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ON MULTIPLE COMPLETENESS OF EIGEN AND
ASSOCIATED VECTORS OF A CLASS OF OPERATOR
PENCILS

SABIR S. MIRZOYEV AND HASAN I. ZAMANOV

Abstract. In the paper we obtain conditions providing multiple com-
pleteness of eigen and associated elements of higher order operator pen-
cils on a finite interval. These conditions are directly expressed by prop-
erties of coefficients of the operator pencil.

1. Introduction

On separable Hilbert space H we consider a polynomial operator pencil of n-th
order

PO = (—1)"A"E+ A" 1A 4+ A, + AT (1.1)

where n = 2k, (k =1, 2,...), A is a spectral parameter, F is a unit operator in
H, the remaining coefficients of the operator pencil (1.1) satisfy the conditions:
1) A is a positive-definite operator with completely continuous inverse AL
2) The operators B; = A;A™7 (j = 1,...,n) are bounded in H;
3) The operator E + B, is invertible in H.
Note that subject to conditions 1)-3), the operator pencil has a discrete spec-
trum with a unique limit point at infinity. Indeed,

n—1
P(\) = (E+By) | Y A"I(E + B,) (A4 7) - A
j=1

+ (—D)FAY(E + By) AT E) A" = (E + B,)(E + L(\) A",

where

n—1

L(A) = (=)"A"(E + Bp) '"A™" + Y NI (E+ By) 'B;ATH.

j=1
As L(0) = 0, the coefficients (E + B,)"'A™ and (E + B,) !B, A" (j =
1, n — 1) are completely continuous in H, then F + L(\) by the Keldysh lemma
[4] has only a discrete spectrum with a unique limit point at infinity. Then the
operator pencil P(\) = (E + B,) ' (E + L()\))A™ also possesses this property.
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Obviously, the domain of definition of the operator AY (v > 0) is Hilbert space
H., with respect to the scalar product (z,y), = (A"z, A"y), x,y € Hy. For vy =0
we assume Hg = H.

Denote by La(Ry : H) Hilbert space of all vector-functions f(t) determined
almost everywhere in the interval (0, 1) with values in H, for which

1/2
1l a0y (/ 1) ]dt> < e

Further, following the monograph [5] we introduce Hilbert space
W(0,1): H) = {u : u™ e Ly((0,1) : H), A™ue Lo((0,1) : H)}
with the norm

n n /
HUHWQ”((OJ):H) = (HA u”%z((O,l):H) + lu H%z((O,l):H)> :

Here and in the sequel, the derivatives are understood in the sense of theory of
distributions in abstract Hilbert spaces [5].
Associate the pencil (1.1) with the boundary value problem

n—1

P(d/dtyu(t) = (~1)Fu™ + A"u+ > A, uld =0, te(0, 1) (1.2)
j=1

u®)(0) = o, u® (1) = th,,v =0, k — 1. (1.3)

Definition 1.1. If u(t) € W3((0,1) : H) satisfies the equation (1.2) almost
everywhere in (0, 1), then u(t) it said to be a regular solution of equation (1.2).

Definition 1.2. If for any collection of n vectors v, € Hy,_9,_1/2, Yy € Hy_9,_1/2,

(v =0, k—1) there exists the regular solution u(t) of equation (1.2) satisfying
boundary conditions (1.3) in the sense of convergence

. @) _ H @v)(p) —0v=0F—
t1—1>14rrl0Hu (&) =y n—2v-1/2 Ot—lillmo (&) = %y n—2v-1/2 0,v=0.k-1
and the estimation
k-1
le® g o 1780 < 05t > (100 ln-zum1y2 + [ullnzs2)
v=0

then problem (1.2), (1.3) is said to be regularly solvable.

