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NECESSARY CONDITIONS OF RIESZ PROPERTY OF ROOT
VECTOR-FUNCTIONS OF DIRAC DISCONTINUOUS
OPERATOR WITH SUMMABLE COEFFICIENT

LEYLA Z. BUKSAYEVA

Abstract. In the paper we consider Dirac discontinuous operator on a
finite interval G = (a,b). It is assumed that its coefficient is a complex-
valued matrix-function summable on G. Necessary conditions of the
Riesz property of the systems of vector-functions of the given discontin-
uous operator are established.

1. Introduction and formulation of results

The problem of validity of the Riesz inequality for the system of functions not
possessing the completeness and orthonormalization properties was stated in the
paper [2] and this inequality was proved for root-functions of the Laplace operator.
In [3] necessary and sufficient conditions of the Bessel property and unconditional
basicity in Lo of the system of root functions of second order ordinary differential
equations was established. Later on, these and other issues for ordinary operators
of second and higher orders were studied in the papers [1,4,6-9,13-15]. For the
Dirac operator these issues were studied in [10-12].

In the present paper we study the validity of the Riesz inequality for the
systems of root vector-functions of Dirac’s discontinuous operator and establish
necessary conditions for it to be fulfilled.

Let the points {&}i2y, a = & < & < ... < &n = b realize the partition of
the interval G = (a,b). Denote G; = (§_1,&), | = 1,m. Denote by A; a class
of absolutely continuous two-component vector-functions on Gj. Define the class
A (a,b) in the following way: if f(z) € A(a,b), then for every I = 1,m there
exists a vector function f; (z) € A; such that f (z) = f; (z) for §_1 <z < &.

Consider the Dirac operator

dy
Dy _Bd +Q(2)y, xGUGu

where B = (bij)?j:p biz—i = (1) by = 0, y(x) = (11 (x),y2 ()7,
Q(x) = diag (p(x),q (x)), moreover p (z) and ¢ (x) are complex-valued functions
summable on G.

2010 Mathematics Subject Classification. 341,10, 42A20.
Key words and phrases. eigen function, root function, Riesz inequality.
106



NECESSARY CONDITIONS OF RIESZ PROPERTY OF ... 107

Following [3] we understand that the root vector-functions of the operator D
regardless to the form of boundary conditions and “sewing conditions”, more ex-
actly, under the eigen vector-function of the operator D, responding to the eigen
value A we understand any identically nonzero complex-valued vector-function
gg(x) € A(a,b) satisfying almost everywhere in G the equation Dgg = )\33. Sim-
ilarly, under the associated vector-function of order r,r > 1, responding to the
same A and the eigen vector-function 8(:3) we understand any complex-valued
vector-function ¥ (z) € A (a,b) satisfying almost everywhere in G the equation

r r r—1
Dy=Xy+ y.

Let {ug (x)},—, be an arbitrary system composed of the root (eigen and asso-
ciated) vector-functions of the operator D, {\x},— ., be the appropriate system
of eigen-values. Furthermore, every vector-function uy (x) enters into the system
{ug (x)}r2, together with its appropriate associated functions of less order. This
means that each element uy (z) of the system {uy (x)};-, almost everywhere in
G satisfies either the equation

Duy. = M\pug, (1.1)
in this case uy (x) is an eigen vector-function, or the equation
Duy, = Apug + uy (), (1.2)
where the number v (k) is uniquely determined by the number %k and
v (k1) # v(ke) for k1 # ko (in this case Ay = Ay(x), uk (z) is an associated
vector-function of order r > 1, u, () () is an associated vector-function of order
r—1) (see [5]). In the case when the lengths of the chains of associated functions is
uniformly bounded, in equality (1.2) we should take v (k) = k—1, u, ) = Opug_1.
Therewith 6}, equals either 0 (in this case uy (x) is an eigen vector-function) or 1
(in this case ug (z) is an associated function, A\p_1 = \g).
Let LZ (G), p > 1 be a space of two-component vector-functions
f(x)=(f1(x), f2(x))* with the norm
1/p

1fllp2 = I1f]

o = / f (@) de
G

(in the case p = 00 [[fllaonc = 7]l = supvrai | (@)])-
zeG

For f(z) € L2(G), g(z) € L} (G), p' + ¢ ' =1, p > 1 the "scalar product”

(f,9) = }ifj (x) gj (z)dx was determined.
aj=1

We say that for the given system {¢y (z)}ie;, vk (z) € Lg (a,b) the Riesz
inequality is fulfilled if there exists a constant M (p) such that for an arbitrary
f(z) € LIQ, (G), 1 < p <2 the following inequality is fulfilled:

