vanishes, then ω is said to be almost para-holomorphic with respect to

the paracomplex algebra R(j) ( see [6], [14]).
Let M2n be an almost paracomplex manifold with the structure ϕ. A Rie-

mannian metric g is a para-Norden metric (B-metric) if

g(ϕX,ϕY ) = g(X,Y )

or equivalently

g(ϕX, Y ) = g(X,ϕY )

for any X,Y ∈ =1
0(M2n). If (M2n, ϕ) is an almost paracomplex manifold with a

para-Norden metric g, then (M2n, ϕ, g) is an almost paracomplex Norden mani-
fold [14, 18]. If ϕ is integrable, we say that (M2n, ϕ, g) is a paracomplex Norden
manifold [12].

In [14], Salimov and his collaborators showed that for an almost paracomplex
manifold with Norden metric , the condition φϕg = 0 is equivalent to ∇ϕ = 0,
where ∇ is the Levi-Civita connection of g.

If the Riemannian metric g is a pure with respect to an almost complex struc-
ture ϕ, then a Riemannian manifold (M2n, g) with ϕ, is said to be almost para-
Nordenian. Its known that, the almost para-Nordenian manifold is para-Kahler
(∇gϕ = 0) if and only if g is paraholomorphic (φϕg = 0) (see [12]).

We investigate para-Nordenian properties with using an almost paracomplex
structure on T ∗Mn as follows:{

FHX = −HX,
F V ω = V ω

(3.3)

for any X ∈ =1
0(Mn) and ω ∈ =0

1(Mn) which defined by Cruceanu and his
collaborators in [3]. Then we obtain F 2 = I.

We put

S(X̃, Ỹ ) =CG g(FX̃, Ỹ )−CG g(X̃, F Ỹ )

If S(X̃, Ỹ ) = 0 for all vector fields X̃ and Ỹ which are of the form V ω, V θ or
HX, HY , then S = 0. Then from (3.3), (1.4), (1.5) and (1.6), we have

S(V ω,V θ) =CG g(F V ω,V θ)−CG g(V ω, F V θ) = 0,

S(V ω,H X) =CG g(V ω,H X)−CG g(V ω,−HX) = 2CGg(V ω,H X) = 0,

S(HX,V θ) =CG g(−HX,V θ)−CG g(HX,V θ) = −2CGg(V ω,H X) = 0,

S(HX,H Y ) =CG g(−HX,H Y )−CG g(HX,−HY ) = 0,

i.e. CGg is pure metric with respect to F . Then we have
Theorem 3.1 Let (Mn, g) be a Riemannian manifold and (T ∗Mn, CGg) be its
cotangent bundle. Then (T ∗Mn, CGg) with almost paracomplex structure F is an
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almost paracomplex Norden manifold.
The Nijenhuis tensor is given by the following equation

Nϕ(X,Y ) = [ϕX,ϕY ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ] + [X,Y ]. (3.4)

It is well known that the integrability of the almost paracomplex structure is
equivalent to the vanishing of the Nijenhuis tensor.

In [20, p.238, p.277], the following formulas was given

i)V ωV f = 0, ii)HXV f =V (Xf),

iii)[HX,V ω] =V (∇Xω), iv)[V ω,V θ] = 0, (3.5)

v)[HX,H Y ] =H [X,Y ] + γR(X,Y ) =H [X,Y ] +V (pR(X,Y ))

for any X,Y ∈ =1
0(Mn), ω, θ ∈ =0

1(Mn), where pR(X,Y ) = (pi(R(X,Y )ij)).

Then using (3.5), we have

NF (HX,H Y ) = 4V (pR(X,Y ))

and the other is zero. Therefore, we have the following result.
Theorem 3.2 Let (Mn, g) be a Riemannian manifold and (T ∗Mn, CGg) be its
cotangent bundle. Then the almost paracomplex structure F is integrable if and
only if Mn is locally flat.

