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CONVERGENCE OF BIORTHOGONAL EXPANSION OF A
FUNCTION FROM THE CLASS W}(G) IN EIGEN AND
ASSOCIATED FUNCTIONS OF EVEN ORDER ORDINARY
DIFFERENTIAL OPERATOR

VALI M. KURBANOV AND KHADIJA R. GOJAYEVA

Abstract. In the paper an ordinary differential operator of 2m-th order
is considered. Absolute and uniform convergence of biorthogonal expan-
sion of a function f (z) from the class W3 (G), G = (0, 1), satisfying the
condition f (0) = f (1) = 0, in eigen and associated functions of this op-
erator is studied, and the rate of uniform convergence of this expansion
in G = [0, 1] is estimated.

1. Introduction and formulation of results
Consider on the interval G = (0, 1) a formal differential operator
Lu = u®™ 4 py (2) u®™ 2 4. 4 o ()

with complex-valued coefficients p; (z) € L1 (G), | = 2,2m.

Denote by Day, (G) a class of functions absolutely continuous together with
their derivatives of order < 2m — 1 on the closed interval G = [0,1] (Day, (G) =
Wi (G)).

Following [2] under an eigenfunction of the operator L corresponding to a
complex eigenvalue A\, we will understand any complex-valued function m (x) €
Doy, (G) not identically equal to zero and satisfying almost everywhere in G the

equation Lu+ Au = 0. In the similar way, under an associated function of order
r(r > 1) of the operator L, corresponding to the same eigenvalue A and eigen-
function « () we will understand any complex-valued function @ () € Doy, (G)

o . —1
satisfying almost everywhere on G the equation Lu+M="u.

We will consider each eigen function an associated function of zero order. The
highest order of the root (associated) functions corresponding to the given eigen
function will be said to be the rank of this eigen function.

Consider an arbitrary system {uy (z)},—; consisting of eigen and associated
functions of the operator L. Let {\;};—; be the corresponding eigenvalues. We
require that, together with each associated function of order r > 1 the system
{ug (x)}72, contain the corresponding eigenfunction and all associated functions
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of order less than r, and the ranks of eigenfunctions be uniformly bounded. This
means that ug () € Dy, (G) and satisfies almost everywhere in G the equation
Luy, + Mpur = Orug_1, where 6 is equal either to 0 (in this case wuy () is an
eigenfunction) or 1 (in this case we require A\, = A1 and call ux, (x) an associated
function).

Denote py = [(—1)erl )\k} 1/2m, where (pe'?)

7. Obviously, Reuy > 0.
Denote L, (G), 1 < p < 0o, a space of functions f (x) with the norm || f[|, =

1/p
<f |f (x)P dw) , moreover for p = co
G

1/2m _ pl/2meiv/(2m) 5 o 5 <

1flloe = vraisup |f (z)].
zelG
Let p; (z) € W2 U (G), | = 2,2m. Therewith W (G) = L; (G).
By L* we denote the formally adjoint operator of the operator L, i.e.

Ly = (1" 1 (0" (@) 44 o @

where n = 2m.

We require the system {uy, ()}, satisfy the following conditions, which we
call the conditions A:

1) the system {ug (z)},-, is complete and minimal in Ly (G);

2) the Carleman and “sum of units” conditions are valid:

|[Imug| < const, k=1,2,..., (1.1)
Z 1 <const, V1 >0, (1.2)
T<pp<r+1

where pp = Repg.
3) the system {vy ()}, biorthogonal to {uy (z)};—; is the system of eigen
and associated functions of the formally adjoint operator L*, i.e. L*vi + A\jvp =

Ok-+10k+1;
4) the following antiapriori estimations are valid:
O ur—1]l < const (1 + |pk)*"™ " [fugll, (1.3)
Ot okl < const (1 g™ ol (1.4)
5) there exists a constant Cy such that
urlly vkl < Co,  k=1,2,..., (1.5)
6) for any 7 > 0 the following estimations are valid:
Yo Nl lurllz? < const (L +7), (1.6)
0<p<r
Y llonll lowllz® < const (1 +7). (1.7)
0<pp<r

For an arbitrary function f (z) € W3 (G) we introduce the partial sum

oy (z, f) = Z fruk (), v >0,

pL<V
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where
1
fe=(f,vx) = /f (z) vg (z)dx.
0

In the paper we prove the following theorem on the an absolute and uniform
convergence of biorthogonal expansion.

Theorem 1.1. Let the conditions A be fulfilled, a function f (z) € W3 (G) satisfy
the condition f (0) = f (1) = 0. Then biorthogonal expansion of the function f (x)
converges absolutely and uniformly on the segment G = [0,1] and the following
estimation is valid:

llow (5 f) = Fllepo <

2m—1

1 1
< const {V? 10+ D vty + v " Hqule} , v>2, (L8
=2

where
-2

ql (.I') = _Z (_1)2m—l+s Cgm—l—i-spl(i)s (.73) , L=2m,
s=0

and the const is independent of the function f (x).

