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GLOBAL EXISTENCE, ASYMPTOTIC BEHAVIOR AND
BLOW-UP OF SOLUTIONS FOR MIXED PROBLEM FOR THE
COUPLED WAVE EQUATIONS WITH NONLINEAR DAMPING

AND SOURCE TERMS

AKBAR B. ALIEV AND SAMIRA O. RUSTAMOVA

Abstract. The initial-boundary value problem for a system of nonlinear
wave equations with a nonlinear damping and source terms is studied. It
is proved the existence of the global solutions when the exponent of the
damping term is greater than the exponent of source term and blow-up
of the solutions with the positive initial energy infinite time is shown
in otherwise case. Unlike the works conducted in this direction, in our
work the corresponding exponents in source term are independent.

1. Introduction

Let €2 be bounded domain in R™ with smooth boundary I"'. We consider the
mixed problem for a system of wave equations with nonlinear damping and source
terms

_A ri—1 _
e t o e |uh‘r2—1 w1, = g1, v2) } , zeQ, t>0, (1.1)
ug,, — Aug + maouz + g |ug, | ug, = g1(u1,u2)
u; (0,2) = i () ,uiy (0,2) = (z),z€Q, i=1,2, (1.2)
ui(t,x)=0, t>0, z€l, i=12, (1.3)
where (u1,ug) is pair of real functions, (t,z) € Ry x Q, o > 0,m; >0, j =1,2.
Concerning the functions g (ui,ug) and g;(ug, u2), we assume that
g1(u1,u2) = ay [ug +uaP P2 (uy 4 ug) + by Jur [P Jug P g,

ga(ur,u2) = az fug + ual" 2 (ug + uz) + b [ [P [ugfP T uo,
where a; >0, b; >0, p; > 1,7, > 1,i=1,2 are constants.
Before stating our results, we first recall the existing results about the initial
boundary value problem for the semi- linear wave equation

Ut — A’U + h('LLt) = f('LL), (14)

where h(us) = a|ug|™ " us, f(u) = bluf tu, a > 0,b>0,m >1andp > 1.
There are numerous results about the global existence, asymptotic behavior and
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blow-up of solutions for (1.4) [6-19]. The interaction between the damping term
and the source term makes the problem more interesting. Levine [9,10] firstly
showed that the solutions with negative initial energy blow up in finite time for
equation (1.4) with linear damping. Georgiev and Todorova introduced a new
method and determined suitable relation between m and p, for which there is
global existence or alternatively finite - time blow up (see [7]). They showed that
if p < m the solutions exist globally in time and blow up in finite time if p > m
and the initial energy is sufficiently negative.

Later, Levine and Serrin [12] and Levine, Park, and Serrin [11] generalized
this result to an abstract setting and to unbounded domains. By combining the
arguments in [11] and [12], Vitillaro extended these results to wave equation with
nonlinear damping (m > 1) and when the initial energy is positive [18]. Mes-
saoudi [13] improved the work [12] without imposing the condition that energy is
sufficiently negative. For related results on a single wave equation, we refer the
reader to [4,6,8,19,20] and the references therein.

Similar issues were also investigated for some systems of semilinear wave equa-
tions (see [2, 3, 21]).

In this paper, we consider problem (1.1)-(1.3) and investigate existence and
nonexistence of global solutions.

Concerning blow up and nonexistence results in systems of wave equations,
Agre and Rammaha [2], Said-Houari [15] studied the problem (1.1)-(1.3) in the
case p1 = p2. They investigated the existence of local and global solutions and a
question of the absence of global solutions.

At first we cite a theorem on local solvability. This theorem is proved by
combining the Galerkin method and the fixed point method.

Note that here we have not mentioned such studies for nonlinear wave equations
and systems with viscosity.

2. Preliminaries and main results

In this section we give our main results on the existence and non-existence of
global solution. First of all, we give the theorem of local existence, which can be
proved by the combined method of Galerkin and approximation method.

