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ON LAURENT COEFFICIENTS OF CAUCHY TYPE
INTEGRALS OF FINITE COMPLEX MEASURES

RASHID A. ALIEV

Abstract. Boundary values of Cauchy type integrals of finite complex
measures given on an annulus, generally speaking, are not Lebesgue
integrable, and therefore at expansion of Cauchy type integrals in Lau-
rent series, the expansion coefficients cannot be expressed by boundary
values using the Lebesgue integral. In this paper, using the notions
of A-integration and N-integration, we get a formula for calculating the
Laurent expansion coefficients of Cauchy type integrals of finite complex
measures.

1. Introduction

Let Th ={z€C: |z—a|=R}, To ={2€C: |z—a| =r} are the concen-
tric circles with the centers at the point a € C, 0 < r < R, and a finite complex
measure v is given on the set 7' = T7 |J 7. The function

SRR Y O
2ri JpT—2z  2miJy T—2 2 Jp, T—2

z € G ={z€C: r<|z—al <R}, are called Cauchy type integrals of the
measure v on the annulus G, where v and v, are the restrictions of the measure
v, respectively, on the sets T and T. It is known that (see [13]) the function
F (z) is analytical on the domain G and expanded in Laurent series:

[e.9]

F(z2) = Z ap (z— )",z € G, (1.1)

k=—o00
and the expansion coefficients ay, k € Z are determined by the equalities
1

—k—1
— - d keZ
ak = 5 . (T —a) vi (1), k € Z4,
1
apy=— = [ (r—a) " dn(r), ke 2\Z;. (1.2)
271 Ty

Smirnoff (see [16]) proved that the analytic functions F' (z) have finite non-
tangential boundary values F' (7) for almost all points 7 € T'.
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It follows from a theorem of Zygmund (see [12, ch.5, C, §3°]) that, if a measure v
is absolutely continuous: dv (1) = f (7)dr and f € Llog L (T), then the equality

Fz) = 1 F (1) ir 1 F (1)

21 Jpy, T — 2

dr,z € G (1.3)

21 Jp, T — 2

is holds. Therefore for the Laurent coefficients ax, k¥ € Z the following equalities
are valid:
1

a 21 T

rea) " F(dr = —— [ (r—a) " P () dr ke Z. (1.4)
27 o,

If fe L(T)and f ¢ LlogL(T), it can happen that the boundary values F (1)
is not Lebesgue integrable on T', and therefore the equalities (1.3), (1.4) are not
satisfied in this case. It follows from P.L.Ul’yanov’s work [20] that the boundary
values F'(7) is A-integrability on T in the case f € L (T). In the case when the
measure v is not absolutely continuous, the boundary values F' (1) do not satisfy
the condition A\m {7 €T : |F* ()] > A} =0(1) as A = 400, and therefore do
not integrable in the sense of A-integration. In [4], the author introduced the
notion of N-integration and proved that the boundary values F' (1) of Cauchy
type integrals of finite complex measures is N-integrability on T

In the present paper, using the notion of A-integration and N-integration, we
obtain the analogue of formula (1.4) for finite complex measures.

ag

2. On Laurent coefficients of Cauchy type integrals of absolutely
continuous measures

For a measurable complex function f on an interval [a,b] C R we set
[f @)],, = [f (@)]" = f (2) for |f(z)] <n

[f (@), = n-sgnf (x), [f ()]" =0 for [f ()| >n, neN,
where sgnz = ﬁ for z # 0 and sgn0 = 0.
In 1929, Titchmarsh [18] introduced the notion of @- and @’-integrals.

Definition 2.1. Let f be a measurable complex function, defined on an interval
[a, b]. If the finite limit li_>m f: If (x)],, dz ( li_>m f; [f (x)]" dx, respectively) exist,
then f is said to be Q-integrable (Q’-integrable, respectively) on [a,b], that is,
[ € Qlayb] (f € Q[a,b]), and the value of this limit is referred to as the Q-
integral (Q’-integral) of this function and is denoted by

(Q)/abf(x)dx ((Q’) /:f@;)dx).