Corollary 1.1. Let the conditions A be fulfilled. Then biorthogonal exrpansion
of the function f(z) € Wy (G), f(0) = f(1) = 0, converges absolutely and
uniformly, and the following estimations are valid:

_1
llow (5 f) = Fllepy < constv™2 ([ fllwaey, v =2 (1.9)

low (o f) = Flleg =0 (%), v +o0, (1.10)

where the const is independent of f (x), the symbol “0” is dependent on the func-

tion f (x).

Note that similar results for the Sturm-Liouville operator were established in
papers [5], [6], [9], while for an operator of the fourth order in the paper [7].

2. Auxilary lemmas

Before starting the proof of theorem 1.1 we note that conditions A provide

and {vy (@) Joelly"}
in Ly (G) (see [1], [3], [4]). Therefore, for these systems the Bessel inequality is
valid in L (G).

Let the conditions of theorem 1.1 be fulfilled. Prove uniform convergence of
the series

oo
Riesz basicity of each of the systems {uk (z) HukH;l}

D felluk (@)], z€@. (2.1)
k=1

For that we give auxiliary lemmas.
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Lemma 2.1. For the Fourier coefficient fi of the function f(x) € Wy (G),
f(0) = f(1) =0, the following represention is valid:

fu= (o) =X N (7o)
=0

2m my
AN (quaviﬁ? l), A # 0, (2.2)
=2 =0

where my, is the order of the associated function vy (x).

Proof. By definition of the function vy (x) the equality vy = — (X;€)71 L*vy, +
(X;€)71 O 1vg11 holds for Ay # 0.
Taking this into account, we get

(0 £) = = ()™ (L0 1) + ()™ O (i1, 1) = = ()™ (o™, 7)

2m
+ 0w (@e™ 0 1) + () s (o, f)

=2

2m
5~ 1 m -1 m— ~ \—1
— (M) ( (2 ),f) (M) Z (U;(f D;sz) + 01 (Mk) (vkg1, f) -
=2
From this recurrent relation, with regard to 041 = 0420 = - - - = O, = 1,
9k+mk+1 =0 we find

mg 2m my
(o, £) == () >0 ) ™ (o7 £) + ()™ o (o ).
1=0 =2 1:0

At first we conduct integration by parts in the expression (vl,(C JZL), f), and

then having taken the complex conjugation we get formula (2.2). Lemma 2.1 is

proved. O
Lemma 2.2. For any p > 2 the following estimations are valid:
Sl g w3 < € (6) 7, (2.3)
Repr>p
ol ol flowlls® < Co (8) 7 (2.4)
Rep>p

where § > 0; C1 (9), C2(0) are constants independent of .

Proof. Prove estimation (2.4). By conditions (1.1), (1.2), (1.7) and Abel’s trans-
formation for any fixed natural number [ we have

— (146 2 —2
ST el k2 vell;
plpr<[p]+

[u]+l

— (146 2 —2 — ) 2 —2
< S T R el < Y ST R ey ? <

(1 <pr<[p]+1 n=[u] n<pp<n+l
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[p]+1-1

< 2 > okl llvellz? (n—(1+5)_(n+1)7(1+5))

n=[y] 1<pr<n+1

X Tl el ) (a4

1<pg <[pu]+1

[u]+i—1 s

_ _ 1+6 +1

S el el | 0 <eonst S (1) LED D
1<pr<[p]—1 n—={u] (n(n+1))

+eonst ([u] + 1) ([ + 1)~ + const ([u] — 1) [u] ™'

[e.e]
< const | (1+9) Z =) L0 | <Oy (8) Y,
n=[u]
where Cy (6) = const (1+ }).
Hence, by arbitrariness of the natural number | we get estimation (2.4). Esti-
mation (2.3) is established in the same way. Lemma 2.2 is proved. g

Lemma 2.3. (see [8]) Subject to conditions A, the systems {US) (x) Hkaz_l ,u,,;l},
pr # 0, 1 =0,2m — 1 are Bessel in Ly (G) i.e. for an arbitrary f (z) € Lo (G)
the following inequality is valid

1/2

> ‘(f vy IIUH?MI?)f < const||f|, - (2.5)

pE70

Lemma 2.4. Subject to conditions A, the following estimations are valid:

_ (2
L(w =3 ] 1D and o) e (@)
PEZH
<constpllafla, r=2BT gz (26)
Loy (1) Z 12/\ (@2m [, Vkga) | Juk ()]
PLZH
< constul‘Qm lgomflly, w>2 (2.7)

Proof. Applying anti-apriori estimation (1.4) and estimation (1.5), we get

— (2
I ()= 3 A IDZ(%«f’kaZ N e )]
PEZ I
2 2
< 3 el ko me " (g o okl ™) | ol

PE=H
my

< const 3 [yl ffoely luxlloo

pr>p i=0

2 _
<Qvavk-iZL " Hvk—l—zHQ " Qm)’
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M
— — 2m— — —
< const > u” Junlg lualls D | (arf ol Nowsilly ) |-
PLZ i=0

