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ON THE STRUCTURE OF GLOBAL CONTINUA OF
SOLUTIONS BIFURCATING FROM INFINITY OF SOME
NONLINEAR FOURTH ORDER EIGENVALUE PROBLEMS

NATAVAN A. MUSTAFAYEVA

Abstract. In this paper we consider bifurcation from infinity in some
class of nonlinear eigenvalue problems for fourth order differential oper-
ators. We show the existence of two families of unbounded continua of
nontrivial solutions, corresponding to the nodal properties and bifurcat-
ing from the intervals at infinity.

1. Introduction

We consider the following nonlinear eigenvalue problem

ty=(py") — (@) +ry =y + f(z, 9,9, 9", y", \), = €(0,1), (1.1)
y'(0) cosa — (py”)(0) sina = 0,
y(0) cos B+ Ty(0)sin 8 = 0,
y'(1) cosy + (py") (1) siny = 0,
y(l)cosd — Ty(l)sind = 0,
where A € R is a spectral parameter, Ty = (py”)’ — qy’, the function p is twice
continuously differentiable and positive on [0, (], ¢ is continuously differentiable
and nonnegative on [0, ], r is continuous on [0, ] and 7 is continuous and positive
on (0,1}, a, 8,7, 6 € [0, 5]. The function f is continuous on [0, ] x RS satisfying
the condition: there exist M > 0 and ¢y > 1 such that

(1.2)

f(x7 u? 87 U7 w7 A)

” <M, z€|0,1], |u|+ |s| + |[v| + |w] > ¢, X € R. (1.3)

Since condition (1.3) holds, we can consider bifurcation from "y = o0”, i.e.,
the existence of solutions of (1.1)-(1.2) having arbitrarily large y. If nonlinear
term f satisfies o(|y| +|y'| + |¢”| + |y""|) condition, then the problem is said to be
asymptotically linear and the existence of solutions (\, y) of (1.1)-(1.2) with large
y bifurcating from infinity may be discussed as in the papers [11, 13, 14]. The ap-
proach used in these papers is to transform the bifurcation from infinity problem
to a problem involving bifurcation from zero at eigenvalues of the linearization of
(1.1)-(1.2), and then apply the standard global bifurcation theory of Rabinowitz
[10]. As equation (1.1) contains the nonlinear term f satisfying (1.3) problem
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(1.1)-(1.2) need not be asymptotically linear and the transformed problem may
not have a linearization at y = 0. Thus the standard global bifurcation results
are not immediately applicable and the proofs in [11] are not valid in this case.
However, by extending the approximation technique from [5] and combining it
with the global results in [1, 2, 3] we prove the existence, in this case, of global
continua of solutions bifurcating from infinity which are similar to those obtained
in [8, 9, 12].

2. Preliminary

Although problem (1.1)-(1.2) is not asymptotically linearizable (when f # 0),
it is nevertheless related to a fourth-order linear problem

(y)(@) = Ar(@)y(e), = € (0,1), o
y € B.C., '
where by B.C. we denote the set of boundary conditions (1.2).
Let E be the Banach space of all continuously three times differentiable func-
tions on [0,!] which satisfy the conditions B.C. and is equipped with its usual

norm ||ulls = [|ullso + [[t'[|oc + [[t"[|oc + [|[u"]|oc, Where [Jullcc = e |u()].
Let ’
S =51US8,,
where

Si={ueE:u(z)#0,Tulx)#0,zel0,l],i=0,1,2}
and
Sy ={u € E : there exists ig € {0, 1, 2} and z¢ € (0, 1) such that u()(zq) =0,
or Tu(zg) = 0 and if u(xo)u”(xg) = 0, thenw'(x)Tu(x) < 0 inaneighborhood of xy,
and if u/(zo)Tu(xg) = 0, thenu(z)u”(x) < 0inaneighborhood of x(}.
Note that if u € S then the Jacobian J = p3costysini (see [1, 2, 4]) of the
Priifer-type transformation

y(x) = p(z) sing(z) cos (),
y/(x) = pla) costi(z) sin p(a), 22)
(py")(x) = p(x) cos P(x) cos p(x), '
Ty(x) = p(x) sinp(z) sin f(x),

does not vanish in (0,1).