Definition 1.3. If the equation P()\;) zo;; = 0 has nonzero solution zg; ;, then
Ai is called a characteristic number of P(X), and 0, ; an eigen-vector of the
operator pencil P()), corresponding to A;. If the vectors xo;;, Z1,ij, - Thij,
h =0, m;;, j =1, g; satisfy the equations

OPP(N) .
NP Th—p,ij = 0,h =0, mig,] = 1, g,
=0 A=)
then wxq;j, ..., op;; are said to be eigen and associated vectors of the pencil

P(\), corresponding to the characteristic number ;.
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The vector-functions
L (th th—1 .
un,ig(t) = N (h,fco,i,y‘ oyttt l’h,m’) h=0,mi 5 =1 g

belong to the space W3'((0, 1) : H), satisfy equation (1.2) and are called elemen-

tary solutions of equation (1.2).
k—1

n—
In the space EB H, 9,172 X EB H,,_5,_1/3 let us construct the system
=0

T

o0

~ oo _ (2v) (2v)

Definition 1.4. If the system {Zp; ;}-

E—1
EB Hy\ 9,12 X EB H, 5, 1/2, we say that the system of eigen and associated

=1 h=0,m1 5, =T, G is complete in the space

Vectors P()) is n- fold complete in the space of traces of regular solutions of
equation (1.2).

In the present paper we find conditions on the coefficients of the operator pencil
P()), that provide n-fold completeness of the system of eigen and associated
vectors of the pencil P(\) in the space of traces of solutions.

To this end we study regular solvability of problem (1.2), (1.3) and estimate
the norms of the resolvent P~1(\) on some rays.

Similar problems were studied for example in the papers [1]-[4], [6]-[8], [10]-[12].

2. On regular solvability of problem (1.2), (1.3).
At first we consider the problem
(—=1)ku™ (t) + A™u(t) = 0,t € (0, 1) (2.1)
ul)(0) = ¢, u®" (1) = b, v =0, k-1 (22)
It holds
Theorem 2.1. Problem (2.1), (2.2) is regularly solvable.

Proof. Let wg, w1, ...,wn_1 be the solution of the equation (—D)"w™ 4+ 1 = 0,
moreover Rew; <0 (Il =0,...,k—1), Rew; >0 (I =k, ...,n—1). Then the general
solution of equation (2.1) from the space W3'((0, 1) : ) has the form

n—1
Z wltAcl-f— e (t=DA cr, (2.3)
=k

where the vectors ¢; € H,_; /3. From condition (2.2) it follows that

-1 n—1
SowR AT+ Y (we)? A e = v =0, K 1,

k—1 n—1
Z VAZVlwlAC +ZWQVA2V wu,V:m,
=0 =k
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or
k—1 n—1
Zw?”cl + Zw? vAT@A G = A 2p, v=0, k—1,
1=0 1=k
k—1 n—1
wf”e“”Acl + Zw?”cl =AY, v=0, k—1
1=0 =k

Thus, we get the equation A(A)é=6,0 = (goo, ey A2V 01 1, o, s A*Q”wn_l...),
¢ = (co, €1y wvry Cn—1), Where

FE E e~wrA e~ wn-14
w%E w,%_lE wie—wrA w?ﬁh ewn—14
2(k—1 2(k—1 2(k—1) _ 2(k—1) _
wo( )E k(l )E Wk( )e wiA ngl )e wn_1A
A (A) = ewoA ewk—lA E E (24)
w2 ewoA w2 ewk-14 w,%E wfl_lE
2(k—1 2(k—1 2(k—1
w()( )ewoA wk(_ )ewk 1A k( )E . w727, 1E

Let o > po, i.e. 0 € [up,0), where pg is the lower bound of spectrum A and
consider the scalar matrix A(c) in the domain [ug, 00). Obviously, as o — oo
det A(0)| = |wronskian(w§, ...,wi_;)| x |wronskian(wy, ...,w2_;)| # 0. There-
fore, there exists Rg > 0 such that for o € [Ro,00) |det A(o)| > ¢ > 0. Now show
that for any o € [ug, Ro] det A(c) # 0. If it is not so, then det A(cp) = 0 for
some og € [ug, Ro.

Then the equation A(0g)¢é = 0 has the nonzero solution & = (&g, &1, ..., En1).
This means that the scalar function

k—1 n—1
E(t) =Y etog 4y el oog,
=0 =k

satisfies the equation

(1R (@) + a5€(t) = 0, € (0, 1) (2.5)
and the boundary condition
€2(0)=0,6"(1) =0, v=0,k — 1. (2.6)

Multiplying the equation (2.5) scalarly by the function £(¢) in Ly (0, 1) and taking
into account condition (2.6), after integrating by parts, we get

<]

Hence we get £(t) = 0, i.e. €= (&, ..,&n—1) = 0 and this contradicts the condition
€ # 0. As |det A(o)| is a continuous function on [ug, Rol, then inf |[det A(o)| >
dp > 0. Then we get that for all o € |19, 00) the inequality |det A(o)| > d > 0 is
valid.