At first we apply the Cauchy-Bunyakovski inequality for the sum, and then
take into account supmy, < oo (this follows from condition (1.2)) and having used

k
lemma 2.2 and 2.3, we get
1/2

I (p) < const | > ™ llugl|%, llully?
Hi 2>

. 2
X Z (Zk: <QTf= Ul(f—i-nz’lir) Hvk—”H;l MZ_Qm) ‘)

pr=p \i=0

< const b (supm ) g fl, < const i+ g fl,. v =2 BT

Estimation (2.6) is established.
For proving estimation (2.7) at first we use the Holder inequality, take into
account supmy, < oo and apply anti-apriori estimation (1.4). As a result we have
k

IQm (:U') = Z

PEZH

|ur, ()]

m
MY N (@em fyvr)
i=0

my
-2 —2mi
< 7P ko <Z |k mzllkaHoo) llg2m fll4
i=0

PEZ I

2
< const | > |kl " urll o loklloo | lgom f1l; -
PrZ 1

Hence by the Cauchy-Bunyakovskii inequality, condition (1.5) and lemma 2.2
it follows that

1/2
-2 2 -2
o (1) < | skl 72" M2 el
Pk
1/2
XX 7 ol lokllz ) Nz Ny < const 1! =™ [lgzm £, -

PrZ I

Lemma 2.4 is proved. O
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3. Proof of the results

We prove uniform convergence of series (2.1) on G = [0, 1]. For that we repre-
sent it in the form

S Il @) = > fellue @)+ D 1 fl luk (@) = Ji + Jo.
k=1 0<pp<2 P2

By condition (1.2) for the sum J; it is fulfilled the estimation J; < const || f|;,
and by representation (2.2)

Jo <> |2 (Z ’M_sz< Fool U)‘) |ug (2)]

PL>2

m
+> L(2) =1 (2 +ZI
r=2

Uniform convergence of the series I, (2), r = 2, 2m, follows from lemma 2.4 for
p = 2. Prove uniform convergence of the series I (2). Transform the series I; (2)
in the following form

— 2m—1 m —2mi
=3 el (Z](f, o2 ol 2 [l el = >|uk<:c>|.

PL>2

Having applied estimation (1.4) and condition (1.5), we have

my
-1 2m—1
I (2) < const Y [ju] |ruk||oo(§j](f’,v,ifz ol ”m)D ol
=0

PrL>2

my
—1 -1 —1
< const > lluglloo luelly " e (Z\(f, ol Jonsals? ”m)\)-
=0

Pr>2
Hence by the Cauchy-Bunyakovskii inequality, lemma 2.2 and lemma 2.3 we
get
1/2

2 -2 -2
Iy (2) < const | Y [lugll % luell3? 1]
Pr=>2

mi 2
X Z (Z (fa Uiy " oyt 2m)‘)

pr>2 \i=0

1/2

1/2

2
_ -1
< const2™1/? me‘(f karz )HUk+1||2 - 2m)’
k>2 1=0

/2
< const <supmk> 272 Hf’H2 < 0.
k

Uniform convergence of the series I; (2) is established. Consequently, series
(2.1) uniformly converges on G = [0,1]. Hence, it follows uniform convergence
of biorthogonal series itself. By the completeness of the system {v (z)}pe; in
Ly (G) and absolute continuity of f (x) on G, we get that biorthogonal series of
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the function f (x) converges uniformly just to f (z), i.e. in the metric C'[0,1] it
holds

e J—
=> fouk(x), z€G (3.1)
k=1
Now establish estimation (1.8). By equality (3.1)
o (. f) = F @) =Y frun (@) < |fl lug (2)
P>V P>V

Taking into account the expression of the coefficient f; from lemma 2.1 we
have

o (2, f) = f (@) < I (v +Zl (3.2)

Obviously, for I; (v) the following estimation (see the estimation of expression
I (2)) is fulfilled:
L (v) < consty ™2 Hf/H2' (3.3)

For the sum I, (v), r = 2,2m, by lemma 2.4 the following estimations are
fulfilled

I, (v) < const y2 " larflly, 7=2,2m—1, (3.4)
Iopm (v) < const v |l gam £l - (3.5)
Allowing for estimations (3.3)-(3.5) from (3.2), it follows that
low (- f) = f||c[o,1]

r=2

2m—1
<const{u 2 ‘fH2 Z V2 r”Qrf”z‘f‘Vl 2m”Q2mf||1}

Theorem 1.1 is completely proved.

Estimation (1.9) directly follows from estimation (1.8) if we take into ac-
connt arflly < Natly 1 Flos & = 220 T lgzmflly < lgomlly £l and for
f(2) € WA(G), £(0) = £ (1) = 0'it holds |fl. < IIf'l < 7]l

For justification of estimation (1.10) we should pay attention to the estimation
of the series I (v). For it

1/2

2
1-2 1 (2 1
(Fm forally o) |

I (v) < const vz Z

pr>v =0

1
=const v 20(1),
is valid as v — +o0, for supmy, < oo and the system {uk 2\ wprilly v,(in; 1)}
k pr>0

is Bessel in Ly (G).
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