Theorem 2.1. (Local existence). Suppose that p1 > 0, pa > 0 and in additionally

2 .
prtp<—— if n>2. (2.1)
n—2

0

Then for any @1(-), p2(-) € W3 (), 11(:),%2(-) € La(Y) there exists T > 0
such that the problem (1.1)-(1.3) has a umque local solution (ui(t,z),us(t, x))
which satisfies

0
wi(-) €C ([o,:r);w%(sz)) Juir(-) € C([0,T) 5 Ly(Q)) Ly, 41([0, T x Q), i = 1,2.

Moreover, at least one of the following statements holds true:

1) tim 5 [l )P + [Vuite, )] =

=1

2) T = +oo.
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The following theorem shows that the solution obtained in Theorem 2.1 is a
global solution, if sum of exponents source term does not outclasses the exponent
of damping term.

Theorem 2.2. Assume that
p1+p2+ 1 <min{ry,ra}. (2.2)

Then the local solutions {ui(-),uz(-)} furnished in Theorem 2.1 are global so-
lutions and T may be taken arbitrarily large.

Next, let us discuss these problem under the assumption

p1 +p2 + 1> max {7”1, 7”2} . (23)
and ) .
ar(pr +1) _azx(pp+1) (2.4)
b1 bo
In this case we will study the blow-up property to the Cauchy problem (1.1) -
(1.3).
It easy to see that
p1+1 p2+1
G(uy,uz) = by u1g1(u1, uz) + by uago(u1,uz) = (2.5)

= Aug +ugP P22 (py 4 pa + 2) [ [P [ug P2

where

N = ar(pr+1)  as(p2+1)
by by
Moreover, a quick computation (see [15]) will show that there exist two positive
constants C > 0 and Cy > 0 such that the following inequality holds
Cl(|ul‘p1+p2+2+|u2‘p1+p2+2) < G(Ul,'LLQ) < 02(‘U1’p1+p2+2+‘u2’p1+p2+2)' (2.6)

Let s be a number with 2 < s < 400, if n <2and 2 < s < %ifn>2. Then
0
there exists a constant Bs depending on n and s such that for every v(:) € W3 ()
the following estimate holds
lo()lls < Bs Vol (see [1]) (2.7)

Now, we define the following energy functions associated with a solution
{u1(+),u2(:)} of the problem (1.1)-(1.3):

2
Eo(t) = 3 5 [l I + [ Vua(t, ) 7] (28)
i=1 """
and
2
— S N2 19w = — [ Gluy. u)de
Bt) = 3 g [t P+ 19t )1 s [ Gl (29

pi+1

1

Multiplying equation (1.1) by ui(t,z) and integrating over [0,¢] x .

Then, integrating by parts, we get

2
r ot |
E(t) - B(0) +Zw/0 /Q\uit(t,m)]r“q dadt = 0.

=1
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Thus, if the function {u;(-),u2(-)} is a solution to the problem (1.1)-(1.3), then
E(t) is a non-increasing function for ¢ > 0 and

2
A .
E(t) = — Z . /Q e (£, )| d, (2.10)
and (2.7) that

4)
1< A\ C 2
()2 2 (4 \|P1t+D2t2
E(t) > 5 E p [Vui(t, )l DLty t2 221 it iy 4pare 2

=1
2
1 b 9 P1+p2+2 02 9
> = —||Vu;(t, - _ Vu,; P1+P2+ >
253 5 IVt 1+p2+22|| Y
2 2 PLtpats
1 A o  BPitP2t2 0y A A 9
>N 2V, )] - ———2 2Vt - = g(w),
2 52 o IVl = 5o Sy |3 2 Ivte ] 9(a)
(2.11)
where
A= a?1+—§2+2’ a=max{ai,as}, B = B(p1+p2+2), A= )\E1+—§2+27
o= [z 2 g,
=1 %
2
g(a) — 1 2 _ w p1+p2+2.
2 A (p1+p2+2)
It is obvious that
g(0) =0, lim g(a)=—o00,¢(a1) =0, (2.12)
a—+00
A PliPQ
where a1 = M
Applying the idea of E.Vitillaro [18], we have the following lemma.
Lemma 2.1. Assume that (2.3), (2.4) hold. Let
E(0) < Ey, (2.13)
and
2 1/2
> S ve)l? > oy, (2.14)
-1 Y
1 1 9 .
where B1 = | - — ———— | af, then there exists g > a1 such that
2 pit+p2+1
2 1/2
> Hw@«t,-)n?] > 05, 10 (2.15)
=1 %
and

