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ON THE EQUIVALENT BASES OF COSINES IN

GENERALIZED LEBESGUE SPACES

ZAUR A. KASUMOV AND CHINGIZ M. HASHIMOV

Abstract. In this paper the perturbed system of cosines is considered.
The concept of K ∗-close systems generated by a space of coefficients K
is introduced. Under certain conditions on the considered systems and
on the space K the equivalence of bases of these systems in Lebesgue
spaces with a variable summability exponent is established. This result
generalizes the previous results in this direction.

1. Introduction

Perturbed systems of exponents, cosines and sines are playing an important role
in the theory of spectral theory of differential operators, in the theory of optimal
control, in approximation theory, and so on. Therefore, the numerous works are
devoted to the study of frame properties, also basis properties (completeness,
minimality, basicity and etc.). More details can be found in [1, 2, 3, 4, 5, 7, 8, 9,
14, 16, 18].

Since recently, there arose a great interest to the study of various problems,
related to some research fields of mechanics and theoretical physics, in Lebesgue
spaces with a variable summability exponent. For more information in this di-
rection see monograph [6] and the papers [11, 17].

In this paper we consider the perturbed system of cosines. The stability of
basicity of this system is studied in Lebesgue space with a variable summability
exponent.

2. Needful information

Banach space will be referred to as B-space. Banach space of the sequences of
scalars on the field K we will call K-space.

Let us present some facts from the theory of Lebesgue spaces with a variable
summability exponent.

Let p : [−π, π] → [1,+∞) be some Lebesgue measurable function. By L0 we
denote the class of all functions measurable on [−π, π] with respect to Lebesgue
measure. Denote

Ip (f)
def
≡
∫ π

−π
|f (t)|p(t) dt.
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Let
L ≡ {f ∈ L0 : Ip (f) < +∞} .

With respect to the usual linear operations of addition and multiplication by a
number L is a linear space as p+ = sup vrai

[−π,π]
p (t) < +∞. With respect to the

norm

‖f‖p(·)
def
≡ inf

{
λ > 0 : Ip

(
f

λ

)
≤ 1

}
,

L is a Banach space, and we denote it by Lp(·). Let

WL0
def
≡ {p : ∃C > 0, ∀t1, t2 ∈ [0, π] : |t1 − t2| ≤ 1

2 ⇒
⇒ |p (t1)− p (t2)| ≤ C

− ln|t1−t2|

}
.

Throughout this paper, q (·) will denote the conjugate of a function p (·): 1
p(t) +

1
q(t) ≡ 1. Denote

p− = inf vrai
[−π,π]

p (t) .

The following generalized Hölder inequality is true∫ π

−π
|f (t) g (t)| dt ≤ c

(
p−; p+

)
‖f‖p(·) ‖g‖q(·) ,

where c (p−; p+) = 1 + 1
p− −

1
p+

.

Directly from the definition we get the property, which will be used in the
sequel.
Property A. If |f (t)| ≤ |g (t)| a.e. on (−π, π), then ‖f‖p(·) ≤ ‖g‖p(·).

More details about the space Lp(·) can be found in [11, 12, 17] and in monograph
[6].

We will also use the concept of the space of coefficients. We define it as follows.
Let ~x ≡ {xn}n∈N ⊂ X be a non-degenerate system in a B-space X, i.e. xn 6= 0,
∀n ∈ N . Define

K~x ≡

{
{λn}n∈N : the series

∞∑
n=1

λnxn is convergent in X

}
.

Introduce the norm in K~x:∥∥∥~λ∥∥∥
K~x

= sup
m
‖
∑m

n=1 λnxn‖, where ~λ = {λn}n∈N .

With respect to the usual operations of addition and multiplication by a complex
number, K~x is a K-space.

We also need some concepts and facts about the theory of the close bases.

Definition 2.1. Let X be some B-space. System {ϕn}n∈N ⊂ X is called ω-
linearly independent inX ( or simply ω- linearly independent ), if from

∑
n cnϕn =

0 follows that cn = 0, ∀n ∈ N .

The following theorem is true.

Theorem 2.1. Let X be B-space with a basis {ϕn}n∈N and F : X → X be
a Fredholm operator. Then for systems {ψn}n∈N , the following properties are
equivalent in X, where ψn = Fϕn, ∀n ∈ N :

a) {ψn}n∈N is complete in X;
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b) {ψn}n∈N is minimal inX;
v) {ψn}n∈N is ω-linearly independent in X;
q) {ψn}n∈N forms a basis for X isomorphic to {ϕn}n∈N .

This theorem has the following

Corollary 2.1. Let {xn}n∈N form a basis for X and card {n : yn 6= xn} < +∞.
Then with respect to the system {yn}n∈N the assertion of Theorem 2.1 is true.

For more information about this and other facts we refer the reader to [1, 5,
8, 16, 18].