DI el < MIIfIl (1.3)
k=1

where p~t + ¢ 1 = 1.
In the paper the following theorems are proved:
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Theorem 1.1. Let the functions p(x) and q(xz) belong to the class
L,(G), 1< p<2, the lengths of the chains of the root vector-functions be uni-
formly bounded. Then for the system {¢y (z)}r—, where @y (x) = uk (x) HukH;%,
to satisfy the Riesz inequality it is necessary

q
Z M < K (1 +  sup |Im)\k|> , e, (1.4)

|[Red—v|<1 Huqu,G |ReA—v|<1

where v is an arbitrary real number; Ky is a constant independent of v;
ug (a) = uk (a+0), ug (b) = ug (b —0); ug (&) equals any of the values uy, (& — 0),
ug (E+0), i =1,m — 1; the summation is taken only over eigen vector-functions.

Corollary 1.1. Subject to conditions of Theorem 1.1 for the Riesz property of
o0 —1 S,
the system {oy, (x)}p_,, where oy (z) = ug () [|ukll, 2, it is necessary

Z < Ky (1 + sup \Im)\k]> , (1.5)

|ReAk—v|<1 [ReA—v|<1

where Ko is a constant independent of v and summation is taken with regard to
multiplicity of the number Ag.

Theorem 1.2. Let the functions p(x) and q(x) belong to the class L, (G),
1 < p <2 and let the anti-a priori estimation

il 0.6, < Co (14 MDY llurlly 2.6 (1.6)

be fulfilled, where Cy is independent on order of the associated functions, | = 1, m,
p~ '+ ¢! = 1. Then for the Riesz property of the system {¢y ()}re,, where
ok (x) = ug () ||uk||;%, inequality (1.4) should be fulfilled, where summation is
taken over all root vector-functions.

Corollary 1.2. Let a priori estimation (1.6) be fulfilled. Then for the Riesz
property of the system {py, (2)}32, where ¢ () = uy, () HukH;;, the inequality
(1.5) should be fulfilled, where summation is taken with regard to multiplicity of
the number \j.

Remark 1.1. Theorems 1.1 and 1.2 remain valid also in the case when Q (z) is
arbitrary, but not necessarily a diagonal matrix-function.

2. Auxiliary statements

Cite some necessary statements that will be used in the proofs of Theorems
1.1 and 1.2.

Statement 2.1 (see [10). If p(x) and ¢ (z) belong to the class L'°° (G;) and
the points  — ¢, x, x + t are in the domain G}, then the following formulas are
valid

ug (x £t) = (cos A\t - I Fsin A\t - B) ug () +
rtt

—|—/ (sin g (t — |§€ —z|) I £ cos A, (t — |§ — z|) B) x

x

X [Q(8) ur (€) — uyiy (§)] dE; (2.1)
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ug (r —t) + ug (x + t) = 2uy () cos \pt+
T+t
+/ (sin A (t — |€ — 2|) I +sin (& — ) cos Ag (t — |x — &])) %
z—t
X [2(8) uk (€) — wpry (£)] dE, (2.2)
where I is a unit operator in E2.
Statement 2.2 (see [10]). Let the functions p (z) and g (z) belong to the class

L1 (G1). Then there exists the constants C; (ng, G;), i = 1,2 independent of A,
such that the following estimations are valid

w09l 5., < €t (ks G) (1 -+ ) [tk (2.3)

urlloo .6, < C2 (e, Gr) (1 + TN gl 0.6, (2.4)

where ny, is the order of the associated vector-function uy (z), > 1, I =1, m.
Statement 2.3. Let the functions p (x) and ¢ (z) belong to the class Ly (G).
Then for the root functions ug () the following estimation is valid:

urlloo 2., < C3 (1 + [TmAg]) /" x

X {HukHr,Z,Gl + (1 + ’ImAk’)il Hu’/(k)Hr,Q,Gl} y T > 17 (25)

where the constant C'5 is independent of Ay, order n; of the root vector-function
ug (z) and on [, =1, m.

Proof. Denote by R the number (K (1+ |Im)|))”", where the number

-1
K > max{l,Q (mlin\Gl]) } is chosen so that R < mljn\Gl|/4, and for any

set £ C G,mesE < 2R, it is fulfilled w(R) = SUB{”QHLE} < %, where

ECG
12 & =£(\p(ﬂ7)! + g (2)]) dz.