BP1t+p2+2 CyA
/G(ul(t, Yy un(t,-))de > %agﬁm“, t>0. (2.16)
Q
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Proof. Let E(0) < E;. Then by virtue of (2.12) there exists a number
a9 such that ay > a1 and g(ag) = E(0). On the other hand virtue of (2.10)
1

g(ag) < E(0) = g(agz), where ag = <z2: — |Vei(: )H2>2 Since ¢'(a) > 0 if

i=10
a<ajand ¢'(a) < 0if a > a;.
Considering (2.12) it follows that g > a2. Now, to establish (2.15), we suppose
by contradiction that

2\ 3
(Zai!vw(to,-)!) < a (2.17)

i=1
1

2
for some ¢y > 0. On the other hand because of the continuity of (Z A |Vu;(t,-) ||)
i=1 Qi

2 2
we chosen ty so that ag < <E — || Vu;(to, )||> < .
i=1 Qi
From (2.11), (2.17) we obtain that

E(to) > g (ZH% (to,+) \) > g(az) = E(0).

In view of (2.10) it is impossible. Thus inequality (2.14) is valid.
On the other hand from (2.9), (2.10) we see that

1
— | G ))dx > — [|[Vu,(t - 2
s [ Gl }j V(e - ) >
1, Bp1+p2+2 CrA
> 202 — p1+p2+2
2 3%~ 9l) Alpr+p2+2) 2

Theorem 2.3. Assume that (2.3), (2.4) hold. If pi(-) € IX/%(Q), Yi(+) € La(Q),
i =1,2, then any solution of (1.1)-(1.3) with initial data satisfying (2.13) and

p1t+pa+2
2 2

Z:Z HWA-)I!Q] > 1 (2.18)

i=1

By

blows- up at a finite time.

3. Proof of Theorem 2.2

Let {ui(t, ), ua(t, z)} be a weak solution to the initial-boundary value problem
(1.1)-(1.3) defined on [0,T) x Q as furnished by Theorem 2.1. Then we easily see
from (1.1) - (1.3) that

20 A
D g LMt I+ 19t )] +

1=

2 2
At 1 A ) )

7 t’ T4 d dt: _ HE i (-

+Zz/ et o)y o > 5 (IO + 1V

W/G Ul,Ug)d.’E+
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+— G , dr+
p1+p2+1/ 901 <P2)

2
e — —G(ur(t,z), us(t, z))dzdt. 3.1
2 [ Sdt ) (3.)
From (2.5) we yield

2 ¢ B
- p1+pz+1/0 /Q(f)tG(ul(t7$)7U2(t,x))dxdt =

t
= 2)\/ / lug + U2|p1+p2+1 (uq¢ + ugy)dxdt+
0 Q
t 1
o) [ [l e undades
0 JQ

t
+(p2 +1) / / lug [P |ug |P? ugedzdt = Jy + Jo + J5 + Jy.
0 JQ

Each term can be estimated from above. Applying the Holder inequality with
r1+1

1

t
J1 < 2)\/ / \ul + u2|p1+p2+1 |U1t| dxdt <
0 JQ

1
141 i+l
<2\ (/ / lur + ug |pl+p2+ 2 dxdt) </ / gy da:dt) L

Next applying the Young inequality with parameter n = 5'“1+1 we obtain that

+
J1§2>\5“/ /|u1+u (PP SE g +2)\5/ / g™ dadt.