Now we investigate paraholomorphy property for the Cheeger-Gromoll metric
with respect to the almost paracomplex structure F defined by (3.3). From (1.4),
(1.5), (1.6), (3.1), (3.3) and (3.5) we have

(φF
CGg)(HX,H Y,V ω) = −2CGg(V (pR(X,Y )),V ω),

(φF
CGg)(HX,V ω,H Y ) = 2CGg(V ω,V (pR(X,Y ))),

(3.6)

and the others is zero. Therefore we have
Theorem 3.3 The triple (T ∗Mn, F, CGg) is paraholomorphic Norden (para-Kahler-
Norden) manifold if and only if Mn is flat.
Remark. Let J ∈ =1

1(Mn). We define a tensor field DJ of type (1,1) in T ∗Mn

by
DJHX =H (FX), DJV ω = −V (ω ◦ J) = −V (ωJ) (3.7)

for any X ∈ =1
0(Mn) and ω ∈ =0

1(Mn). The diagonal lift DI of identity tensor
field I of type (1,1) has the components

DI =

(
δij 0

2paΓ
a
ij −δij

)
(3.8)

with respect to the induced coordinates and satisfies DI2 = I [20]. Thus DI is
an almost paracomplex structure.

We note that the Cheeger-Gromoll metric CGg is pure with respect to the
almost paracomplex structure DI. Therefore, we have the following
Theorem 3.4 Let (Mn, g) be a Riemannian manifold and (T ∗Mn, CGg) be its
cotangent bundle. The triple (T ∗Mn,DI, CGg) is an almost paracomplex Norden
manifold.

Using (1.4), (1.5), (1.6), (3.1), (3.3) and (3.5), we get

(φDI
CGg)(HX,H Y,V ω) = 2CGg(V (pR(X,Y )),V ω),

(φDI
CGg)(HX,V ω,H Y ) = −2CGg(V ω,V (pR(X,Y ))),
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and the other is zero. Thus, we have the following
Theorem 3.5 Let (Mn, g) be a Riemannian manifold and (T ∗Mn, CGg) be its
cotangent bundle. The almost paracomplex Riemannian manifold (T ∗Mn,D I, CGg)
is paraholomorphic Norden if and only if Mn is flat.

If LXg = 0 (LX∇g = 0), then a vector field X ∈ =1
0(Mn) is called Killing

vector field (infinitesimal affine transformation) where LX is the Lie derivative.

Given a vector field X̃ ∈ =1
0(T ∗Mn) and the almost para-Nordenian structure

F , if LX̃F = 0, then X̃ is said to be almost paraholomorphic [16].
It is well known that [20, p.277]{

[CX,H Y ] =H [X,Y ] +V (p(LX∇)Y ),
[CX,V ω] =V (LXω),

(3.9)

where (LX∇)Y = ∇Y∇X+R(X,Y ) and (LX∇)(Y,Z) = LX(∇YX)−∇Y (LXZ)−
∇[X,Y ]Z.

We now consider the Lie derivative of F with respect to the complete lift CX.
Using (3.3) and (3.8), we get

(LCXF )V θ = LCXF
V θ − F (LCX

V θ) = LCX
V θ − F (V (LXθ))

= V (LXθ)− V (LXθ) = 0, (3.10)

(LCXF )HY = LCXF
HY − F (LCX

HY )

= −H [X,Y ]− V (p(LX∇)Y )− F
(
H [X,Y ] + V (p(LX∇)Y )

)
(3.11)

= −2V (p(LX∇)Y ).

Thus, we have the following
Theorem 3.6 If X is an infinitesimal afine transformation (LX∇ = 0) of Mn,
then its complete lift CX ∈ =1

0(T ∗Mn) is an almost paraholomorphic vector field
with respect to the almost paracomplex structure (F, CGg).

Given a non-integrable almost paracomplex manifold (M2n, ϕ, g) with a Nor-
den metric. An almost paracomplex Norden manifold (M2n, ϕ, g) is a quasi-para-
Kahler-Norden manifold, if σ

X,Y,Z
g
(
(∇Xϕ)Y, Z

)
= 0 where σ is the cyclic sum by

three arguments [7]. In [13], the authors proved that σ
X,Y,Z

g
(
(∇Xϕ)Y,Z

)
= 0 is

equivalent

(φϕg)(X,Y, Z) + (φϕg)(Y,Z,X) + (φϕg)(Z,X, Y ) = 0.