In the same paper Titchmarsh established that, when studying the properties
of trigonometric series conjugate to Fourier series of Lebesgue integrable func-
tions, Q-integration leads to a series of natural results. A very uncomfortable fact
impeding the application of Q-integrals and Q'-integrals studying diverse prob-
lems of function theory is the absence of the additivity property, that is, the Q-
integrability (Q'-integrability) of two functions does not imply the Q-integrability
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(Q'-integrability) of their sums. If one adds the condition
Am{z €la,b]: |f(z)]>A}=0(1),\ = +o0, (2.1)

where m stands for the Lebesgue measure, to the definition of @-integrability
(Q'-integrability) of a function f on the interval [a,b], then the @Q-integral and
Q’'-integral coincide (Q [a,b] = Q' [a, b]), and these integrals become additive (see
[18]).

Definition 2.2. Suppose that the function f satisfy the condition (2.1) and is
@’-integrable (or @Q-integrable). That the function f is said to be A-integrable
on [a,b], f € A [a,b], and denoted by

/f )dz = ( ’)/af(fc)dxz(Q)/abf(x)dx

Let the function f be given on the circle T = {z € C': |z —a| = R}. If the
function f* () = e f (a +R- e’e), 0 € [0, 27| is A-integrable on the interval
[0, 27], then the function f is said to be A-integrable on 77 and is denoted by

() | Jir)dr =) /O i (a +R- ew) df.

The properties of A- and @Q-integrals were investigated in [4-6, 9-11, 18], and
for the applications of A- and @Q-integrals in the theory of functions of real and
complex variables we refer the reader to [1-4, 7, 8, 14, 15, 17-21].

We need the following theorems proved in [7], [14] and [20].

Theorem 2.1. [7]. Let Ty = {z€C: |z|=1}, f € L(Ty) and F*(2) =
2m T TT)fT, z € DY = {2€C: |z| <1} be the Cauchy type integral of the

function f. Then for the Taylor coefficients a), k € Zi, of F't (z) by expanding
Taylor series FT (2) = 332 aj2"® holds the equality

a = L (a) / RApt (£ dr, k€ 7y,
To

where F* (1) are the non-tangential boundary values of F* (2) as z — 7 € Tp.

Theorem 2.2. [20]. Let f € L(Ty) and F*(2), 2 € DT be the Cauchy type
integral of the function f. Then

(A)/ *FY (r)dr =0, k€ Z,,
To

where F* (1) are the non-tangential boundary values of F* (2) as 2 — 7 € Tp.

Theorem 2.3. [7]. Let f € L(Tp) and F~ (2) = 5% [dr ¢ D~ =

27t To 17—z 7
{z € C: |z| > 1} be the Cauchy type integral of the function f. Then for the
Taylor coefficients by, k € N, of F~ (z) by expanding Taylor series F~ (z) =

Py ZZJ—I’; holds the equality

b, = — (A F=lp=(r)dr, ke N
o= 5 ) [ PP @an ke N

where F'~ (1) are the non-tangential boundary values of F~ (z) as z — 7 € Tp.
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Theorem 2.4. [14]. Let f € L(Ty) and F~ (z), z € D~ be the Cauchy type
integral of the function f. Then

(4) / P (7)dr =0, k € N,
To

where F'~ (1) are the non-tangential boundary values of F~ (z) as z — 7 € T().

Theorem 2.5. Let f € L(T) and F (2) = 5= [, TT)Z” = 4 le . Z
2m T ZT, z € G be the Cauchy type mtegml of the function f. Then for
the Laurent coefficients ai, k € Z, of F (z) by expanding Laurent series (1.1)

holds the equalities

o — eri(A)/T (r—a) " F(r)dr
— % (A)/T (t—a) " Y F(r)dr, k € Z, (2.2)

where F (1) are the non-tangential boundary values of F (z) as z —» 1€ T.

Proof. We denote by

_ G ) _
Fi(z) = 2m - {z€C: |z—a| <R},
_ f(r ) B
Fg(z)—2 - AzelC: |z—a|>r}.
It follows from the theorems 2.1, 2.2, 2.3 and 2.4 that
ap = = (A)/ (r—a) " P (r)dr, k€ Zy, (2.3)
271 T
(A)/ (r—a) " 'R (r)dr =0, ke Z2\Z,, (2.4)
T1
arp = — (A) / (r—a) " By (r)dr, ke Z\Z,. (2.5)
2m T
(A)/ (r—a) " ' By (r)dr=0,ke Z,. (2.6)
T

Since the function Fj(z) is an analytical in the bounded domain
{z € C: |z—a| < R} and the function F; (z) is an analytical in the unbounded
domain {z € C': |z —a| > r}, then we have