Let x € [&_1,(51—1+51) /2] . Having written formula (2.2) for the points z, = +t,
x + 2t, where ¢ € [0, R] and used the inequality (for [Imz| < 1)

|sin z|, [cos z| < 2, |sinz| < 2|z| (2.6)
and the Holder inequality, we get
lug ()] < 4fup (2 + )] + |ug (2 4 28)] + 4w (R) lurll o 2,6, +

S ) e e

R
Having applied the operation R~! Jdt, to each side of the last inequality, we
0

have

—1 1 /.7
Jur (@)] < 5B |ugll, p.6, + 49 (B) urll .6, + 4R/

U (k) |0,

This inequality is fulfilled in the case z € [M,&] Consequently, with
regard to the inequality w (R) < 1/8, we get

—1 17/..7
lurllson.c, < 1OR /" Jugll, o, + SR /™ |

U (k) 0.,
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Hence, by virtue of definition of the number R it follows
1 1
koo 2.6, < 10K/ (1t )" gl ., +
N 8
KY7 (1 + [Im )"

Taking into account » > 1, K > 1, hence we get estimation (2.5) with the
constant C3 = 10K. Statement 2.3 is proved. O

Hul’(k) HT‘727G[ :

3. Proof of results

Proof of theorem 1.1.

Introduce the indices set I,, = {k:|Relx —v| <1, [ImA| < p}, where
pw= sup |[ImAg|, where v is an arbitrary real number. In the case p = oo
‘Rekk—vlfl

the statements of the theorem are obvious. Therefore, it suffices to consider the
case p < 00.

~1
Choose the number K > max {1,2 <mlin\Gl]> } sothat R = (K (1 + M))—l <

< mlin@ and for any E C G, |E| < 2R, w,(R) < L' be fulfilled, where

L is a positive number, whose choice of the value will be determined later,
1/p
o (7) = s {1905} 1920 = ([ (0@ +la @) )
ECG E

Let = € [51_1, M} Write the mean value formula (2.2) for the points

z,x +t,x + 2t, where t € [0, R].
ug (x) = 2ug, (v +t) cos A\t — ug (z + 2t) +
xr+2t
+ / {sin Ay (t — |z +t—=&|) I +sgn(§ —x—t)cos A\ (t — |z +t—¢&|) B} x
X [Q(8) up (&) — Opup—1 (§)] d€.

Adding and subtracting 2uy, (z + t) cos vt, |ReAx — v| < 1, in the right hand side
of this equality, we represent this formula in the form

V— A

t
5 +

A
ug () = 2uy, (v +t) cosvt — ug (z + 2t) + 4uy (x + t) sin k;_ Ytsin

T+2t
+/ {sin\g (t —|z+t—&) I +sgn(§—x—t)cos g (t — |z +t—¢&|) B} x

xz

x [Q2(8) ur () — Orup—1 (§)] d€.
At first in the third addend we apply formula (2.1) for uy (x + t), and the apply

R
the operation R™! [dt:
0

ug () = R [y (8) V (t) dt+
/
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Ak

R
-
+R_1/ (cos Aptl — sin A\t B) sin v tsin 2 5 " tdtuy, (z) +
0

R x4+t
+Rr! (sin A (t — [ —x|) I + cos \g, (t — |§ — z]) B) %
I
X [ (E) e (€) — Oy ()] de sim ~ —;)\ktsin v _QA’“ bt
T+2t
/ (sin A\ (t—Jz4+t—&) I+ sgn(§—x—t)cos g (t — |z +t—¢&|) B

+R7!

o\;g

X [Q (&) ug (§) — Opug—1 ()] dédt = Rl/uk OV (@t)dt+ Ji+ J2+ J3, (3.1)
Gy
where V (1) = 2cosv(z—t) — 5 for x < t < z+ R, V(t) = -1 for
r+R<t<z+2Rand V(t)=0fort ¢ [z,z+ 2R)].
Let k € I, ,. Using inequality ( 6), we find

»—hw\'—‘

16
|J1| < 16R v — Mg Jug (z)| < 16R (1 4 [ImAy|) |ug (2)| < Ve lug ()] . (3.2)

Having applied inequality (2.6) and the Holder inequality, we find

_ R?
2] < 6487 (s () Rl + 0t 3 ) <

R
< 64 (wp (B) 1l 5+ 5 1Okncs oz, (3.3

ol < 4 (wp (B) k0.6 + BlIOkti-1ll 2, ) - (3.4)
Allowing for estimations (3.2)-(3.4), from (3.1) we get

lup, (z)| < R7! /uk (t)V (t)dt| +
Gy
6
+oe ks (2)] + 68wy (R) [[ukllyo.6, + 36B [ Okur—1llo 0.6, -

This inequality is proved for x € [w,&} in the same way. In this case
V(t)=-Lforz—2R<t<z—R,

1
V(t):2cosu(a:—t)—§for:z:—Rﬁtﬁm,V(t)zOfortgé [z — 2R, x].

Chosing K > 32, we hence get that for any x € G; the following inequalities
are valid:

