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ON THE FRACTIONAL ORDER WEIGHTED HARDY
INEQUALITY FOR MONOTONE FUNCTIONS

FARMAN I. MAMEDOV AND SAYALI MAMMADLI

Abstract. In this paper, using a new approach we study one dimen-
sional fractional order weighted Hardy type inequality

/O S la < o /0 ) ( /0 t (u()—u()) w(t—a)a" " dw )t dt.

for monotone decreasing functions u : (0,00) — (0,00), u(co) = 0 and
the weight v(t) = [~ w(s)s" ds.

1. Introduction

This paper relates to the difference analogue of the weighted Hardy inequal-
ity. It is estimated a weighted Lebesgue norm of monotone decreasing function
through a weighted norm of its first difference. This topic is actual in view of
the interpolation theory, boundedness of maximal function in Lorentz space, and
compactness problem for the non smooth domains ( see, [19, 12, 14, 13, 5])

In this regard, a difference inequality

Y o e
———dz < C
/0 a9 |:z:—t]5+1

holds with a constant C' = ( + 5o 1|) where u is a locally integrable function
on [0,00) such that hm = fo t)dt =0 for 0 < <1 and hm 1 > [y u(t)dt =0

for 1 <6 <p ( see [1(), 7, 21]). In [8], this was extended to the so called "slowly
varying weight” case:

/0 (ta% at < c// 5\91+pbu((|t ’dmdt (1.1)

where C' does not depend on u,u € Ll’loc(07oo) satisfies tliIilO? fo u(s)ds = 0
—

< lim L [ u( dt-O) and p > 1,61 € (0,1)\ {3}, 62 € R, bi(t), ba(t)

T—+00
are slowly varying functions; it is asserted that inequality (1.1) holds if and
only if 6y = 6 (>) % and  bi(t) < Cybe(t). For a function u satisfying
<
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lim 1 T 5 u(t)dt = 0, the inequality

/0 wo () |u(z \pdx<c/ / [ulz |tix‘ﬁ (DF W(m)dx)dt, (1.2)

where the integration is taken not all over the axe ¢, was proved under the suffi-
ciency condition

igg (/OIL“ ’wo(SU)d:E) (/:o wi_p/(t)dt)p_l < 00 (1.3)

where § > 0, p > 1, and the function W(z) = 25 wp(z) + 2571 7Pw;(2). In
[5, 6], the case of related weights

v(t) = / w(s)ds < oo, t>0 (1.4)
¢
was considered, where a sufficiency condition
v(h) < Civ(2h), Cy€(1,2), h>0, (1.5)

was proved; for the results on base of difference inequalities exposed above, we
refer [10, 9, 13].

This paper concerns to the (1.2) type difference inequality in the class of mono-
tone decreasing functions. Using a new approach, we prove separate necessity and
sufficiency theorems of Arino Muckenhoupt’s type for the difference inequality to
hold. The method of proof of sufficiency is close to [15].

Note that, the weighted Hardy inequality for monotone decreasing functions
u(z) was considered by Arino-Muckenhoupt [1], D.W.Boyd [3], E.T.Sawer [17],
and V.D. Stepanov [18]. In [16], such type results was proved for the Riemann-
Liouville operator in variable Lebesgue space. Bosa and Soria [4] have proved an
interesting result that, the modular form variable exponent boundedness of the
Hardy operator restricted to the no increasing functions take place only if the
exponent is a constant.

We say, a positive function y(¢) is almost increasing (decreasing) on 0,00 if
there exists a C' > 1 such that for any 0 < ¢; < t3 < oo it holds y(t;) <

Cy(t2) (Cy(tl) > y(tg)). In the paper, by Cy,Cs, Cs, ... we denote different con-

stants which value is not essential for the purposes of the paper.