We put

A(X̃, Ỹ , Z̃) = (φF
CGg)(X̃, Ỹ , Z̃) + (φF

CGg)(Ỹ , Z̃, X̃) + (φF
CGg)(Z̃, X̃, Ỹ ) = 0

for all X̃, Ỹ , Z̃ ∈ =1
0(T ∗Mn). Using (3.6), we have A(X̃, Ỹ , Z̃) = 0 for all

X̃, Ỹ , Z̃ ∈ =1
0(T ∗Mn). Hence we have

Theorem 3.7 Let (Mn, g) be a Riemannian manifold and (T ∗Mn, CGg) be its
cotangent bundle. Then (T ∗Mn, CGg) with almost paracomplex structure F is a
quasi-para-Kahler-Norden manifold.
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[1] F. Ağca, A.A. Salimov, Some notes concerning Cheeger-Gromoll metrics, Hacet. J.
Math. Stat. 42 (2013), no.5, 533–549.

[2] J. Cheeger, D. Gromoll, On the structure of complete manifolds of nonnegative cur-
vature, Ann. of Math., 96 (1972), 413–443.

[3] V. Cruceanu, P. Fortuny, M. Gadea, A survey on paracomplex Geometry, Rocky
Mountain J. Math., 26 (1995), 83–115.

[4] A. Gezer, M. Altunbas, Some notes concerning Riemannian metrics of Cheeger
Gromoll type, J. Math. Anal. Appl., 396 (2012) 119–132.

[5] S. Gudmundsson, E. Kappos, On the geometry of the tangent bundles with the
Cheeger–Gromoll metric, Tokyo J. Math., 25 no.1, (2002) 75–83.

[6] G.I. Kruchkovich, Hypercomplex structures on manifolds I, Trudy. Sem. Vect. Tens.
Anal., 16 (1972), 174–201(in Russian).

[7] M. Manev, D. Mekerov, On Lie groups as quasi-Kahler manifolds with Killing Nor-
den metric, Adv. Geom. 8(3) (2008) 343–352.

[8] M.I. Munteanu, Cheeger Gromoll type metrics on the tangent bundle, Sci. Ann. Univ.
Agric. Sci. Vet. Med., 49(2006), no.2, 257–268.

[9] E. Musso, F. Tricerri, Riemannian metric on tangent bundles, Ann. Math. Pura.
Appl., 150(4) (1988), 1-19.

[10] F. Ocak, A.A. Salimov, On the geometry of the cotangent bundle with Sasakian
metrics and its applications, Proc. Indian Acad. Sci. (Math. Sci.), 124, no.3, (2014),
427–436.

[11] A.A. Salimov, K. Akbulut, A note on a paraholomorphic Cheeger-Gromoll metric,
Proc. Indian. Acad. Sci. Math. Sci, 119, no.2, (2009), 187–195.

[12] A.A. Salimov, A. Gezer, M. Iscan, On para-Kahler-Norden structures on the tangent
bundles, Ann. Polon. Math., 103 (2012), no.3, 247–261.

[13] A.A. Salimov, M. Iscan, K. Akbulut, Notes on para-Norden-Walker 4-manifolds,
Int. J. Geom. Methods Mod. Phys., 7 (2010), no.8, 1331–1347.

[14] A.A. Salimov, M. Iscan and F. Etayo, Paraholomorphic B-manifold and its proper-
ties, Topology Appl., 154 (2007), 925–933.

[15] A.A. Salimov, S. Kazimova, Geodesics of the Cheeger-Gromoll metric, Turk. J.
Math., 32 (2008), 1–8.

[16] M. Sekizawa, Curvatures of tangent bundles with Cheeger-Gromoll metric, Tokyo J.
Math., 14 (1991), 407–417.

[17] I.E. Tamm, Sobranie nauchnyh trudov (Collection of scientific works), II, (Russian)
Nauka, Moscow, 1975. 488 pp.

[18] V.V. Vishnevskii, Integrable affinor structures and their plural interpretations, J. of
Math.Sciences, 108 no.2 (2002), 151–187.

[19] K. Yano, M. Ako, On certain operators associated with tensor fields, Kodai Math.
Sem. Rep. 20 (1968), p. 414–436.

[20] K. Yano, S. Ishihara, Tangent and cotangent bundles, Marcel Dekker Inc., N.Y.,
(1973).

Filiz Ocak
Karadeniz Technical University, Faculty of Sciences, Dept. of Mathematics,

61080, Trabzon, Turkey
E-mail address: filiz.ocak@ktu.edu.tr, filiz math@hotmail.com

Received: September 5, 2015; Accepted: November 12, 2015


