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ON ASYMPTOTIC BEHAVIOR OF LOCAL PROBABILITIES
OF NONLINEAR BOUNDARY CROSSING BY A RANDOM
WALK

FADA G. RAHIMOV, TARANA E. HASHIMOVA, AND VUGAR S. KHALILOV

Abstract. In the paper a theorem on asymptotic behavior of the den-
sity of joint distribution of the first passage time and overshoot for a
nonlinear boundary in the random walk, is proved. Limit behavior of
the marginal and conditional density of the overshoot and also of the
law of distribution of the first passage time are studied by means of this
theorem.

1. Introduction

Let &,, n > 1 be the sequence of independent identically distributed random
variables determined on some probability space (2, F, P).
Let

n
Sn=> &, n>1,
k=1

and consider the first passage time

Ta=inf{n>1:8,> fo(n)} (1.1)

of the random walk S,,, n > 1 for the nonlinear boundary f, (t) , t > 0 depen-
dent on some growing parameter a > 0. As always, we assume inf {{} = oc.

The family of the first passage times 7,; a > 0 was the object of study of a
lot of papers ([1], [3-9]).

For the case f, (t) = f (t) the asymptotic behavior of the probability P (7 > n)
and the issue of finiteness of ET were studied in the paper [4] at different assump-
tions for the boundary.

In the papers [5], [6], integral and local limit theorems and also asymptotic
behavior of the joint distribution 7, and overshoot x, = Sr, — fa (74) as a — oo
were studied for a rather wide class of family of boundaries f, (t).

In the present paper we prove a theorem on asymptotic behavior of the density
of joint distribution 7, and x, as a — oco. By means of this theorem we study
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the limit behavior of the marginal and conditional density of the overshoot x4,
and also of the probability P (1, =n) as a — oc.

Note that the proof of the mentioned theorem is based on the result of the
paper [1] in which the limit behavior of the conditional probability of nonlinear
boundary crossing P (1, > n|S, = x) as © = x (a) — 0o and a — oo was studied.

2. Conditions and formulation of the main result

We'll assume that g = E& > 0, 02 = D& < oo and the boundary f, (t)
satisfies the following regularity conditions:
1) For any a the function f, (t) monotonically increases, is continuously differ-

entiable for ¢t > 0, moreover f, (1) T oo as a — oo;

Ja(t)

;— monotonically decreases to zero as

2) For rather large a the function
t — 0o0;

3) For each function n = n(a) from a such that n = n(a) — oo and
Lf.(n) — pas a— oo, it is fulfilled fo(n) =0e€[0,u), a— oo

4) The functionf, (t) weakly oscillates at infinity, i.e. for any functions
n = n(a) — oo and m = m(a) — o0 as a — oo such that = — 1, it is
fulfilled 425 — 1 as a — oo.

Note that from conditions 1) and 2) it follows that the equation f, (n) = nu
with respect to n has a unique solution N, = N, (u). We also note that the
family of functions f, (t) = at®, 0 < § < 1 satisfies conditions 1)-4). The other
examples are given in the papers [4] and [5].

In what follows, we assume that for some m > 1

/muwwﬁ<m, (2.1)

—0o0

where u (t) = Me*1, t € R = (—o00,00) , i = —1.

It follows from (2.1) that the sum S, n > m has the continuous and bounded
density P, (x) ([3]).

Assume that

d
W (n,1) = %P(Ta =n,Xq <)

is the density of the joint distribution 7, and x:

P (S;+ > 7’)
—

T+

h(r) =

is the density of limit distribution of the overshoot of the random walk
S;L = Sp—nb, n > 1 for an infinitely distant barrier, where 7 = inf {n >1: S; > 0}
[3].

It is appropriate to note that in the paper [7] (see also [9]) it is proved a theorem

on the existence of limit distribution of the overshoot of the perturbed random
walk according to which for twice continuously differentiable functions satisfying
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conditions 1)-4) and the condition sup ‘Nafg (t)‘ < oo for any M > 0,
t:[t—Ng|<M+/Ng
it is fulfilled P (xq < 1) — [y h(u)du as a — oc.

Theorem 2.1. Let all the listed above conditions be fulfilled with regard to the
boundary f, (t) and distribution of the random variable &, and let

n=mn(a) = Ny + v4\/ Nq, (2.2)
where v, = v € R as a — 0.