Using spectral expansion of A we get that A~!(A) exists and takes the space
©H,_1/3 to ©H,,_1 /5 and HA_I(A)H < const. Here the n copies of direct sum of

2

n 2 _
L2(0,1) + 00 [1§117,0,1) = 0-
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spaces H;,_1/3 is taken. Then, obviously

n—1 n—1 n—1
> letll_1z < const || A (A)]] <Z 1A=l + 3 HA‘”%Him)
=0 =0 =0

n—1 k+1
< const (Z H(pyHn_gl,_l/g + Z H¢V‘|n—2u—1/2> :
=0 =k

Hence we get

k n—1
||U0(t)||wg((o,1):H) < const (Z levlln—2u—1/2 + Z ||¢u||n—2u—1/2> - (27)
1=0 1=0

The theorem is proved. g

Now solve the problem (1.2), (1.3).
Denote by
W = {u s we W0, 1)H), u®V(0) = u®V)(1) = o}
and consider the operators
Pou = Py(d/dt)u = (=1)Pu () + A™u(t),
n—1 . °
Pru=Pi(djdtyu = A,_jul(t),u € Wg((0, 1) : H).
j=0
After substitution u(t) = w(t) + uo(t), where w(t) is an unknown function from

W3((0,1) : H), and up(t) is determined from (2.3) as the solution of problem
(2.1), (2.2). From boundary condition (1.2), (1.3) we get

(Po(d/dt) + Py(d/dt)) w(t) = g(t),t € (0, 1) (2.8)
w")(0) = 0,w")(1) = 0, (2.9)

where w € W3'((0, 1) : H), while g(¢t) € La((0, 1) : H).
Indeed, after substitution w(t) = u(t) — ug(t) we have:

(Po(d/dt) + Pi(d/dt))w(t) = —Pi(d/dt)up(t),
w”)(0) =0,V (1) =0

moreover

Hg(t)HLg((O,l):H) = ||P1(d/dt)u0(t)||L2((0’1):H)

n—1
< SB[ a7 1) < const o (®) o, et
j=0

k—1 n—1
< const (Z H<Pu‘|n,2,,,1/2 + Z |’"¢an21/1/2> :
v=0 v=k

Here we used the theorem on intermediate derivatives [5] and inequality (2.7).
Thus, we obtained problem (2.8), (2.9).
Now we will use the following result from the paper [9].
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Theorem 2.2. [9] Let conditions 1), 2) be fulfilled, and the inequality

n—1
g= dujlBjll <1, (2.10)
=0
where
i =L, Nj/n
dn,j = (T]> (%) , j=1..n-1 , (211)
1, Jj=0

hold. Then for any g(t) € L2((0,1) : H) there exists w(t) € W3 ((0, 1) : H) that
satisfies equation (2.8) almost everywhere and the estimation

lwllvip (0,1):0ry < constllg(O)ll o, 0,1):8) -
Thus, we obtain

Theorem 2.3. Let all conditions of theorem 2.2 be fulfilled. Then problem (1.2),
(1.3) is regularly solvable.

3. On completeness of eigen and associated vectors of the pencil
P(X)
At first we prove a theorem on estimation of the resolvent P~1()\).
Theorem 3.1. Let conditions 1), 2) be fulfilled, wo, ...,wn—1 be the roots of the

equation (—1)FA\" +1 =0 (n = 2k, k = 1,2,...) and the number 0 < o < 7/n.
Then subject to the condition

n—1
e
q= Zdn’j HB]” < sin 7, (31)
7=0
on the rays F;‘fa ={A:arg\ = argws = a}, s =0, n — 1 there exists the resolvent
P~Y()\), and on these rays it holds the estimation

oo £t o021
Here the numbers dy, j (j =0, n—1) are determined from equality (2.11).

Proof. Obviously ||B,|| < 1, i.e. E+ B,, has a bounded inverse in H. Then P())
has a discrete spectrum.

