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ON THE EQUIVALENT BASES OF COSINES IN
GENERALIZED LEBESGUE SPACES

ZAUR A. KASUMOV AND CHINGIZ M. HASHIMOV

Abstract. In this paper the perturbed system of cosines is considered.
The concept of JZ *-close systems generated by a space of coefficients 2
is introduced. Under certain conditions on the considered systems and
on the space J# the equivalence of bases of these systems in Lebesgue
spaces with a variable summability exponent is established. This result
generalizes the previous results in this direction.

1. Introduction

Perturbed systems of exponents, cosines and sines are playing an important role
in the theory of spectral theory of differential operators, in the theory of optimal
control, in approximation theory, and so on. Therefore, the numerous works are
devoted to the study of frame properties, also basis properties (completeness,
minimality, basicity and etc.). More details can be found in [1, 2, 3, 4, 5, 7, 8, 9,
14, 16, 18].

Since recently, there arose a great interest to the study of various problems,
related to some research fields of mechanics and theoretical physics, in Lebesgue
spaces with a variable summability exponent. For more information in this di-
rection see monograph [6] and the papers [11, 17].

In this paper we consider the perturbed system of cosines. The stability of
basicity of this system is studied in Lebesgue space with a variable summability
exponent.

2. Needful information

Banach space will be referred to as B-space. Banach space of the sequences of
scalars on the field K we will call K-space.

Let us present some facts from the theory of Lebesgue spaces with a variable
summability exponent.

Let p : [-m, 7] — [1,4+00) be some Lebesgue measurable function. By % we
denote the class of all functions measurable on [—7, 7] with respect to Lebesgue
measure. Denote
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Let

L ={f €L I,(f) < +oc}.
With respect to the usual linear operations of addition and multiplication by a
number .Z is a linear space as p™ = sup [vmz’ p(t) < +o00. With respect to the

—T,T

def ) f
1 llpey = mf{)\ >0:1, <)\> < 1},

£ is a Banach space, and we denote it by L,,.). Let

norm

def L
WL():{pIHC>0, th,tQE[O,W]:|t1—t2‘§§:>
= [p(t1) —p(t2)| < m}

Throughout this paper, ¢ (-) will denote the conjugate of a function p (-): i) +

G
ﬁ = 1. Denote

p~ = inf vrai p(t).

—7,7]

The following generalized Holder inequality is true

[ 1 ®sldr< e i) 1l ol

where ¢ (p~;pT) =1+ p% — p%.

Directly from the definition we get the property, which will be used in the
sequel.
Property A. If |f (t)] < |g(t)| a.e. on (—m,7), then ||f||p(') < HngH.

More details about the space L., can be found in [11, 12, 17] and in monograph
[6].
We will also use the concept of the space of coefficients. We define it as follows.

Let & = {zn},cny C X be a non-degenerate system in a B-space X, i.e. z, # 0,
Vn € N. Define

o0
Ty = {{/\n}neN : the series Z AnZy tS convergent in X} .
n=1

Introduce the norm in J#z:
I3[ = sup 2y Awznll, where X = (A} en
Hz m

With respect to the usual operations of addition and multiplication by a complex
number, J#z is a K-space.
We also need some concepts and facts about the theory of the close bases.

Definition 2.1. Let X be some B-space. System {¢n}, .y C X is called w-
linearly independent in X ( or simply w- linearly independent ), if from ) ¢ ¢, =
0 follows that ¢, =0, Vn € N.

The following theorem is true.

Theorem 2.1. Let X be B-space with a basis {¢n},cn and F @ X — X be
a Fredholm operator. Then for systems {{n},cy, the following properties are
equivalent in X, where ¢, = Fp,, VYn € N:

a) {tn}pen s complete in X;
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b) {n},en is minimal inX;
V) {¥n}penis w-linearly independent in X ;
q) {¥n}nen forms a basis for X isomorphic to {on},cn-

This theorem has the following

Corollary 2.1. Let {z,},cn form a basis for X and card{n : y, # xn,} < +o0.
Then with respect to the system {yn},cn the assertion of Theorem 2.1 is true.