2
ur (@) < & /Uk () V (8) di]| + 136w (R) [luklly2,c, + 2R [|Okuk—1lloo 2,6, -
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q m N
<mia= 1Y |a;|? we get that for any = € G
i=1

m
> a;

i=1

By virtue of the inequality

it holds the inequality

q q
ug ( 29 B -
\k(q)\§—4q 1 /ui(t)V(t)dt Jull 3 + /ui(t)V(t)dt gl 3 ¢ +
||uk||q72 Rq ’ 5

Gl Gl
+4q—1{(136wp(R))q+(72R) 10k t—1]|% .6, Il k||;g}, (3.5)

where uy, (t) = (u}, (t),u? (t))T.
Consider only eigen vector-functions. In this case 6, = 0. Then for any = € G}
by the Riesz inequality from (3.5) we have

20+ 1 1
5 e () el § < 2ot [+ 4771 (136, (RS,
keJ keJ
where J C I,, is an arbitrary finite set of indices. From the expression of the
function V' (¢) it is seen that ||V|| < 3R/, Consequently, it holds the inequality

g ()| [|ugll, 9 < 37 9301 Ry —9 4 4a-1 (136w LLxeG,. (36
p
keJ keJ

As the number R is realized independent of specific Gy, then inequality (3.6)
will be valid for arbitrary € G. Integrating this inequality with respect to z € G
and chosing R so small (the number K so large) that
4971 (136w, (R))? < 4971 (136L71)7 < 5——. As a result we arrive at the in-
equality

Zl < 39237 (mesG) R™. (3.7)
keJ
By virtue of arbitrariness of the finite set J C I, , and definition of the number
R, we get

Z 1 < const (1 + sup Im)\k|> , (3.8)

ke[u,u EIH’V
where the summation is taken only over eigen vector-functions.
As the lengths of the chains of the root vector-functions are uniformly bounded,
then estimation (1.5) follows from (3.8). Allowing for (3.7), from inequality (3.6)
we find that for x € G

> Ju (@) lugl ;4 < (372%7" 4 39237 1) R = 39934 R T,

keJ
where the summation is taken only over eigen vector-functions. Hence by virtue of
arbitrariness of the finite set J C I, , and definition of the number R, estimation
(1.4) follows for € G. As this estimation is valid at every G;, [ = 1, m, then it
is fulfilled on G, if we consider that u,(ca) =ug (a+0), ug (b) = ug (b —0), ug (&),
i = 1,m — 1, equals any of the values wuy (& — 0), ug (§ +0). Theorem 1.1 is
proved.
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Proof of theorem 1.2. At first we notice that in formula (3.1) the expression
Oxur—1 (§) should be replaced by u, ) (§). Then for Jo and J3 the following
estimations are valid

Q»27Gl> ’

o] < 64 (wp (R) luellyz6, + B [lnniry
1
ol < 4 (wp (B) lurlly a6, + P luail o) -
And instead of (3.5) the following inequality will hold
q q

ug ()| _ 292 ) )
e, < g )| OV O g [EOV©d) b+
q,2

Gl Gl

+22172 { (136w, (R)" + (13687 ) luyqu |2 6, el 8 (3:5)

Here we use anti a-priori estimation (1.6). As a result we have
q q

Jug, ()| _ 2592 ) i
Tull, = R ug OV (1) dt| unlly3 +| [wf @)V (@) dt] [luell 3 o+
q,2

Gl Gl

o202 {(136wp (R))? + (136Rp) Cl(1+ \ImAk|)%}
q q
2342 1 —q 2 —q
T u () V(@) dt| Nugllgs+ | [ue @V () dt] [lugll,s o+
Gl Gl
2¢—2 1
+220-2 { (136w, (R))" + (136C0)" (R (1+ p))? } <
q q

2342 _ -
o | [k @V @@ | [UEOV @] g
Gl Gl

IN

IN

o202 {(136wp (R))? + (136Cp)* K%} :

where z € G}, k € I, .
By virtue of the Riesz inequality, from this inequality if follows

g 2%
S b )17 el < 2 IV +
keJ
+22q*2{(136wp(R)) +(136C0)? K~ }21

keJ
where J C I, , is an arbitrary finite set of indices.

1
Here taking ||V, < 3R* into account, we find

> Ju (@) luxl 4 <

keJ

< 31931-1R-1 4 9202 {(136wp (R))? + (136C,)? K 7 }Z LzeG (3.6)
keJ
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This inequality will be valid on G as the choice of the number K is independent
on specific Gj.

Integrating this inequality with respect to x € G; and chosing K so large (R
rather small) so that

g9
9242 {(136wp (R))? + (136C0)? K } < g
we arrive at inequality (3.7). Hence in its turn estimation (3.8) follows. There-
with, summation is taken not only over eigen vector-functions, but also over all
root vector-functions. The proof of Theorem 1.2 is completed in the same way as
the proof of theorem 1.1, with regard to the last obtained inequalities (3.8) and
(3.6"). Theorem 1.2 is proved.
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