/ (r—a) " ' Fy(r)dr=0, ke Z,, (2.7)
T
1
ak =55 | (7= a) " Ry (r)dr, k€ Z\Z, (2.8)
1
/ (Tfa)fkf1 Fy(r)dr =0, k€ Z\Z;. (2.9)
Ts
1
ax=-—— | (r—a) "' Fi(r)dr, ke Z,. (2.10)

21t Jp,
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Therefore, it follows from the equations (2.3)-(2.10) and from the additivity of
A-integral (see [18]) that

o= 5 (4) [ @0
- Lw /T (r—a) ™ R (r)dr + o [0 R
_ % (A) /T1 (r—a) " P (1) + Fa (1) dr
- 2% (A) /T1 (r—a) " F (r)dr, k € Z4,
=5 -0 B
:% R (T)d7+2m(A)/T1(T o) VR (1) dr
zzim, A /T (r—a) " Fy (r) 4+ Fy (7)) dr
_ 2% (4) /Tl (r—a) *LF (r)dr, k € Z\Z4,
o= 5 (4) /TQ (r— a)y 1By (r) dr
— %(A) /TQ (r—a) " By (1) dT—i—ﬁ . (r—a) "By (r)dr
S /T () B + A ) dr
_ % ) [ G- R @ ke 22,
ap = % A (r—a) " F () dr
_ QLM 8 (r—a) " By (1) dr + zim (A) /T (1 —a) " By (r)dr
_ 2% . (r—a) * L E (1) + By (r)] dr
- % ) [ - o) * 1 F (1) dr, k € Z,.

Theorem 2.5 is proved.
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3. Laurent coefficients of Cauchy type integrals of finite complex
measures

For a measurable real function f on the interval [a, b] we write
(f>N=H{zela, 0]« f(2)>A},(f <N ={zecla, 0]« f(z) <A},
(fzN={zecla, 0] f(2)2 A}, (f <A ={zecla, 0] 1 f(z) <A}

Definition 3.1. We denote by M ([a, b] ; C) the class of measurable complex-
valued functions f on the interval [a, b] for which a finite limit R lim Am(|f] > )
—+00

exist.

In [4] the author showed that the Q-integral and the @’-integral coincide on
the function class M ([a, b] ; C), that is, if f € M ([a, b] ; C), then for the exis-
tence of the integral (Q) f; f (z) dzx it is necessary and sufficient that the integral

Q" f; f (z) dz exist, and in that case these integrals are equal.
Let be a measurable real 2w - periodic function such that for every interval
[, B] C R there exists a finite limit

lim Am{x € [a, 8]: |f(x)] > A}.

A—400
We write (see [2])
n—1
T mq
P(figz;t) = 5etg——f (1)
for te (xfﬂ'q"_l,zfﬂ'q”) U (x+7rq",x+7rq"_1) ,mMeEZy, 0<qg<1,
P(fiz)= lim  lim pm{t€ (z,z+m): [P(figz)>nt, (1)
Py (fiz) = lim  lim nm{te(z—maz): [P(figz;t) >n},  (3.2)

q—1— n—+oo

sgn (P (fiz) — Py (f;2)) for f(x) > A,
ras (@) = 0 for |f (@) < A,

sgn (Py (fiz) — P2 (fi2)) for f(z) <—=A,
under the assumption that the finite limits on the right-hand sides of the equations
(3.1) and (3.2) exist for almost all € [0, 27w). For every measurable complex
function f = Ref + iImf defined on the interval [0, 27) we write ry ¢ (z) =
T)Ref (€) + 07 1mys (x) under the assumption that 7\ ges (z) and ry rmf (¢) exist
for almost all z € [0, 27).

Definition 3.2. Let SM (]0,27] ; C) denote the class of complex measurable

functions f on the interval [0, 2m) for which ry ¢ (2) exists for almost all x €
[0, 27), the limit
B—e
li lim A t)dt
dig Jim o[ s

exist for every interval [« , 5) C [0, 27), and the function f— ¥ satisfies condition
(2.5), where o stands for the function conjugate to the measure v defined by the
rule
T : pe
vl B)) = 2 51_1>r51+ AETOOA/a_E g (8 dt
for every interval [a, 8) C [0, 27).
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We note that for every function f = v 4 g, where v is a finite Borel measure
on the interval [0, 27) and the measurable function g satisfies condition (2.1), the
value 7y ¢ (x) exists for almost all x € [0, 27), and, for every interval [«, 3) C
[0, 27), one has the equation (see [2])

B—e
™ .. .
vo(la, 8) = 3 lim Tim A / s (3.3)

where v, stands for the singular part of v.