Accept the following

Definition 2.2. System {ϕn}n∈Z+
⊂ Lp(·) is called a K-Hilbertian system, if

∃δ > 0:

δ ‖{cn}‖K ≤
∥∥∥∑ cnϕn

∥∥∥
Lp(·)

,

for any finite collection {cn}.

3. Main results

Before the formulation of our main results let us present some results on sys-
tems of exponent and cosines in space Lp(·).

An analog of Levinson’s theorem [12] on the completeness of the systems of
exponents and cosines is also true in this case.

Theorem 3.1. Let 1 < p− ≤ p+ < +∞. If from complete system of functions{
eiλkx

}
in Lp(·) (−π, π) throw out n arbitrary functions and add instead of them

other functions eiµjx, j = 1, n, where µk, k = 1, n−are arbitrary pairwise dif-
ferent complex numbers, which are not equal to any of the numbers λk, then the
obtained system will also be complete in Lp(·) (−π, π).

The proof of this theorem is completely similar to the case of Lp (−π, π)
(i.e. p (x) ≡ p = const). Since, under the conditions of the theorem holds(
Lp(·) (−π, π)

)∗
= Lq(·) (−π, π), 1

p(x) + 1
q(x) = 1.

The following theorem is also true.

Theorem 3.2. Let {λn}n∈N ⊂ C be an arbitrary sequence of different numbers
and 1 < p− ≤ p+ < +∞. System {cosλnx}n∈N is complete in Lp(·) (0, π) if

and only if the system
{
e±iλnx

}
n∈N is complete in Lp(·) (−π, π). If for some

k0 : λk0 = 0, then instead of the functions eiλk0x and e−iλk0x should take the
functions 1 and x, respectively.

These theorems follows the following corollary.

Corollary 3.1. Let 1 < p− ≤ p+ < +∞. If from complete system of functions
{cosλkx} in Lp(·) (0, π) throw out n arbitrary functions and add instead of them

n other functions {cosµjx}, j = 1, n, where µk, k = 1, n− are arbitrary complex
numbers, such that µi 6= ±µj, for i 6= j, and are not equal to any of the numbers
±λk, then the obtained system will also be complete in Lp(·) (0, π).
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We now turn to the study of our main results. Let K be some K-space with
a norm ‖·‖K , by l0 we denote the linear space of all finite sequences, i.e. let

l0 ≡
{
{λn}n∈N : ∃n0 ∈ N ⇒ λk = 0, ∀k ≥ n0

}
.

Assume that the conjugate to K space K ∗ is also K-space and an arbitrary
functional ~ν = {νn}n∈N ∈ K ∗ acts by the formula

~ν
(⇀
λ
)

=
∞∑
n=1

λn~νn,∀~λ = {λn}n∈N ∈ K .

Thus ∣∣∣∣∣
∞∑
n=1

λn~νn

∣∣∣∣∣ ≤ ∥∥{λn}n∈N∥∥K

∥∥{νn}n∈N∥∥K ∗ ,∀~λ ∈ K ,∀~ν ∈ K ∗.

We will assume that the space K satisfies the following conditions.

i)
∥∥{λk}k∈N∥∥K

=
∥∥∥{λπ(k)}k∈N∥∥∥K

, for any permutation π : N → N .

ii)l0 ⊂ K ∧ l0 ⊂ K ∗.
iii) For ∀~ν = {νn}n∈N ∈ K ∗ it holds

‖{0; . . . ; νn; νn+1; . . . }‖K ∗ → 0, n→∞.

iv) From |αn| ≤ |βn| , ∀n ∈ Z+ ⇒
∥∥∥{αn}n∈Z+

∥∥∥
K ∗
≤ c

∥∥∥{βn}n∈Z+

∥∥∥
K ∗

, where

c > 0, is some constant.
Let us assume that the system of cosines {cosλnx}n∈Z+

forms a K -Hilbert

basis for Lp(·) (0, π). Let {ϕn (·)}n∈Z+
⊂ Lp(·) be some system.

We have∥∥∥∥∥
∞∑
n=0

cn (cosλnx− ϕn (x))

∥∥∥∥∥
p(·)

≤
∞∑
n=0

|cn| ‖cosλnx− ϕn (x)‖p(·) . (3.1)

Let {cn}n∈Z+
∈ l0. Then from (3.1) it follows∥∥∥∥∥∑

n

cn (cosλnx− ϕn (x))

∥∥∥∥∥
p(·)

≤ ‖{cn}‖K ‖{‖cosλmx− ϕn (x)‖}‖K ∗ . (3.2)

Since, the system {cosλnx}n∈Z+
forms a K -Hilbert basis for Lp(·) (0, π), then

from (3.2) we have ∥∥∥∥∥∑
n

cn (cosλnx− ϕn (x))

∥∥∥∥∥
p(·)

≤

≤M ‖{‖cosλmx− ϕn (x)‖}‖K ∗

∥∥∥∥∥∑
n

cn cosλnx

∥∥∥∥∥
p(·)

. (3.3)

Consider the system {cosµnx}. Assume

ϕn (x) =

{
cosλnx, n = 0, nε − 1;
cosµnx, n ≥ nε, n ∈ Z+.

