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SOME INEQUALITIES ABOUT CONVOLUTION AND

TRIGONOMETRIC APPROXIMATION IN WEIGHTED ORLICZ

SPACES

ALI DOĞU, AHMET HAMDI AVŞAR, AND YUNUS EMRE YILDIRIR

Abstract. In this paper, we investigate the estimation problem of a con-
volution type transform by the best trigonometric approximation num-
bers in weighted Orlicz spaces, in which the generating Young functions
are not necessary to be convex.

1. Introduction

In the approximation theory, some convolution operators are commonly used.
There are some applications of this type operators in this theory. Especially, these
operators are very convenient for the construction of the approaching polynomials
in trigonometric approximation. In different function spaces, the problem of
estimation of these operators by means of the sequences of the best approximation
numbers is an important problem of the approximation theory. This problem
was investigated in classical Orlicz spaces in [7] and weighted Orlicz spaces with
Muckenhoupt weights in [9]. On the other hand, a different approach for the
Orlicz spaces came up in the paper [3], in which the definition of Orlicz spaces was
generalized by Chen saving almost all known properties of these spaces. Later,
Akgün developed this approach with Muckenhoupt weights and proved direct
and inverse theorems of trigonometric approximation in these spaces [1]. In this
work, we investigate the estimation problem mentioned above in these spaces
developed by Chen and Akgün. This problem was also investigated in weighted
Lorentz spaces [10] and variable exponent Lebesgue spaces [4]. To formulate the
main results obtained in this work we need some definitions and notation.

We denote by Φ the class of strictly increasing functions φ : [0,∞) → [0,∞)
such that φ (∞) =∞. Let N [p, q] be the class of even functions ϕ ∈ Φ such that
ϕ(x)x−p is non-decreasing and ϕ(x)x−q is non-increasing as |x| is increasing in
(0,∞) . If p < q, by N 〈p, q〉 , we denote the class of functions ϕ in N [p+ ε, q − ε]
for some small number ε, δ > 0. The class of functions M in N 〈p, q〉 for some
1 < p ≤ q <∞ will be denoted by Φp. The functions in Φp, p > 1, are continuous
and satisfy the condition M(0) = 0 and M ∈ ∆2, that is, there is a constant c > 0
and u0 > 0 such that M (2u) ≤ cM (u) for u ≥ u0. These functions may not be
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convex [3]. If a nonnegative function ω defined on T := [0, 2π] is measurable and
positive almost everywhere, then this function is called a weight function.

Let M ∈ Φp, p > 1 and ω be a weight function on T. We define ϕM (t) :=
M(t)/t. Since 1 < p < q <∞, we get ϕM (t)→∞ as t→∞. By ψM (t), we denote
the inverse function of positive non-decreasing continuous function ϕM (t). We set

ΦM (x) =

x∫
0

ϕM (t)dt

and

ΨM (x) =

x∫
0

ψM (t)dt.

ΦM is a convex function and so ΨM is the complementary function of ΦM , in the
sense of Young. The space of Lebesgue measurable functions f : T→ R with the
condition ∫

T

ΦM (c |f(x)|)ω (x) dx <∞,

for some constant c > 0, will be denoted by LM,ω(T). In this space, we define
the Orlicz norm

‖f‖M,ω := sup
g


∫
T

|f(x)g(x)|ω (x) dx :

∫
T

ΨM (|g(x)|)ω(x)dx ≤ 1


and the Luxemburg norm

‖f‖(ΦM ),ω := inf

k > 0 :

∫
T

ΦM

(
k−1 |f(x)|

)
ω (x) dx ≤ 1

 .

The equivalence

‖f‖M,ω ∼ ‖f‖(ΦM ),ω

is valid. Furthermore, the Orlicz norm can be determined by means of the Lux-
emburg norm

‖f‖M,ω := sup
g


∫
T

|f(x)g(x)|ω (x) dx : ‖g‖(ΨM ),ω ≤ 1

 .

It is easily seen that LM,ω (T) ⊂ L1 (T, ω) , where ω ∈ L1(T ) and LM,ω (T)
becomes a Banach space with the above norms. This Banach space is called
weighted Orlicz space. If we take M(x) := xp, 1 < p < ∞, then the space
LM,ω (T) turns into the weighted Lebesgue space Lp(T, ω).

In this weighted Orlicz space, some trigonometric approximation problems were
investigated in [2, 8].
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The sequence of the best approximation numbers of f ∈ LM,ω(T) by polyno-
mials in Tn is defined by

En(f)M,ω := inf
Tn∈Tn

‖f − Tn‖M,ω

where Tn is the set of trigonometric polynomials of degree ≤ n.

A weight function ω : T → [0,∞] belongs to the Muckenhoupt class Ap [6],
1 < p <∞, if  1

|I|

∫
I

ω(x)dx

 1

|I|

∫
I

ω
1

1−p (x)dx

p

≤ CAp ,

with a finite constant CAp independent of I, where the supremum is taken with
respect to all intervals I with length ≤ 2π and |I| denotes the length of I. The
constant CAp is called the Muckenhoupt constant of ω.

For f ∈ LM,ω (T) , let

f(x) ∼
∞∑

k=−∞
ck(f)eikx,

be the Fourier series of f, where

ck(f) =
1

2π

∫
T

f (x) e−ikxdx.