Then
wa (ny7) ~ U\A/ﬁgp (“j) h(r) as a— oo (2.3)

uniformly with respect to v from the bounded set in R, where A = — 0, and

1
o(x) = me 2, v R

Corollary 2.1. Let the conditions of the theorem be fulfilled. Then

/ |he (r) — h(r)|dr — 0
0
as a — oo, where hg (r) is the marginal density of the overshoot xq,a > 0.

Corollary 2.2. Let the conditions of the theorem be fulfilled. Then

A A
P(1,=n)~ —=¢p <U> asa — oo.
o

ao\/1Nn

Corollary 2.3. If the assumptions of theorem are satisfied, then

ha (r/n) — h(r), r>0,
where hg (r/n) is the conditional density of the overshoot x, provided that T, = n.
Note that the statement of corollary 2.2 is called a local limit theorem for the

first exit time 1, ([4]).

3. Auxiliary facts

For proving the theorem and corollaries we need the following statements for-
mulated as lemmas.

Lemma 3.1. Let condition (2.1) be fulfilled. Then

T —

:O_\l/ﬁ(p< - 7::L>+o(1/\/ﬁ), n — oo.

This statement follows from the local limit theorem for the sum Sy ([3]).

P, ()

Lemma 3.2. Let conditions 1)-3) be fulfilled with respect to the boundary f, (t)and
02 =D& < oo, p=E& >0. Then

— N,
limP<Ta a<w):<1></\x>,
a—00 VN, o
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where A = — 0, and ® (x) is a distribution function of normal law with param-
eters (0,1)

The statement of this lemma follows from the paper [5].

Lemma 3.3. Let for g, (z), n > 1 and g(x), © € R non-negative measurable
functions it hold the convergence g, () — g () asn — oo almost everywhere with
respect to the Lebesque measure. If ffooo gn () dx — f_oooo g (x)dx asn — oo, then

f_oooo lgn () — g (z)| dx — 0 as n — oo.
The statement of lemma 3.3 follows from the Scheffe [2] theorem, (see also [8]).

Remark 3.1. If the functions g, (z) and g (z) in lemma 3.3 are the densities
of the probability distribution F,, and F', respectively, lemma 3.3 affirms that
from the convergence of densities g, (z) — g (x) as n — oo almost everywhere
with respect to the Lebesgue measure follows that the sequence of distributions
F,,n > 1 strongly converges to the distribution F', i.e. F, (B) — F (z) asn — o0
uniformly for all B € §(R), where (R) is o algebra of Borel sets in R [2].

4. Proof of the theorem.

Denote

Ry(n,r)=P(ta=mn,Xa >1)=P(1=mn, S, > fa(n)+7r), r>0.
Taking into account {7, > n} C {S, < f, (n)}, we can write

Ry (n,7) =P (14 >n,5,> fo(n)+71).
By the total probability formula for n > m, we have

Ry (n,r) = /T+fa(n) P (14 > n|S, = z) nP, (nz)dx.

Hence, by using the differentiation formula with respect to r, we find

T+ fo(n)

wq (n,7) = P (m >n|S, = ) P (1 + fa(n)). (4.1)

From lemma 3.1

P (r+ fa(n)) = U\l/ﬁgo (TJFf‘;(\T/l)ﬁ_ ”“) +o<\/15>. (4.2)
We have

fa (’I’L) —np = fa (Na) —np+ (fa (na) - fa (Na)) =
= 1Ny =)+ f (30) (0 = No) = (0 = Na) (fo (30) = 1)

where~y, is an intermediate point between n and N,.
From (2.2) we find

fa(n) = np = ve/ Ny (fé (Ya) — M) :
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Show that f, (74) — fas a — oo. For definiteness we assume n < 7, < N,. By
condition (2.2) for the boundary f, (t) we have

fa (n) > fa (Va) > fa (Na) _
n - Ya - N,

Therefore, by (2.2) and condition 4) we obtain % — [ as a — oo.

a

Hence, from condition (2.3) we get f. (Va) = 6 < pu as a — co.
Consequently, by (4.2) we get