For more information about this and other facts we refer the reader to [1, 5,
8, 16, 18].
Accept the following

Definition 2.2. System {tpn}nez+ C Ly, is called a K-Hilbertian system, if
36 > 0:

)

Lpey

5 IHent e < |[D cnson

for any finite collection {c,}.

3. Main results

Before the formulation of our main results let us present some results on sys-
tems of exponent and cosines in space Ly,(.).

An analog of Levinson’s theorem [12] on the completeness of the systems of
exponents and cosines is also true in this case.

Theorem 3.1. Let 1 < p~ < p' < +oo. If from complete system of functions
{e"/\kx} in Ly (=, m) throw out n arbitrary functions and add instead of them
other functions €%, j = 1, n, where i, k = 1, n—are arbitrary pairwise dif-
ferent complexr numbers, which are not equal to any of the numbers A\, then the
obtained system will also be complete in Ly (—m, ).

The proof of this theorem is completely similar to the case of L, (—m, m)
(i.e. p(xz) = p = const). Since, under the conditions of the theorem holds
* 1 1
(Lpgy (=m m)" = Logy (= ), 5y + gy = 1
The following theorem is also true.

Theorem 3.2. Let {\,}, .y C C be an arbitrary sequence of different numbers
and 1 < p~ < pt < 4oo0. System {cos \pz}, oy is complete in Ly (0, m) if
and only if the system {eii’\”’”}neN is complete in Ly (—m, 7). If for some
ko : Ak, = 0, then instead of the functions e ko® and e %o should take the
functions 1 and x, respectively.

These theorems follows the following corollary.

Corollary 3.1. Let 1 < p~ < p" < +oco. If from complete system of functions
{cos Az} in Ly (0, m) throw out n arbitrary functions and add instead of them
n other functions {cos pjx}, j =1, n, where px, k = 1, n— are arbitrary complex
numbers, such that p; # £pj, for i # j, and are not equal to any of the numbers
+ i, then the obtained system will also be complete in Ly (0, ).
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We now turn to the study of our main results. Let JZ be some K-space with
a norm ||-|| -, by lp we denote the linear space of all finite sequences, i.e. let

lo={{ }en 130 €N =X, =0,Vk >ng}.

Assume that the conjugate to £ space J£* is also K-space and an arbitrary
functional 7 = {v, },,cy € £ acts by the formula

7 (K) = 3" Ml VA = (Ao € .
n=1
Thus

< [KAbnenlle [{vntnenll e vA € # W7 € 2.

[e.e]

> A
n=1
We will assume that the space J# satisfies the following conditions.

i) H{)‘k}keNH;{ = H{)‘”(k)}keNH%’ for any permutation 7 : N — N.
i)l C H Ny C A
i11) For VU = {vn},cn € H ™ it holds

1405 .. 5 vns vng1s - Hlpe — 0,m — 00

o <c H{Bn}neZJr

iv) From |ay,| < |B,|, Vn e ZL = H{an}nez+ R where

c > 0, is some constant.
Let us assume that the system of cosines {cos Az}, z, forms a ¢ -Hilbert

basis for L,y (0, 7). Let {¢n (-)} C Ly(.y be some system.

nezy
We have
Z cn (cos Mz — @y () < Z |enl [lcos Az = on ()] 5.y - (3.1)
n=0 p()  n=0

Let {¢n},cz, € lo- Then from (3.1) it follows

< [H{en g Hllcos Amz — @n (2) [l e - (3:2)
p()
Since, the system {cos Anz},c,, forms a J-Hilbert basis for Ly (0, 7), then
from (3.2) we have

Z e (cos Mz — @y ()

<

p()

g Cp, COS A\p T
n

Z e (cos A — ¢, (7))

n

< M [[{][cos Az — @5 (@) || }| 4+

p()
Consider the system {cos u,x}. Assume
_J cosApz, n=0,n.—1;
o (2) = { COS fln®T, M >Ngy NE Zy.