2. Main results

Theorem 2.1. Let n > 1, w be nonnegative measurable function on (0, 00)
and

v(t) = /too s"lw(s)ds € L' (0,a), a>0 (2.1)

be such that x"v(x) is almost increasing. Let u = u(t) be a decreasing function
such that lim u(t) = 0.
t—00
Then for the inequality

/O T utPu et < ¢ /0 h ( /0 t (u(z) — u(t)) w(t — :U)a;”_ldx)t”_ldt. (2.2)
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to hold it suffices that
xX
/ v(t) " ldt < Coa™v(z), x> 0. (2.3)
0

Theorem 2.2. Let n > 1, p > 2n—1, w be a nonnegative measurable
function on (0,00) and

v(t) = /too s Yw(s)ds € L'(0,a), a>0 (2.4)

be such that the function x?"~1=P fox sP™"v(s)ds is almost increasing.
Then for the inequality (2.2) to hold it is necessary that

T
/ v()tP "t < Cox? " Mu(z), x>0, (2.5)
0

Proof of Theorem 2.1. Let a@ > 0 denote Q, = {x > 0: wu(x) > a}. The
set of points ), is an interval (0, z(«)), since the function u is decreasing. It is
clear that z(2a) < z(«). Denote

(@)
I/(QQ)I/Q V(m)m"lda::/o v(t)t"at

Insert a number 0 < § < 1 that will be specified later.
There are two possibilities :

a)z(2a) < dz(a); b)z(2a) > 0z ().

Due to [2] (Lemma 2, for increasing functions) and [11] (Theorem 2.5 for
almost increasing functions), it follows from (2.5) that there exist an 0 < ¢ < 1
such that the function tn;(t) is almost increasing. From this we infer: there are

C > 1, € € (0,1) such that it holds the inequality
()" Fu(dt) < Ct"cu(t), t>0, 0<§<L1.

Therefore,
v(t) < CO*"v(t).
Integrating this inequality we get,

é6h h
/ v(s)s" tds < 055/ v(s)s" Lds, h > 0. (2.6)
0 0

Choosing §, Cé¢ = 21,%, inserting h = z(«), and applying that

z(2a) < dz(a)
from (2.6) it follows that

z(2a) - oz(a) -
v(Qoa) = / v(s)s" tds < / v(s)s" “ds
0 0 (2.7)

z(a) 1
£ n—1
<(Cé /0 v(s)s" tds < ST v(Qq)-
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In the case b) apply the change of variables ¢t — 2z = ( passing from variable ¢ to

B
z(2a) (9]
n—1 _ n—1
/0 " dx (/x(a) w(t — )t dt)
z(2a) 9] 1
:/ 2" dz / w(B)(z + )" ap ) .
0 z(o)—x

Applying Fubini’s theorem and (z + 3)"~! > "1 we get

- / ()i@ w(ﬁ)( / ((j_; oo+ ) )

c\

2" x4+ B)" 1dx) g

z(2a)

2" x4+ B)" ldm) ag

8%

o[
“(9)(
> (”” / gdp

(fv)

T

Applying (2.5) and using v(Q2,) < v(€2,) we obtain that

o [ola) o () 0"(Qaa)
Hence
z(2a) 00
v(§a) < ZS / 2" dx ( / w(t - :c)t”‘ldt> . (2.8)
z(a)

On other hand,

z(2a)
/ 2" da (/ x)t"” 1dt) w(t — z)z" " dadt.
0 (a)

{z<t:u(z)—u )>a}
Thus

v(Qaq) < Z—C w(t — x)z" " dadt (2.9)

\

{z<t, u( (t)>a}

Combining (2.7) and (2.9) (the cases a) and b) respectively ) we get

1 nC n—1ln—
y(Qm):Wu(QaHé—n // w(t — )" " dadt.  (2.10)

{z<t,u(z)—u(t)>a}
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Integrating (2.10), we get
oo 1 oo
/0 v(Qaq)da? < TES / v(Qq)da?

E - _ n—1,n—1 P
+ 5 ( // w(t —ax)z" 't dxdt)doz.