For each u € S we define p(u, ), 0(u, z), ¢p(y,z) and w(u, z) to be the contin-
uous functions on [0, ] satisfying

pu, ) = u?(z) +u(z) + (p(a)u”())? + (Tu(2))?,
Tu(x)

0(u,x) = arctg , 0(u,0)=p0—-m7/2,

= arc _wlz) u,0) =«

p(u,x) = tg(pu,,)(x), o(u,0) =,
e ) = u'(x) cos O(u, x) wln.0) = u'(0) sin 8
wlu,z) = ctgp(u, z) w(z)sinp(u, )’ (u,0) u(0) sin o
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and ¥ (u,x) € (0,7/2), z € (0,1), in the cases u(O) '(0) > 0; u(0) = 0; «/(0)
0 and u(0)u”(0) > 0, 1[)( ,x) € (7r/2,7r) € (0,1), in the cases u(O)u’(O)
0; »/(0) = 0 and u(0)u”(0) < 0; «/(0) = u”(0) =0, 8 = 7/2 in the case ¥(u, 0)
0 and a = 0 in the case ¥ (u,0) = 7/2.

It is apparent that p, 0, p,w : S x [0,1] — R are continuous.

A

Remark 2.1. By (2.2) for each u € S the function w(u, x) can be determined from
one of the following relations

a) w(y,z) = ctg(y,z) = (psggiz)si(z(’i’)x), w(y,0) = W
b) wly.a) = ctgply.a) = LHDMERL) ) @O o)
) w(p) = cte by, ) = DRI,y g) - LOUERT

For each k € N and v € {4, —} let by S{ denote the subset of y € S such
that

1) 6(y,1) = (2k — 1) /2 — 6, where § = w/2 in the case ¥(y,l) = 0;

2) o(y,l) = (k+ 1)m — 7 or p(u,l) = km — ~ in the case ¥ (y,0) € [0,7/2);
ey,l)=m—~for k=1, o(y,l) =kr —~or p(y,l) =(k—1)m—~ for k >2in
the case ¥(y,0) € [1/2,7), where v = 0 in the case ¢(y,l) = 7/2;

3) for fixed function y and increasing x the function 6(y,z) (¢(y,x)) takes
values of the form mm/2, m € Z (of the form sm, s € Z, respectively) while
strictly increasing; for decreasing = the function 6(y,z) (¢(y,x)) takes values
of the form mn/2, m € 7Z (of the form sm, s € Z, respectively) while strictly
decreasing ;

4) the function vy(x) is positive in a punctured neighborhood of = = 0.

By [1, Theorem 1.2] (see also [4]) the eigenvalues of problem (2.1) (except the
casesa=7=0,=0=7/2and a = =+ =09 = /2) which is a completely
regular Sturmian system (see [1, 6]) are real and simple and form an infinitely
increasing sequence

AM <A< L <A <.l

moreover, for each k¥ € N the eigenfunction yi(x) corresponding to the eigenvalue
Ag lies in S = S, U S,j (consequently, yi(x) has has k — 1 simple nodal zeros
in the interval (0,7)). Hence, the sets S{, k € N, v € {+, —} are not empty.
Moreover, it follows immediately from the definition of these sets that they are
disjoint and open in FE.

3. Global bifurcation of problem (1.1)-(1.2) from infinity

We denote by £ the closure in R x E of the set of nontrivial solutions of (1.1)-
(1.2) and by £7, k € N, the closure in R x E of the set of all solutions (\,y) of
(1.1)-(1.2) with y € R x SY.

We say that (A, 00) is a bifurcation point of problem (1.1)-(1.2) with respect
to the set R x S7, k € N, if each neighborhood of this point has a nonempty
intersection with £7.
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Lemma 3.1. The set of bifurcation points from infinity of problem (1.1)-(1.2)
(with respect to the set Sy, k € N) is nonempty.

Proof. For the proof we consider the following modified nonlinear eigenvalue
problem

(yl+ly' T+ y" [ +y"" 1)
y € B.C,

where € € (0,1). By (1.3) we obtain

{“szﬂmy+“M“%’Wy“” v e (0.0), (1)

f(z, |ulfu, s, v, w, A)

at (u, s,v,w) = oo uniformly in z € [0,!] and in A € A, for every bounded interval
A C R. Then it follows by [9, Theorem 2.4] that for each k£ € N and each v there
exists an unbounded continuum CY _ of solutions of (3.1) which contains (A, 00)
and satisfies conclusions of well known theorem of bifurcation from infinity of
Rabinowitz [11]. Moreover, there exists a neighborhood A of (\g, 00) such that

(Cre NN) C (R x 57) U{(Ar; 00)}-

Now we show that for any sufficiently small 6 > 0 there exists c¢5 > cg such that
the problem (3.1) with € € (0,1) has no nontrivial solution (\,y) which satisfies
the following conditions:

dist{\, I} > 6, y € S, |lyl]s > cs.