Since p; + p2 + 1 < r; from here we have that

¢ — ¢
/ / |’LL1 + UQ‘(pH_pTH)T dedt < Cq11+ Cro / / |U1 + u2|p1+p2+2 dxdt
0 JQ 0 JQ

where C11 =0,Cio=1ifp1 +ps+1=r1,

[r1— (P +p2 +1)] T mesQ Cry = (p1+p2+1)m
(p1+p2+1)m 7 (p1+p2+1)(r1+1)

if p1 +p2 + 1 < ry. Thereby

exponents q = , ¢ =r1+ 1 we obtain that

Ci1 =

t
J1 < 201107 + 20120 / / ‘U1 + u2|p1+p2+2 dxdt+
0 JQ

t
+2)e / / Jure | dazdt.
0 JQ

Similarly we can prove that

t
Jo <2091 0™ 4+ 2099 M2 / / \ul + UQ‘p1+p2+2 dxdt+
0 JQ

t
+2)\5/ /|UQt|T2+1diL‘dt.
0 Jo
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Further applying the Holder inequality with exponents ¢ = %, g =r+1

1
and Young inequality with parameter 7 = €71+! we obtain that

t
s < (o1 + 1) / / s [P JuaP2 L [ dadt <
0 0

1
+ r1+1
<(p1+1) (/ /\u PR 2D dxdt> T
1
r1+1
X </ / g dazdt) ' <

1)
™ 6

pl_:_l //|u ”dedt
1

Finally applying the Holder inequality with exponents
_ rilpr+p2+2)
(p2+1)(r1+1)
, r1(p1 + p2 + 2) ~ ri(pr+p2 +2)

ri(pr+p2+2) — (P2 +1)(r+1)  ripr—patri—1
and Young inequality we obtain that

//Iu1| T ol PN dadt <

1
(/ /|u1p1 71pdgcd7f> </ /|u P12t gy dt) <
</ /|u1|p1 - dxdt + — //]u [PrEP2t2 gadt <
</ / ]u1|p1 o dxdt + — //|u PPt g,

Since p1 + p2 + 1 < r1 , consequently

r+1, (ri+1)(p1 +p2+1)
p1 =D <p1+p2+2
r ! ri(pr+p2+1) = (p2+1)(r1 + 1)

So applying the Holder inequality we have

t Tl ¢
/ /]ul\pl P dedt < 031+C'32/ /|u1\p1+p2+2 dxdt
0 JQ 0 JQ

where C31 =0, Cya=1ifpi+p2+1=1r;
— (p1 +p2 + 1) T] mesQ Croy — p1(ri+1)

32 =
ripr —p2+r1—1 ripr—p2+r—1
ifpr+pe+1<ry. Thereby

Z [l P + 7 )

=1

C3 = m
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—1-7 Gu (t, ), us(t, x))dz+

2 2

A . A
+3 (o — ) / / e (£, 2)|" L dadt < 22—[\% 2+ 1)1
=1

1
+]w2_|_1/QG(g01(x),g02(az))da:+C—l—C'/o /QG(ul(t,x),UQ(t,x))d:cdt. (3.2)

By Gromwell’s lemma, from (3.2) we find that

2

A 2
22 [luie(t, ) + s (8, )] + m / Gluny (£, 7). uat, 2)) i+

+Z——4)\€ / /|uzttaz T’+1d$dt<C'
=1

By virtue of Theorem 2.1, T' > 0 is an arbitrary number.

4. Proof of theorem 2.3.
Let E(0) < Ej. Putting
H(t)=E,—E(t), t>0 (4.1)
from (2.10) we have

H'(t) = —E'(t t,a)|"de >0, t>0. 4.2
(t) ; o / ‘uzt x) x>0, t>0 (4.2)
Thus we obtain from (2.5) and (2.15) that

0<H(O)<H(t), t>0. (4.3)

It follows from (4.1) the inequality

2

A
H) < B =Y o |Vl )| +

=1

1
— | Glui,up)dz, t>0.
p1+p2+2/9 (w1, u2)dle, &2

By the inequality (2.15) we get

1
H(t) < B1—=a +7
®) 1M p1+p2+2

Introduce the notation

/Gul,ug)dx< /Gul,ug)dx t>0.

p1+p2+2

2
= H' A ui(t, x)uy(t, z)dx
o) = H (t)+€;ai/ﬂ (b )i (b, ) da,

where

5 : { p1 + D2 p1+p2+1_7‘1 p1+p2+1—7"2}
< min

2p1 +p2+2) ri(pr+p2+2) ro(pr+p2+2)
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Taking into account (1.1) we have
2
O'(t) = (1 - 8)H()H'(t) +¢ Zl o Jo luie(t,2)|* da — Z V()P -