Put

νn = |λn − µn| , n ∈ Z+.
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Let ε > 0 be an arbitrary number. Then it follows from property iii), ∃nε ∈ N :

‖{0; . . . ; 0; νnε ; νnε+1; . . .}‖K ∗ < ε.

Taking into account the expression for ϕn (·) and the property iv), from (3.3) we
have ∥∥∥∥∥

∞∑
n=0

cn (ϕn (x)− cosλnx)

∥∥∥∥∥
p(·)

≤M ‖{0; . . . ; 0; νnε ; νnε+1; . . .}‖K ∗ ×

×

∥∥∥∥∥∑
n

cn cosλnx

∥∥∥∥∥
p(·)

≤Mε

∥∥∥∥∥∑
n

cn cosλnx

∥∥∥∥∥
p(·)

. (3.4)

Take ε , such that Mε < 1. Then by Paley-Wiener theorem, from the inequal-
ity (3.4) it follows that the system {ϕn (·)}n∈Z+

forms a basis for Lp(·) (0, π),

equivalent to the basis {cosλnx}n∈Z+
.

In the subsequent, we replace the elements {ϕ0; . . . ; ϕnε−1} of the system
{ϕn}n∈Z+

on {cosµ0x; . . . ; cosµnε−1}. Corollary 3.1 implies that the system

{cosµnx}n∈Z+
is complete in Lp(·) (0, π). Then, as follows from Corollary 2.1, it

forms a basis for Lp(·) (0, π), equivalent to the basis {cosλnx}n∈Z+
. Thus, the

following theorem is true.

Theorem 3.3. Let 1 < p− ≤ p+ < +∞; and {λn; µn}n∈Z+
⊂ R be some

sequence of different numbers. Let K be some K-space satisfying the conditions
i) − iv), and the system of cosines {cosλnx}n∈Z+

forms a K -Hilbertian basis

for Lp(·) (0, π), isomorphic to the basis {cosnx}n∈Z+
. Then if {|λn − µn|}n∈Z+

∈
K ∗, then the system {cosµnx}n∈Z+

also forms a basis for Lp(·) (0, π), equivalent

to the basis {cosλnx}n∈Z+
.

Let p (·) ∈ WL0. Then, it is known that ( see e.g. [2, 14]) the system of
cosines {cosnx}n∈Z+

forms a basis for Lp(·) (0, π). By Kc we denote the space

of its coefficients. Assume that the following continuous embedding Kc ⊂ K is
valid, i.e. the following inequality is true.∥∥{λn}n∈N∥∥K

≤ c
∥∥{λn}n∈N∥∥Kc

,∀ {λn}n∈N ∈ Kc,

where c > 0 is some constant. Then the system {cosnx}n∈N forms a K -Hilbert
basis for Lp(·) (0, π). Consequently, for arbitrary {λn} ∈ l0 the inequality

‖{λn}‖K ≤ c

∥∥∥∥∥∑
n

λn cosnx

∥∥∥∥∥
p(·)

,

is true. If the system {cosλnx}n∈N forms a basis for Lp(·) (0, π) isomorphic to the
basis {cosnx}n∈N , then it is clear that it is also a K -Hilbert. So, the following
corollary is true.

Corollary 3.2. Let p (·) ∈WL0, p− > 1, and K be some K-space, satisfying the
conditions i)− iv); Kc is a space coefficients of basis {cosnx}n∈Z+

in Lp(·) (0, π),

the continuous embedding Kc ⊂ K is true. If {cosλnx}n∈Z+
forms a K -Hilbert

basis for Lp(·) (0, π), isomorphic to the basis {cosnx}n∈Z+
and {|λn − µn|}n∈Z+

∈
K ∗, then the system {cosµnx}n∈Z+

also forms a basis for Lp(·) (0, π), isomorphic

to the basis {cosnx}n∈Z+
.
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Consider the following special case. Denote p = min {2; p−} As K -space K
we take K = lq, where 1

p + 1
q = 1. The following continuous embeddings are valid

Lp(.) (0, π) ⊂ Lp− (0, π) ⊂ Lp (0, π) . (3.5)

Let the system {cosλnx}n∈Z+
form a basis for Lp(·) (0, π) equivalent to the basis

{cosnx}n∈Z+
. Then ∃M > 0 :

M−1

∥∥∥∥∥∑
n

cn cosλnx

∥∥∥∥∥
p(·)

≤

∥∥∥∥∥∑
n

cn cosnx

∥∥∥∥∥
p(.)