Indeed, otherwise there exists dg > 0 and a sequence {(A,, Yn,en) }oey of solutions
of (3.1), with
dist{\n, I} > b0, yn € SE, l|ynllz > n.

Clearly, (A, yn) solves the linear problem

Uy) + hn(z)y = AT(2)y, =€ (0,1), (3.2)
y € B.C., '
where
- BRI ity (2) £ 0,
hy(z) = (3.3)

0, if yp(z) =0,

and 7, () = |yn(2)| + |y, ()| + |yl (z)| + |y (x)|. Taking (1.3) into account from
(3.3) for sufficiently large n € N we obtain

)] €
(7n ()
Since hp(z) has a finite number of zeros on (0,!) and is bounded on the closed
interval [0, 1], Remark 4.1 from [1] shows that the result of [1, Theorem 1.2] holds
for problem (3.2). Then, taking (3.4) into account it follows from [1, formula
(4.2)] that X\, € I, which yields the equality dist{\,,Ix} = 0, contradicting
diSt{)\n,Ik} > dp.

<M, z €0, (3.4)
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Now let small §; > 0 is fixed. Then there exists ¢; > c¢g such that for any
¢ € (c1,00) problem (3.1) with € € (0,1) has a solution (A ¢, ¥c ) satisfying
conditions:

diSt{)\c,s : Ik} < 61a Ye,e € S]lg/’ Hyc,s
Problem (3.1) shows that the set of points (A, ¢, ¥e,c) is bounded in R x C*[0,1]
independently of €. Hence there exists a sequence {,}°°; C (0,1) such that
en — 0 and (A c,,Ye e,) converges in R x E to a nontrivial solution (A¢,y.) of
problem (1.1)-(1.2). Tt is obvious that A. € Ix(60) = [As — & — 6o, A + 2 + 464],
y € S¥ =S¥ UdSY and ||yc||s = c. Since ||yc||s = ¢, [1, Lemma 1.1] shows that
Y. € S¥. (In fact ¢; is chosen so that (Ix x (E\B,,)) C N, where B, is the open
ball in E of radius ¢; centered at 0 and B, is the closure of B, in E.)

Now let {c¢,}22, be a sequence converging to +oo. Then for any n € N
there exists a solution (Ay,y,) of problem (1.1)-(1.2) such that A\, € Ix(dp),
yn € S{ and ||yn||3 = ¢,. From the sequence {\,}52; we can select a subse-
quence {A,,, }>°_; that converges to some \ € Ij(dp). Therefore, there exists a
sequence {(An,., Yn. ) Foo_q of solutions of problem (1.1)-(1.2) which converges to
some (A, 00) in R x E, i.e. (A, 00) is a bifurcation point from infinity of problem
(1.1)-(1.2) with respect to the set R x S. The lemma is proved.

|3:C.

Corollary 3.1. If (A, 00) is a bifurcation point of problem (1.1)-(1.2) with respect
to the set R x S}, k € N, then A € I, .

Proof. Assume the contrary, i.e. let X ¢ I;. Let § = dist{\, I} > 0.
Since (A, 00) is a bifurcation point of problem (1.1)-(1.2), there exists a sequence
{(Ansyn) o2y € R x SY of solutions of (1.1)-(1.2) such that (An,yn) — (A, 00).
Then there exists ng € N such that [\, — | < g for n > ng. Hence dist{\,, Iy} >
% for n > ng.

It is obvious that (A, y,) solves the linear problem

y) + on(r)y = A(2)y, = € (0,1), (3.5)
y € B.C., '
where
_f(w,yn(w),yn(zlﬁ(%(x)ﬁyn (2):An)  f yn(z) £ 0,
(@) = 3.6
#n(@) 0, if yn(z)=0. (3.6)

Using (1.3) from (3.6) for any sufficiently large n > ns we obtain |p,(z)| < M.
Hence, by [1, Remark 4.1] it follows from [1, formula (4.2)] that A\, € Ij, which
contradicts the inequality dist{\,, Iy} > g. The proof of corollary is complete.