2
-y a% Jo luit(t, )| g (t, @) u (L, x)de + € Jo G(u1, ug)dx
i=1
(4.5)

1
+ we have

r T

Using the Holder inequality with exponents ¢ =r; + 1, ¢

ri

‘ / i (£, )7 wgg (b, @)ui (8, 2)da| <
Q

ri/(ri+1) ri/(ri+1)
< ( / |uit(t,x)]”+1dm> ( / |ui(t, )| dx) : (4.6)
Q Q

If in Young inequality

4 1 /
abgiaq+ 7 /bqvaabZO, q>17 QIZL
q qgn? g—1
with the parameter 1 > 0, we take ¢; = T%l’ g =ri+1,m= [MiH_‘S(t)] o= ’
. ri/(ri+1) _ 1/(ri+1)
a; = (fQ |ug (t, 2)[" diU) and b; = (fQ Jui (¢, )| d:p) , we have

5/ |uit(ta 1,1:)‘7’1'*1 uit(t7 I)Ul(t, :U)d.f
Q

< eM;H™(t) / i (¢, )" da+
Q

e MTH (1) /Q i (4, 2)" dar (4.7)

and

Sk / (02" it 1) | <

i=1
ZM / i (¢, )| da+

—l—EZM Ty / it 2)|"H da, (4.8)
=1

where M; = L
By virtue of (2.16) and (3.2), from (4.1) we get

/ i (6, ) |7 wig (8, @) ug (¢, ) da

+ - G(uy,up)d / ()| d. 4.9
ZMz<p1+p2+2/ (u1,uz) x) |ui(t, )| x (4.9)

Taking into the obvious inequality

< eLH O(t)H'(t)+

ri+1

Tpat+2
/ lui(t, x)‘m—&-l de < K; (/ |ui(t’$)|P1+p2+2 dx) p1t+p2
Q Q




GLOBAL EXISTENCE, ASYMPTOTIC BEHAVIOR AND BLOW-UP OF SOLUTIONS ... 197

P1+po+2

where K; = |Q|r1tr2+1-7 from (4.9) we get

< eLH °(t)H'(t)+

/ i (£, )| wig (¢, )i (t, ) da

K / nﬁ-ﬁ-m
+e G(ui,u2)dz . 4.10
ZMn (b1 L2t 275 ( 1, u2) ) (4.10)

From (2.9) and (4.1) we have

2
A
=D S Vit )|* = 2H(t) - 21+
i=1 "

2
A , 2
+ — Uit (t, d:c—/Gu , ug)dx 4.11
Soo et e = s | Gl (@.11)
Namely (2.16) implies that
A
-k > _SEprler?—JFQCQAQZ (Prp2t2) / Gi(uy(t,-),ua(t,-))dzx. (4.12)
Bpitpz+1 ot
On the other hand ¢'(a;) = a3 — TCQA VTP = () therefore
_pitp g pidp  BUPRGM iz g (413
21 +p2+2) 1 2(p1p2+2) A ! 7 o
It follows, from(4.12)-(4.13) that
1+ po a p1+P2+2/
-k >2=—————= —¢| — G(uy(t, ), us(t,-))dx. 4.14
te 2(1’1+P2+2) <052> Q ( 1( ) 2< )) ( )

Using (4.11), (4.14) from (4.5) we have

2
O'(t) > (1— 6 — cL)H (O H'(t) + 2 H (1) + 2 5 ai /Q uig(t, 2)| dat

p1+p2 PLtP2  pipetl (p1+p2+1>] /
€ - « « G(uy(t, ), us(t,))dx—
[p1+p2+2 2(p1 +p2+2) ! 2 Q (w(t, ), uz(t, )
(4.15)

2

Ki / T16+p1+172+2
—€ G(uy,ug)dz .
ZZ;M “(p1tp2t+2) ( ) )