≤M

∥∥∥∥∥∑
n

cn cosλnx

∥∥∥∥∥
p(.)

(3.6)

From the classical Hausdorff- Young theorem it follows

‖{cn}‖lq ≤Mα

∥∥∥∥∥∑
n

cn cosnx

∥∥∥∥∥
Lp(0,π)

.

Taking into account the relation (3.6) we obtain

‖{cn}‖lq ≤MMα

∥∥∥∥∥∑
n

cn cosλnx

∥∥∥∥∥
p(·)

,

i.e. the system {cosλnx}n∈N is lq-Hilbertian. Theorem 3.3 directly has the
following

Corollary 3.3. Let 1 < p− ≤ p+ < +∞, and {λn;µn}n∈Z+
⊂ R be a sequence

of different numbers, such that
∞∑
n=0

|λn − µn|p < +∞.

If the system {cosλnx}n∈Z+
forms a basis for Lp(·) (0, π) , equivalent to the basis

{cosnx}n∈Z+
, then the system {cosµnx}n∈Z+

also forms a basis for Lp(·) (0, π) ,

equivalent to the basis {cosnx}n∈Z+
.

Acknowledgements

This work was supported by the Research Program Competition launched
by the National Academy of Sciences of Azerbaijan ( Program: Frame theory
Applications of Wavelet Analysis to Signal Processing in Seismology and Other
Fields).

The authors express their deep gratitude to Professor B.T. Bilalov, correspond-
ing member of the National Academy of Sciences of Azerbaijan, for his inspiring
guidance and valuable suggestions during the work.

References

[1] B.T. Bilalov, Bases of Exponentials, Sines, and Cosines, Differ. Uravn., 39(5)
(2003), 619–622.

[2] B.T. Bilalov, On the Basis Property of Systems of Exponentials, Cosines, and Sines
in Lp, Doklady. Mathematics. 59(2) (1999).



76 ZAUR A. KASUMOV AND CHINGIZ M. HASHIMOV

[3] B.T. Bilalov, On Bases for Some Systems of Exponentials, Cosines, and Sines in Lp,
Doklady Mathematics, 379(2) (2001), 7–9

[4] B.T. Bilalov, Z.G. Guseynov, Basicity of a system of exponents with a piece-wise
linear phase in variable spaces, Mediterr. J. Math. 9(3) (2012), 487–498.

[5] O. Christensen, An Introduction to Frames and Riesz bases, Birkhaeuser, Boston,
Basel , Berlin, 2003.

[6] D.V. Cruz-Uribe, A. Fiorenza, Variable Lebesgue Spaces: Foundations and Har-
monic Analysis. Springer, 2013.

[7] X. He, H. Volkmer, Riesz bases of solutions of Sturm-Lioville equations. J. Fourier
Anal. Appl., 7(3)(2001), 297–307

[8] Ch. Heil, A Basis Theory Primer, Springer, 2011.
[9] A.A. Huseynli, On the stability of basisness in Lp (1 < p < +∞) of cosines and

sines, Turk J Math., 35 (2011), 47–54.
[10] V.A.Il’in, Necessary and sufficient conditions of basicity in Lp and equiconvergence

with trigonometric series of spectral expansions and expansions in the systems of
exponents, DAN SSSR, 273(4) (1983), 789–793.

[11] O. Kovacik, J. Rakosnik, On spaces Lp(·) and W k,p(·), Czechoslovak Math. I.,
41(116) (1991), 592–618.

[12] B.J. Levin, Distribution of Zeros of Entire Functions, M.: GITTL, 1956.
[13] Marchenko V.A. Spectral theory of the Sturm-Liouville problem. ”Naukova Dumka”,

Kiev, 1972.
[14] D.L. Russell, On exponential bases for the Sobolev spaces over an interval, Journal

of Mathem. Anal. and Appl., 87 (1982), 528–550.
[15] I.I. Sharapudinov, Some problems of approximation theory in spaces Lp( x) (E),

Anal.Math., 33(2) (2007), 135–153.
[16] I. Singer, Bases in Banach spaces, v.1, Springer, 1970.
[17] F. Xianling, Z. Dun, On the spaces Lp(·) (Ω) and Wm,p(·) (Ω), Journal of Math.

Anal. and Appl., 263 (2001), 424–446.
[18] R.M. Young, An Introduction to Nonharmonic Fourier series, Springer, 1980.

Zaur A. Kasumov
Institute of Mathematics and Mechanics of NAS of Azerbaijan, AZ1141, Baku,

Azerbaijan.
E-mail address: zaur@celt.az

Chingiz M. Hashimov
Ganja State University, Ganja, Azerbaijan.
E-mail address: chingiz.heshimov.88@mail.ru

Received: July 15, 2015; Accepted: November 13, 2015