For £k € N and each v let ﬁg denote the union of the connected components

Dy, of the solution set of (1.1)-(1.2) emanating from bifurcation points (A, o0) €

Ij, x {oo} with respect to the set R x Sy. Clearly, lADZ # (). The set lA)Z may not be
connected in R x F although, by adding the ”points at infinity” (A, 00), A € I,
to R x E and defining an appropriate topology on the resulting set, the set
DY = DY U (I}, x {oo}) is connected.

For any set B € R x E we denote by Pgr(B) the natural projection of B onto
the set R x {0}.
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Theorem 3.1. For each k € N and each v for the set D at least one of the
following holds:

(i) DY meets Iy x {oo} within the set R x S¥, for some (K',v') # (k,v);

(it) D} meets (X, 0) for some A € R;

(tit) Pr(D}) is unbounded in R.

In addition, if the union Dy, = D;" U D, does not satisfy (ii) or (iii) then it
must satisfy (i) with k' # k.

Proof. For any nontrivial (A, v) € Rx E we define the function f(\,v) € C[0,]
as follows:

FOu)(z) = |[v]|3f (z v(z) V' (z) v"(z) v"(z)

ol ol 3 Hloll3 " [loll5

/\> , x € [0,1].

Moreover, let f(X,0) = 0. By condition (1.3), the function f : R x E — C[0,1] is
continuous and satisfies the condition

17O 0)lloo < M]Jv]]s for [Jol} < e (3.7)
Dividing (1.1)-(1.2) by ||y||3 and setting v = W yields the problem
3
Lv) = Ar(z)v + f(Av), = €(0,1), (3.8)
veBC., '
since ||v||s = m and y = W Note that the inversion (\,y) = T(\,y) = (A, v)
vll3

turns a ”bifurcation at infinity” problem into a ”bifurcation at zero” problem (see
for example [3], [11]).

Let £ be the closure in R x E of the set of nontrivial solutions of problem (3.8).
Obviously, the inversion (A, y) — T'(\,y) maps £ into £ and, heuristically, inter-
changes points at y = 0 (respectively, y = co) with points at v = 0o (respectively,
v = 0). Let DY be the union of all the components of £ which meet I x {0}
within the set R x S}. Then D} is the inverse image T’l(DZ) of DZ under the
inversion 7. We now choose some fixed (arbitrary) ko € N and vy, and we will
prove the theorem for kg and 1. It should be noted that to prove the theorem
it suffices to show that either ng meets some interval I, x {0} within the set
R x Sy, with (k,v) # (ko, ), or ng is unbounded in R x E (the alternatives (ii)
and (iii) stated in the theorem for Dgg correspond, via T, to the various ways in

which [)Zg can be unbounded).

Suppose that the above assertions for the set ng do not hold. Then f),’;g
is bounded in R X E and we can choose a compact interval A C R such that
(Pr(Djp) U Iy,) C A. Following [12, Theorem 1.3], we can find a neighborhood

Q of ]_N)Zg and sufficiently small d» < §; and c; 2 (c2 > ¢p) such that
D Q. ((ko(d2) x B) N (R x S2)) € Q, 9QN L =0.
Along with problem (3.8), consider the following approximation problem

{10 2 drleo - FAIG) = 00, @9)

where € € (0,1]. For fixed € € (0,1) it follows from (3.7) that [|f(, [[v]|5) =
o(|[vl|3) as ||v||]s — O uniformly in A € A, so the global bifurcation results in
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[1, 3] and [10] are applicable to this problem. Then for each fixed € € (0,1)
there exists a continuum D} _ of solutions of problem (3.9) which meets (Ax,,0)

within the set R x S} and either ﬁZg . is unbounded in R x E or there is some
(k,v) # (ko,vp) such that f),’;g . meets (A, 0) within the set R x 5. Hence f),’;g .
intersects both Q and the complement of @, and consequently, f),’;g N 0Q # 0.

It follows that for each ¢ € (0,1) there exists a nontrivial solution (A, v.) € dQ
of problem (3.9). Since Q is bounded in R x E it follows from (3.9) that the
set {(\e,v) ER x E: ¢ € (0,1)} is bounded in R x C*4[0,1] independently of e.
Then there is a sequence {e,}5°; C (0,1) such that €, — 0 and {(A;,,vs,)}0%
converges to a nontrivial solution (Ao, vp) of (3.8) in R x E, which implies that

(Ao,v0) € dQ N £. This contradicts the relation dQ N & = . The proof is
complete.
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