{z<t, u(z)—u(t)>a}

By Fubini’s theorem the second summand equals

T;—S /OOO (/Ot (u(:v) — u(t))pw(t — x)x”_ldx>t"_1dt

Using this and the expressions

/ I/(Qa)d()ép:/ u(t)Pt"Ldt
0 0

o0 1 o0
/ v(Qoq)da? = — / u(t)Pt"dt
0 27 Jo

it follows from (2.11) that

and

rHinC

/ h u(t)Pr(t)t" tdt <
0

This proves Theorem 2.1.
Proof of Theorem 2.2. Set the function

1, ifo<az<b
up(z) = — 2 if% <z <h
0, if x > h,

into the inequality (2.2), where h > 0. Notice the inequality

[u0(a) — wo(y)] < min { 2o — 41,1}

261

(2.11)

/0 -t (/0 (u(z) — u(t)) w(t — a;)x”flda:> dt.

(2.12)

for any © > 0, y > 0, and ug(z) — uo(y) = 0 if z > h, y > h. Using (2.2) and

(2.12) it easily seen that
w(t —x) (uo(a:) - uo(t)>ptn71dt> 2" tda

o(x) —up(z + s))p(x + 3)”_1ds> 2" tdz

/
/ uo( ) —uo(x+s))p(x—ks)”*lds)x”’ldm
(]
(e

uo(x) —up(z + s))p(x + S)"_lds) 2" tdz
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Since ug(x) = ug(z + s) = 0 for x > h the second summand is zero. Therefore,

p

[ e (uo(x) ~ ol + s>) (4 Pt

(z + s)" Lazn~ 1dx>w(s)ds

<Cy [hinp/ w(s)spd8+h2"1/ w(s)ds},
0

»

where C7 > 0 does not depend on h.

Inserting h in place % we get

h h 00
/ v(t)t"ldt < Cy [h2”1p/ w(s)sPds + h2”1/ w(s)ds], h>0 (2.13)
0 0 h

Inserting w(t) = —t'~"//(t) and integrating by parts in this inequality we get:

h h 00
/ vttt < —cp2nTiop / P! (t)dt — Ch?" ! / 7 (t)dt,
0 0 h

(since 17" < h'™™ in the second integral)

h
S—Ch2n_1_p/ 75;04—1 n /( )—i—Chn (h)
0
h h
= —ChQ”_l_ptp“_”u(t)‘o +(p+1—n)Cp*n1=p / tP~"u(t)dt + Ch"v(h)
0

h
=(p+1-n)C h2n1p/ P~y (t)dt
0
(2.14)
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Set G(h) = foh tP~"y(t)dt. Integrating by parts, it follows from (2.14) that

h
/ GO < (p4 1 — n)Ch21PG(h),
0

2n—1—p h _ 1 " 2n—2—p _ 2n—1-—p
¢ Gt —n-1-p) [ 1t Gt)dt < C(p+1—n)h G(h)
0

or
h Clp+1-n)—1
/ t2n—2—pG(t)dt < (p+ TL) h2n_1_pG(h).
(2.15)
It follows from (2.14) and Bari-Stechkin type theorem [2] that the function

tpfn% is almost increasing: there are ¢ > 0 and (5 > 0 depending on

C, p such that:

GEt) G(t)
((’5t)p—2n+1+s — 2tp—2n+1+a’

0<do<l, t>0.

Therefore,
G(0t) < CooP~2MHITeq(t) t> 0. (2.16)
Choose § such that Co6P~2"T1+¢ < 1. Then it follows from (2.16) that

Sh 1 rh
/ P () dt < - / P () dt
0 2 Jo

1 oh 1 h
_1 / ()"t + = / V(£ Tt
2 /o 2 /s

h
or

6h h
/ Py (t)dt < / Py (t)dt.
0 é

h
Since v(t) is decreasing, one get from here

/ " nndr < 7D sty (5w
0 ) ~ (p—n41)opnil )

or
x
/ Py (t)dt < CsaP "y (x), x>0, (2.17)
0
1—gp—ntl
where C5 = W.

Theorem 2.2 has been proved.
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