Put
Vn = |An — tin|, n € Z4.
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Let € > 0 be an arbitrary number. Then it follows from property iii), In. € N:

405 .05 05 vnss Vnag1s - e < e

Taking into account the expression for ¢, (-) and the property iv), from (3.3) we
have

< M|{0; .5 05 vns Vps1; - g X
()

Z cn (on () — cos Apx)
n=0

X < Me

(") (")

Take e , such that Me < 1. Then by Paley-Wiener theorem, from the inequal-
ity (3.4) it follows that the system {¢n (-)},c,, forms a basis for Ly (0, 7),
equivalent to the basis {cos Az},

(3.4)

E Cp, COS Ap

n

g Cp, COS A\p T

n

EZ+'
In the subsequent, we replace the elements {¢o; ...; ¢n.—1} of the system
{@n}neZ+ on {cos pox; ...; cos fip.—1}. Corollary 3.1 implies that the system

{cos ), o 7z, is complete in Ly (0, 7). Then, as follows from Corollary 2.1, it
forms a basis for L, (0, 7), equivalent to the basis {cos )\nx}nez+. Thus, the
following theorem is true.

Theorem 3.3. Let 1 < p~ < pt < +o0; and {\y; tntnez, C R be some
sequence of different numbers. Let & be some K-space satisfying the conditions
i) —iv), and the system of cosines {cos )\nx}nEZ+ forms a ¢ -Hilbertian basis
for Ly (0, m), isomorphic to the basis {cosnz}, e, . Then if {{An — pnl},ez, €
H*, then the system {cos i}, e also forms a basis for Ly (0, 7), equivalent
to the basis {cos \,z}

Let p(-) € WLo. Then, it is known that ( see e.g. [2, 14]) the system of
cosines {cosnz},c,, forms a basis for Ly (0, 7). By J we denote the space
of its coefficients. Assume that the following continuous embedding %, C % is
valid, i.e. the following inequality is true.

H{)‘“}neNH% <c H{)‘”}nEN{ P2 NV{Anten € e

where ¢ > 0 is some constant. Then the system {cosnz}, ., forms a - Hilbert
basis for L, (0, 7). Consequently, for arbitrary {A,} € lo the inequality

Z Ap, COS T
n p(")

is true. If the system {cos A\, x}, oy forms a basis for L,y (0, 7) isomorphic to the
basis {cosnz},y, then it is clear that it is also a . -Hilbert. So, the following
corollary is true.

nezy

{AnHl < ¢

Corollary 3.2. Letp(-) € WLy, p~ > 1, and # be some K -space, satisfying the
conditions i) —iv); K is a space coefficients of basis {cosna},c, in Ly (0, m),
the continuous embedding e C K is true. If {cos \na}, e, forms a % -Hilbert
basis for Ly (0, m), isomorphic to the basis {cosnz}, e, and {{An — pnl} ez, €
H*, then the system {cos ppx} also forms a basis for Ly (0, ), isomorphic
to the basis {cosnz}

nezy
TLEZ+ :
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Consider the following special case. Denote p = min {2; p~} As J#-space K
we take £ = [;, where % +é = 1. The following continuous embeddings are valid

Loy (0,7) C Ly~ (0,7) C Ly (0, 7). (3.5)

Let the system {cos Az}, 7z, form a basis for L, (0, 7) equivalent to the basis
{cosna}, e, . Then 3IM > 0:

Mt chcos)\na: < <M
n p() p(.)

From the classical Hausdorff- Young theorem it follows

E Cp, COSNX

n

E Cp, COSNT

n

(3.6)

g Cp, COS Ap T
n

p(.)

Iendll, < Ma

Lp(o,m)

Taking into account the relation (3.6) we obtain

Z Cp, COS Ap
n p(*)

i.e. the system {cosA,z}, .y is lg-Hilbertian. Theorem 3.3 directly has the
following

[{endlly, < MM,

Corollary 3.3. Let 1 < p~ < p™ < +oo, and {\; pin}
of different numbers, such that

nez, C R be a sequence

o0
Z |An — pnl? < 4o00.
n=0

If the system {cos Anz}, e, forms a basis for Ly (0,7), equivalent to the basis
{cos nac}neZ+, then the system {cos pnx} also forms a basis for Ly (0,7),
equivalent to the basis {cosnx}

nezy
TLGZ+ .
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