P,(r+ fa(n)) = U\l/ﬁgo (U (,ua— 9)> (I+0(1)) as a — o0 (4.3)

By result of the paper [1] we have
P(Ta2n|§ :”f“(”)> S (-0 h(r) as — oo (4.4)
n

for all » > 0.
Then the statement of the proved theorem follows from (4.1), (4.3) and (4.4).
Now prove the corollaries of the theorem.
Proof of Corollary 2.1. For each ¢ > 0 we have

he (1) = Z wq (N, 1) = Z wq (N, 1) + Z wq (n, 7). (4.5)

n:[n—Nq|<cv/Nq n:[n—Nq|>cv/Ng

Denote
haa(r) = Z wq (N, 1),
n:n—Nq|<cv/Ng

ha,Z (T) = Z Waq, (na 1") :
n:n—Ng|>cyv/Ng
According to the theorem and lemma 3.2, for any ¢ > 0

hai (1) — h(r) <‘I’ (f) - (—:\c))
as a — 00.

From the last relation, for ¢ = ¢ (a) — oo we get

hg(r) = h(r) as a = o0 (4.6)
In what follows, from lemma 3.2 for ¢ = ¢ (a) — oo we have
o Ta — Nq
h dr=P > —0 4.7
s =r (27> 0

as a — Q.
From (4.5), (4.6) and (4.7) it follows that

/Oooha,1(r)dr—>1:/oooh(r)dr.
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Therefore, from lemma 3.3
oo
/ |ha,1 (1) —h(r)|dr — 0 as a — oo.
0

Then, taking into account the estimation

/0 |ha(r)—h(r)|dr§/0 |ha,1(r)—h(r)|dr+/0 has () dr,

we get the affirmation of corollary 2.1.
Proof of Corollary 2.2. For ¢ > 0 we have

\/ﬁP(Ta:n):\/ﬁ/Ooowa(n,r)dr:

_ \/ﬁ/ocwa (n,r) dr + \/ﬁ/:o wa (n, ) dr. (4.8)

By the theorem on majorized convergence and asymptotics (2.3) we find that
for each ¢ > 0

¢ A [
vn | we(n,r)dr — H(c)=p | — (4.9)
0 2 o
as a — 0.
Prove that the second term in (4.8) converges to zero as a — oo and ¢ — 00.

Indeed, we have

\/ﬁ/ wa (N, ) dr = /nP (T = n,Xq > ¢) = V/nP (174 > n,xa > C) .
0

Hence, taking into account {7, > n} C {Sn—1 < fa (n — 1)}, we get

\/ﬁ/oowa(n,r)drg\/ﬁP(Sn_l <fan—=1),81+& >c+ fa(n)) <
S\/ﬁp(c+fa(n)_£n<snflSfa(n_l)a£n>c):

:\/H/OOP(c+fa(n)—x<Sn_1gfa(n—l))dF(m), (4.10)

where F'(x) = P (£ < z). In the last equality it is taken into account that the
random value &, is independent of S,,_1.

On the other hand, for rather large a from the local limit theorem (lemma 3.1)
and from f, (n) — fo (n — 1) — 0 as a — oo we have

VAP (c+ fa(n) =2 < Sp1 < fa(n—1)) <
<K(x—-c—-0)<K(x—2c),

where R is some constant.
Then from (4.9) it follows that
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ﬁ/wwam,mdrsmﬂ(snl < faln—1),Spr+ 60> et fuln)) <.

The last integral tends to zero as ¢ — oo since M [£;| < oo.
Therefore,

o
\/ﬁ/ wq (n,r)dr — 0 as a — oo and ¢ — 0.
C

Then by (4.8) and (4.9) as ¢ — oo the statement of corollary 2.2 follows, since
H(c)—1asc— .

The statement of corollary 3.3 by virtue of asymptotics (2.3) and corollary 2.2
follows from the equality

wq (N, 1)
P(ra=n)

Remark 4.1. Note that corollary 2.3 shows that the conditional distribution of
the overshoot x,, given 7, = n strongly converges to the unconditional limit
distribution H (7). This means that the well known property of asymptotic in-
dependence of the overshoot x, and the first passage time 7, as a — oo ([7], [8],
[9]) holds in the sense of strong convergence of probability distributions ([2]).

hqg (ryn) =
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