Equality (3.3) shows that the class of functions SM ([0, 27] ; C') coincides with
the class of functions admitting a representation of the form f = U;+g, where v; is
a finite singular complex Borel measure on the interval [0, 27) and the measurable
complex function g on [0, 27) satisfies condition (2.1).

In [4] the author shows that the Q-integral and @’-integral has the additivity
property in SM ([0,27] ; C), that is, if the functions fi, fo € SM ([0,2x] ; C)
are Q-integrable (Q'-integrable) on the interval [0, 27|, then their sum f1 + fo
also belongs to SM ([0,2x] ; C), the sum is Q-integrable (Q’-integrable) on this
interval and Q-integral (Q’-integral) from the sum equals the sum of Q-integrals
(Q'-integrals).

Definition 3.3. If a function f belongs to the class SM ([0,27] ; C) and is Q’-
integrable on the interval [0, 27], then is said to be N-integrable on [0, 27]. The
sum

2m 2w
/ dr+ — lim A / d
@ [ g o [
is referred to as the N T-integral, and the difference

27 2T
@) [ F@de- ] tim A [ @)de
0

0 2'L A—+o00

as the N~ -integral of on [0, 27]; these integrals are denoted by (N ™) Ogﬂ f(z)dx

and (N7) 027r f (z) dz, respectively.

The equation (3.3) shows that, if the singular measure v, in the decomposition
f=vs+g € SM([0,27] ; C) is known, then N - and N~ -integrals are evaluated
by the formulae

2

2m 2m
(N1) f(z)dz = (Q) f(z)de —1 dvg (x)

0 0 0

=) [T ot —i [,

2m 2m 2m
(N7) f(z)dz = (Q) f(z)dx + Z/ dvs (z)
0

0 0

:(A)/O%g(x)d:c—l—i/o%dys(a:).

For a complex measurable function f on the interval [a, b] we denote by f* a
2m-periodic function defined for x € [0, 27) by the equation

f*(:v):b;raf<a+b2_ﬂax>.
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Definition 3.4. If a function f* is N-integrable on the interval [0, 2], then
the function f is said to be N-integrable on the interval [a, b], and the N*- and
N~ -integrals of f on [a, b] are defined by the formulae

b 2
() / flade = (v°) [ e / f@ydr = (V) [ s
a
Example 3.1. If the Lebesgue integrable function ¢ on [a, b] is Holder continuous
at a point xo € (a, b), that is, there are numbers 6 >0, C >0, «a € (0, 1] such
that [p(z) — ¢ (z0)| < C'|z — x0|* for every = € (xg — d; 2o+ 0), then

b b b
(N*)/a de:v.p./a Mdm—mgp (zg) = lim &daz,

T — X0 T — X e—0+ J, T —x0+ 1€

b b b
(N)/a (p(m)da::v.p./a Md:ﬂ-ﬁ-mgp (xg) = lim %dm

T — X0 T — X e=0+ J, x—x0 — 1€

Note that (see [4]) NT- and N~ -integrals have the additivity property and for
these integrals the change of variables formulas hold.

Let a measurable function f be given on a simple closed Lyapunov contour I’
and let & = £ (s), s € [0, ] be the parametric equation of I', where s is the arc
length of the part of the contour from the point £y = £ (0) to the point & = £ (s).

We write f*(t) = f(£(¢))-& (¢), t €0, 1.

Definition 3.5. If a function f* is N-integrable on the interval [0, [], then the
function f is said to be N-integrable on the contour I', and N - and N ~-integrals
of f on I' are defined by the formulas

l
(N*)/Ff(r)dr— (N+)/O £ (1) dt
l
N [Far =) [ @

From the change of variables formulas for N*- and N~ -integrals it follows
that if a contour I' is given by a parametric equation £ = & (t), t € [a, b], where
& = £ (t) is differentiable on [a, b], the derivative &’ () is Holder continuous and
satisfies the conditions: [¢'(t)] > Dy > 0, t € [a, b] and &' (a) = £ (b), then
the N-integrability of the function f on I' is equivalent to N-integrability of the
function f (€ (t))-€' (t) on [a, b], and the N - and N~ -integrals of these functions
are equal.

We need the following theorems proved by the author in [4] and [7].

Theorem 3.1. [7]. Let vy be a finite complex Borel measure on the circle Tp

and F* (2) = 5= T dfi(:), z € DT is Cauchy type integral of the measure 1.