. + + _
Since ag > a, so f = prbr P D a1t (Prtp2tl) o g

prtp2+2 20pr+p2+2)
From (4.15) we have

2
©'(t)> (1 -6 —eL)H *()H'(t) + 2 ) A / it (t, z)|* dz + 2e H (t)+
i—1 a; JO

+ep /Q G(ui(t, ), usa(t,-))dx—
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2 Tt

K v +py+2

fez — : — </ G(ul,u2)dx) R (4.16)
i=1 M;" (p1 + p2+)"™ Q

In view of (4.4)

i+ 1
v
p1+p2+2
Then using the inequality
1
2/ <z4+1<(1+-)(24a), a>0, (4.17)
a

and (2.5) we obtain that

(/Q G(ul,u2)d$>”6+1’121’+21+2 < (1 + H10)> </Q G(ul,uz)daz+H(0)) <

<~ < /Q G(ur, uz)dx + H(t)) : (4.18)

1
where v = 1+m.

It follows from (4.16) and (4.18) that

2
() > (1 -6 —ecL)H IO H (t) + 2 3 2 [, luir(t, x)|* da+
i=1
2 Kfya?
i=1 L™\ (p1 + p2 + 2_)”(S

Kiyaj'
B—=> L — G(u,us)dx.
i=1 L™ A" (p1 + pa + 2) 25_ fQ

+e |2

H(t)+ (4.19)

+e

1
max{r1,r2)

Further we choose L > and

22: K; 'ya;'i

0 <& < min then from (4.19) we get

[, () (w)dal
o(t) > ©(0) > 0. (4.20)

It is obvious that
1

1—
1

2
A
135 (t) < Cy |H(t) 4T Z / wi(t, z) ui(t, z)dx (4.21)
im1 /e
. . .. p+1
We have by Holder inequalities for p1 =p+ 1, pa = o1 p3 =2
p—

<

/Q ui(t, ) wi(t, x)dx
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l p—1
< < / ]ui(t,m)|p+1dx> ( / luig (£, 2) d;v> Q" (4.22)
Q

2(1 -6
Next, we have by Young’s inequalities for ¢ = ;_25), ¢ =2(1-9)
_1
2 A -6
Z / w;i(t, x)ui(t, z)dx <
i=1 1%/
2
_pyFpo+l) (p1+p2+2)(1-28)
< 211__22) o (Z / Jui (£, @) [P P22 dx) o -
A 2(1)111)2112)
sy T S et
2

By (4.4), we have v; =

< 1. It follows from (4.17) that
(p1+p2 +2)(1 — 26) (4.17)

2 (P1+p2+22)(1—25)
(Z [ btz dx> <
=174

2
<7z [Z/ ui(t, 2) [P P22 do 4+ H (1)
=179
By (4.22), (4.23) we obtain the inequality
2
1-26 21();:273;2) p1+p2+2
_’Ymm\ Z ’U (t, )] dz + H(t)
_p1tpa+l

A 2<p1+p2+2>
A alt,2)? d 4.24
tms Z > [ e o e (424
The inequalities (4.22) and (4.24) imply that

(4.23)

1
=3

<

/uz (t, z)ui(t, x)dx

2
O(t)> (1 -5 —eL)H W) H (t) +2e Y [y luae(t, 2)* da+
9 =1 (4.25)
401 H(t) 4 €650y .Z Jo lui(t, z) P72 da

_ i Kiva;’
': LT AT (py +P2+2)”

02 =5 — Z L

A"i (p1+p2+2)"i°
Moreover, choosing € > 0 Sufﬁc1ently small from (4.25), (4.28) and (42.9) we
can obtain the following differential inequality

O/(t) > w OT5 (1) (4.26)
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1. 20105(1 — 6) da(1 — 6)
where w = Co min < €6y, e eSS
(1 _ 25) ‘Q’ 2(p1+p2+2) 5%)\ ’Q‘ 2(p1+p2+2)
Integrating both sides of (4.26) over [0, t] yields that
[
5
oty > 00
— 20175 (0)¢
Noting that ©(0) > 0, then . litm 0@(t) = 400, where
—tlo—
1-9
to T e
wd O©T-3(0)

Namely, the solutions of the problem (1.1)-(1.3) blow-up in finite time.
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