At first we show that on the rays F;t’a ={ArargA=argwsta}s=0, n—1
the estimations

HAn—w' ((—1wp + a7) 1” < d; (sin %)*1 (3.2)

hold.
Indeed, for A € Féfa we have:

iy (capxem s a0) | = ari (coneng 4 |

— sup |un (= W7 = sup
peEa(A) pea(A)

ne:tina +

p I (2 g — 2™ ™ cos na)_l/Q‘ .
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After substitution 7 = r/u and using the Cauchy inequality, we get that for
A € T'E the following inequalities

o -1 ,
AMIN ((—1)k>\nE + A”) H <sup |7/(7*" + 1 — 27" cos noz)_l/Q‘
7>0

= sup Tj((Tn + 1)2 —27™(1 + cos na))_l/Q‘

>0
, 4t na\ "2
= I 411 — -
ili% (" +1) < (1) cos” — )
j(n -1 o vy ~1/2
§sup‘7‘3(7' +1)7H- (1—cos —)
>0 2

-1 . -1
= (sin E) sup |77 (7" + 1)_1} =dy,; (sin %)
2 >0

hold.
Then from the equality

P(X) = B(A) + Pi(A) = (E+ Pi(\)F; (V) Ro(A) (3.3)

we get that on the rays Ff)fa there hold the estimations

n—1
IPL VP V|| = [D SNV A (1)FAE 4+ A™) 7
j=0

Then from equality (3.3) it follows that
HA/f‘P*(A)H < HAﬂPO—l(A)H (B + PLO) P (V)| < const (A" + 1)

Now using the method of the papers [10], [11] we prove a theorem on n -fold
completeness of eigen and associated vectors in the space of traces. O

Theorem 3.2. Let conditions 1), 2), A' € 0, (0 < p < 00) be fulfilled and the
mnequality

n—1
1, for 0<p<k
a(p) = Zdnvj 1551 < { sin 77 for E<p<oo (3.4)
=0 P’ =

hold. Then the system of eigen and associated vectors of the pencil P(X\) is n
-fold complete in the space of traces.



ON MULTIPLE COMPLETENESS OF EIGEN AND 195

Proof. As A™' € 0, (0 < p < 00), the operators B; = A;A™7 (j = 1, n) are
completely continuous in H, then from the Keldysh theorem [4],[9] it follows that
A"P~1()) is represented in the form of ratio of two entire functions of order p
and of minimal type of order p. Assume that the system of eigen and associated
vectors of the operator-pencil P()) is not n -fold complete in the space of traces.
Then from the results of the paper of M.V. Keldysh [1], M.G. Gasymov and S.S.
Mirzoyev [6] it follows that there exist the vectors x,, € Hy,_3,_1/2 (v =0, n —1)

such that Zﬁ;é IXvlln—2,—1/2 # 0, and the operator-function

k—1
g()\> _ Z)\QV <An—2u—1/2py—1(5\)>* An—u—1/2XV
v=0

n—1
I Z A2V <An—2y—1/2p—1(5\)) * A2y
v=k

is an entire function. From the theorem [2] on estimation of the resolvent for

0 < p < k it follows that on the rays F;tﬂr/% = {)\ rarg A = argwy + %} the
estimations

g\l < const - A\™H2(1 + efted) (3.5)
hold.

Then taking into account that the angle between these rays equals 7, then for
o< ;—p, i.e. when 0 < p < 5 = k applying the Fragmen-Lindeloff theorem we get
that estimation (3.5) holds on the whole of complex plane. If £ < p < oo, then
again using theorem 5 on estimation of the resolvent, and the Fragmen-Lindeloff
theorem, we get that estimation (3.5) holds for all A from the complex plane.

Thus, in both cases, inequality (3.5) holds for all A. Further it is obvious that for

As the boundary value problem (1.2), (1.3) is regularly solvable, we denote its
solution by wu(t) and assume

1
() = /0 w(t)e .

Obviously, 4(\) is an entire function. Further repeating all the reasonings from
the paper [11, pp. 95-99] we get x, =0 (v =0, n — 1). And this contradicts the
condition 220 x| # 0. The theorem is proved. O
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