Then for the Taylor coefficients ax, k € Z4, of F* (2) by expanding Taylor series

Ft(2) = Y32, a,.2" holds the equality
1
a% = — (N+)/ roklpt (T)dT, keZy,
2mi T

where FT (1) are the non-tangential boundary values of F* (2) as z — 7 € Tp.
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Theorem 3.2. [4]. Let vy be a finite complex Borel measure on the circle Ty and
F*(2), 2 € DT be the Cauchy type integral of the measure vy. Then

(NT) /T TPt (r)dr =0, k € Zy,
0

where F* (1) are the non-tangential boundary values of F* (z) as z — 7 € Tp.

Theorem 3.3. [7]. Let vy be a finite complex Borel measure on the circle Tp
and F~ (z) = ﬁ T d:"_(:), z € D7 is Cauchy type integral of the measure v.

Then for the Taylor coefficients by, k € N, of F~ (z) by expanding Taylor series
F~(z2)=>12, Z—ﬁ holds the equality

1
b, = —
k™ omi

(N)/ A (r)dr, k € N,
To

where F~ (1) are the non-tangential boundary values of F~ (z) as z — 7 € Tp.

Theorem 3.4. [4]. Let v be a finite complex Borel measure on the circle Ty
and F~ (z), z € D™ is Cauchy type integral of the measure v. Then for the
Taylor coefficients by, k € N, of F~ (2) by expanding Taylor series (1.1) holds
the equality

(N7) / 7 FF~(r)dr =0, k € N,
To
where F~ (T) are the non-tangential boundary values of F~ (z) as z — 7 € Tp.

Theorem 3.5. Let v be a finite complex Borel measure on the set T = Ty |JT»
and F (z) = 1 dv(t) _ 1 dvi(t) | 1 dvo (1)

2mi JT 7—2 21 JTh T—2 omi JT, 7=z 0 F €Gis CGUChy type

integrals of the measure v on the annulus G. Then for the Laurent coefficients
ak, k € Z, of F (2) by expanding Laurent series (1.1) holds the equalities

o= 5 (V) [ =0 P ar
_ % (V) /T (r—a) " F(r)drk € 7, (34)

where F' (1) are the non-tangential boundary values of F (z) as z > 1 € T.

Proof. We denote by
1 dVl (7’)

Fi(z) = —
1(2) 2mi Jp, T—2

{zeC: |z—a| <R},

F2(Z)—1/T dvs (7) {zeC: |z—a|>r1}.

- 2mi T—2"
It follows from the theorems 3.1, 3.2, 3.3 and 3.4 that
1
ar = —— (N / (r—a) VR () dr, k€ 2y, (3.5)
211 T
(V) / (r—a) ™™ B (F)dr =0, k€ Z2\Z,, (3.6)
T
1
ar=— (N7) / (r—a) " By (r)dr, k€ Z\Zy. (3.7)
2me T
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(N7) /T2 (r—a) " ' Fy(r)dr =0, ke Z,. (3.8)

Therefore, it follows from the equations (2.7)-(2.10), (3.5)-(3.8) and from the
additivity of N*-, N~ -integrals (see [4]) that
1

U =5 (N1) /T (t—a) " R () dr

1 1
- = N+ _ —k—1 F T _ —k—1 F
5 (N7) /T1 (1 —a) 1 (7)dT + o Jo, (T —a) b (1) dr

:;M(N+)/T (r—a) "R (7) + Fo (r)] dr

1
= (N+)/ (r—a) " F(r)dr, ke Z,,
27TZ Ty
1
ap = — (r— a)_k_1 Fy (1)dr
27TZ T

1 —k—1 1 + / —k—1
S _ F — (N - F
2mi g, (r—a) 2(r)dr + omi (V) T (r=a) 1(r)dr

:;m(m)/T (r—a) "By (7) + Fy (r)] dr

1
= (N+)/ (1 — a)fk*lF(T) dr, k € Z\Z,
271 e
1

ap = —
K 21

(V) /T2 (r—a) Ly (r) dr

_ L (N_)/T (r—a) "' Ry (r) dT+L (r=a) " R (r)dr

i omi Jr,
- () /T (r— a) By (r) + Fy (7)] dr
_ % (N7) /TQ (r—a)y * L F (r)dr, k € Z\Z4.
o = % R
= [ -0 R o (V) /T (r—a) L By (r) dr
1

L (N)/T (r—a) L () dr, k € Z4.

- 27

Theorem 3.5 is proved.
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