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VARIATIONAL PRINCIPLE FOR TWO-PARAMETER
SPECTRAL PROBLEM UNDER LEFT DEFINITENESS
CONDITION

ELDAR SH. MAMEDOV

Abstract. In the paper we consider two-parameter spectral problem

)\1Kr1<pr + AQKT2SOT = Pr, Pr S H’r»
r=1,2
with compact self-adjoint operators in Hilbert space under left definite-

ness condition. The analog of the variational principle was obtained for
the two-parameter spectral problem.

1. Introduction

In some problems given by means of differential operators, at separation of vari-
ables we get multi-parameter spectral problems mainly. All these problems are
reduced to the from of weakly connected system of integral equations with spec-
tral parameters. The number of parameters equals the number of the variables
of the given initial problem.Therefore, it is interesting to consider the spectral
problem of the form

n
Z)\SKTSSOT =@ pr€Hyr=1,..,n (1'1)
s=1

where K,.; are compact self-adjoint operators in Hilbert space H,, r =1, ...,n.
It is known that for any compact self-adjoint operator A, the number

A
N — Sup( ©,¢)

peH (90790)
is an eigenvalue, i.e. we can solve the spectral problem Ay = Ay by the variational
method (see[5],[7]). There arises a question if we can generalize this principle for
problem (1.1).
At different conditions of definiteness, the variational principle for a multi-
parameter problem of the form
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n
T, = Z)\kakxm, 04z, €Hy, m=1,2;..;n,
k=1
was studied in the papers [1-4], where V,,;, m,k = 1,...,n bounded operators,
T, m = 1,...,n are densely determined linear operators in Hilbert space H,,
m = 1, ...,n In these papers, both in finite-dimensional and in infinite-dimensional
cases the principle is given in the form of R"™ -valued function in H1®, ...., ® H,, or
Hi X, ..., x Hy as the extremum of the function in definite sense. In the papers [2]
and [4] it is proved that to each multi-index i = (i1, i2, ..., in) (i > 0 are integers)
there corresponds such an eigenvalue \* and eigenvector z; = Z1i; @ ... @ Tp;, that

pr (X)) =0, Wy (X) 2y, =0,
where

i (A} — max min Wi (AN, u
(V) ymEH, u€S,ND(T}) (W Aur, ur)
ISm<ir  (ur,y;)=0

Sy is a unit ball in H,,W,(A) = T, — Y>> M\V;x . The following geometrical
k=1

property is also proved. If j > i (i.e.j, > i, 7 = 1;...;n), then M € X' + C. In
particular, the spectrum o C \° + C, where

C={aecR":V(ua>0 forsomeu, € Sp,r =1,....,n}

It was proved that under some conditions (singularity conditions) , the cones C'
is non-singular, i.e. the cones C' is convex, closed and does not contain a straight
line. In the paper, a more constructive variational method for two-parameter
problem (1.1) is found and this enables to find the eigen value by means of the
extremum of a simple functional.

In the paper we study such a problem for a two-parameter problem.

2. Two-parameter variational problem

Let us consider the two-parameter problem

{)\lKrlSOr + X Kror = o, @r € Hy,

2.1
r=1,2 (2.1)

where H,., r = 1; 2 are Hilbert spaces, K1, K,9 are compact self-adjoint operators
in the space H,., r = 1;2.
By virtue of compactuness of the operators K,1, K.o; 7 = 1;2, the operators

Ag =K1 @ Kog — K12 ® Ko1; A1 =J1 Q@ Koy — K12® Jo
Ay =K1 ®Jo—J @ Kop

are bounded operators in the space H = H; ® Hy. Here the symbol ® means a
tensor product of two spaces or two operators, respectively. Let in problem (2.1)
the left definiteness condition be fulfilled, i.e.

A1 > 0; Ag > 0; (2.2)
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Let us consider the functional
2
(AOSOv 90)

flp) =
)= Bipe) Bare)
Theorem 2.1. Under conditions (2.2)

(1) the functional f (¢) is bounded,
(2) there exists a sequence {¢"} C H and 3¢° € H such that

(2.3)

" — ¢ € H,
F (@) = F(¢") = sup f(p)
peH

(3) goo = ga(l) ® gog € H is an eigenfunction of problem (2.1), corresponding to
the eigenvalue

o= (1282 (3200

(A0300> 800) ’ (AOSOO» 900)
Proof. 1t is easy to prove that

(Algpa QD) - (A%pv 90)
Indeed, under conditions (2.2) the following inequalities are fulfilled

Kl,>0; K3 ,<0; r=12,

where Kir = Kl,r ® Jo; Ké,T =J1 ® Ko.
Using the permutability of the operators K fﬂn; Kir, we get

<C

(Ao, )| = (K11 K50 — Ki 2 K5 1),

< ‘(KilKSQ%SD)‘ + ’(Kf,QKé,l% )

= |(Kiu(KS )b, (K52)20) | + | (—Kaa(- K)o (Kl p)F )| <
< ||Kia|| (Kz0,9) + || K2 || (=K1 20,¢) <
< C1 [(K3a0,90) — (K20, 9)] = Ci(A1p, )

(Do, )| < C1(Arp,p), Vo€ H=H & H,
In the same way we can prove |[(Aop, )| < C2 (A2p, ), Yo € H = H; @ Hy

)| <
|

Consequently the functional f (¢) is bounded. O
Let sup f (¢) = a. Then there exist a sequence {¢"} € H such that
peH
Tim £ (") = a (2.4

Without loss of generality, we can assume |p"|,; = 1. Therefore, from the
sequence {¢"} we can extract a weakly convergent subsequence. Without loss of
generality, we assume that the sequence {¢"} weakly converges to the element
0" € H. Prove that f (900) = «. Let, vice versa, the inequality

f(¢°) <a (2.5)
be fulfilled.
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The operator Ag is a compact operator, therefore for the weakly convergent
sequence {¢"} the relation
: nony _ 0,0
lim (Agg™, ") = (Ao’ ¢")
is fulfilled.
The operators A1 and As are not compact operators. But inspite of this fact,
we prove that under conditions (2.4), (2.5) the relations

(A", ¢™) = (259% ¢%); (D597 ") = (A;¢% ¢°)
J=12 J=12
are fulfilled.

A1 and As are positive and bounded operators. Therefore, from the sequences
(Aje™, ™), j=1,2 one can choose a convergent subsequence. Consequently,
without loss of generality, assume that these sequences converge to some numbers
dj, ie.

(A" ") = dj,  j=1,2
Compare the numbers d; and (Aj<p0, gpo) , =12
Note that the inequalities
dl > (AIQPOaSOO) ) d2 > (AQSO()?SOO)
may not be fulfilled simultaneously. As therewith
(AOQDO,SOO)2 (AU‘POaLpO)2 nlgnoo (AOL’D”’L’D”F
G170 (B2 ~

. Ago™ n)2
— hm ( 0P P
n—ooo (A1e™,e™)(A2p™,0™)

- N n n H n n -
di,d2 e (Arp™,0™) n}l_l}loo,(Azeo ™)

=

This contradicts equality (2.5), i.e. definition of the number «. In the similar
way, it is proved that the relations

di > (A19°, "), do = (Ao, ")
or
di = (A1¢°,¢%) , da > (Ag¢, ¢?)
may not be fulfilled simultaneously.
None of ineqalities

di < (A19°,¢%) or dy < (A2¢”,¢")
not be true. As if the inequality
dy < (Ra¢”, ¢") (2.6)
is fulfilled, then there exists a natural number N such that for all n > N the
inequality
(A2p", ¢") < (A2¢”,¢")
is fulfilled.
Using this inequality, we write
(A2 (9" = ) 9™ = %) = (Dap™, ") = 2 (D™, ¢¥) + (A9, @) <
<2 (Agg&o, © ) -2 (Ach", gpo) — 2 (Ag(po, goo) -2 (Agtpo, cpo) =0
ie.
(A2 (0" —¢°) , (¢" — ")) = 0
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The operator As is a positive self-adjoint operator and consequently there exists
the operator Aé/ % and this operator determines a new norm in the space H.

¥ a, = (AW, W)V2, v e H
For this norm the triangle inequality is fulfilled:

<™ = €% 4,

1678, = €%l

Therefore
(Ao, g071)1/2 . (AQQOOaSDO)l/Q‘ < (AQ (SDn . S00) (" — ‘PO)) 0

or
1/2 1/2
(A2, %)% = (A2, )
Jim (Agp™, ") = (B2¢”, ¢°) = (A2¢”, ¢°) = da (2.7)
This equality contradicts condition dy > (Aggpo, gpo).
In the same way we can prove that d; > (Algoo, 900) is impossible
So, we get
dy = lim (A", ") = (A1¢°,¢")
n—oo
dy = lim (Agp", ") = (A2?, ¢°)

n—
From the relation

li (AOSOna(pn)Q _

im =«

n=o0 (A1™, ™) (Ao, ™)

we write f (cpo) = «. This contradicts the proposition f (cpo) < a. So, the
equality

- (A", ™)? _ (Ao, ")
n—oo (A1gn, ") (Ao, ") (A10, ©0) (A, 0)

is valid.
Now prove that the elements ¢° is an eigenfunction of problem corresponding
to the eigenvalue

(AOSOOa ()00) 7 (AO()DO: 300)
Indeed, pair (2.8) may not belong to the set of regular points as for the above
considered sequence {¢"} C H the relation

(21, ¢%)
(AOQOO7 900)
is fulfilled, i.e. operators A\{Ag — A1 may not have bounded inverse.
It is known that the spectral set of problem (1.1) and of the problem

{AlKﬁlgp + >‘2K7€290 =9, pe€H,

(A5 Ag) = <(AWO’¢O)' (Awo’wo)) (2.8)

(D™, ™) — (A1, ") -0 i=1,2

r=12

coincide, and they consist only of eigen elements (see[2]). Therefore, pair (2.8) be-
ing the element of the spectral set is an eigenvalues of this problem, consequently,
@Y is an eigenfunction of problem (2.1). The theorem is proved.



VARIATIONAL PRINCIPLE FOR TWO-PARAMETER SPECTRAL PROBLEM ... 129

It is known that the points

_ (A1907 80) _ (AQQO,QO) _ }
{()\1,)\2)/)\1 (Do, o) A2 (Do o) Vo € H=H ® Hy
set is called a numerical set. The value of the functional (2.3) for each ¢ € H
is the product of coordinates of the point of numerical domain corresponding to
this . For each indicated ¢, the points of the numerical domain satisfying the

condition

fle) = (B19,9) : (B9, ) = c¢ = const

(AOQDa 90) (AO% 80)
will be on the hyperbola A; - A2 = ¢. Therefore functional (2.3) is said to be a
hyperbolic functional.
We can consider the above theorem as confirmation of the known (see [1],[3])

theorem on the largest eigenvalue and eigenfunction for two-parameter problem
(2.1).
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