The n-th partial sum of Fourier series of f is

Sn(x, f) := Sn(f) :=

n∑
k=−n

ck(f)eikx

for n = 0, 1, 2, ....
In [1], it was proved that the operator Sn : LM,ω(T)→LM,ω(T) is bounded in

LM,ω(T) if M ∈ Φp, p > 1, ω ∈ Ap and f ∈ LM,ω(T). Hence we have

‖Sn(f)‖
(M),ω

≤ C ‖f‖
(M),ω

, n = 0, 1, 2, ... (1.1)

and

‖f − Sn(f)‖
(M),ω

≤ CEn(f)M,ω, n = 0, 1, 2, .... (1.2)

The set of trigonometric polynomials is dense in LM,ω(T) since the hypothesis of
Lemma 3 of [5] are fulfilled for M ∈ Φp, p > 1 and ω ∈ Ap. Hence En(f)M,ω → 0
as n→∞ and the Fourier Series of f converges to f in norm in LM,ω(T).

For f ∈ LM,ω(T), 1 < p, q <∞, ω ∈ Ap, the operator σh is defined as

(σhf) (x, u) :=
1

2h

h∫
−h

f(x+ tu)dt, 0 < h < π, x ∈ T, −∞ < u <∞.

In [1], it was proved that the Hardy-Littlewood Maximal operator is bounded
in LM,ω(T), if M ∈ Φp, p > 1 and ω ∈ Ap. Therefore the operator σh is bounded
in LM,ω(T) under conditions M ∈ Φp, p > 1 and ω ∈ Ap.
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Since the space LM,ω(T) is noninvariant with respect to the usual shift f(x−
hu), we define the convolution type transforms by using the mean value function
(σhf) (x, u).

For f ∈ LM,ω(T) we define a convolution type transform

∞∫
−∞

(σhf) (x, u)dµ(u)

where µ(u) is a real function of bounded variation on the real axis. We denote
the norm of this transform by D (f, µ, h,M) , i.e.

D (f, µ, h,M) :=

∥∥∥∥∥∥
∞∫
−∞

(σhf) (x, u)dµ(u)

∥∥∥∥∥∥
M,ω

.

In this paper, we estimate the norm D (f, µ, h,M) using the best approxima-
tion number En(f)M,ω.

Throughout this work, the constant c denotes a constant whose values can
change even between different occurrences in a chain of inequalities. The relation
� is defined as ”A � B ⇔ there is a constant c such that A ≤ cB”

The remainder of this paper is organized as follows. In Section 2, we state
auxiliary results which will be used in the proof of the main results. Main results
are formulated and proved in Section 3. Some concluding remarks are drawn in
the last section.

2. Auxiliary results

Lemma 2.1. Let ϕ be a measurable function of two variables and ϕ(·, u) ∈
LM,ω(T). Then ∥∥∥∥∥∥

∫
T

ϕ(·, u)du

∥∥∥∥∥∥
M,ω

≤
∫
T

‖ϕ(·, u)‖M,ω du.

Proof. By Fubini’s theorem and Hölder’s inequality, we obtain∥∥∥∥∥∥
∫
T

ϕ(·, u)du

∥∥∥∥∥∥
M,ω

≤ sup
g


∫
T

∫
T

|ϕ(x, u)| du

 |g(x)|ω (x) dx : ‖g‖(ΨM ),ω ≤ 1


= sup

g


∫
T

∫
T

|ϕ(x, u)| |g(x)|ω (x) dx

 du : ‖g‖(ΨM ),ω ≤ 1


≤ sup

g


∫
T

‖ϕ(·, u)‖M,ω ‖g‖(ΨM ),ω du : ‖g‖(ΨM ),ω ≤ 1


≤

∫
T

‖ϕ(·, u)‖M,ω du.

� �
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Now, we give multiplier theorem and Littlewood-Paley theorem in LM,ω(T)
which are used in the proofs of the main results.

Theorem 2.1 (see [1]). Let a sequence ξk satisfy the conditions

|ξk| ≤ A,
2j−1∑
k=2j−1

|ξk − ξk+1| ≤ A

where A > 0 is independent of k and j. If M ∈ Φp, p > 1, ω ∈ Ap and
f ∈ LM,ω(T) then there exists a function F ∈ LM,ω(T) such that the series

λ0a0

2
+

∞∑
k=0

λk(ak cos kx+ bk sin kx)

is a Fourier series for F and the inequality

‖F‖
(M),ω

≤ CA ‖f‖
(M),ω ,

holds with some constant C > 0 independent of f .

Theorem 2.2 (see [1]). Let M ∈ Φp, p > 1, ω ∈ Ap and let f ∈ LM,ω(T). Then
there exist the constants C > 0 and c > 0 depending only on M and ω such that

c ‖f‖
(M),ω

≤

∥∥∥∥∥∥
 ∞∑
j=0

∣∣∣∣∣∣
2j−1∑
k=2j−1

Ak(x, f)

∣∣∣∣∣∣
2∥∥∥∥∥∥

1
2

(M),ω

≤ C ‖f‖
(M),ω

.

3. Main results and discussion

The following theorem estimates the quantity D (f, µ, h,M) by means of the
best trigonometric approximation of the function f in the weighted Orlicz spaces.

Theorem 3.1. Let M ∈ Φp, p > 1, ω ∈ Ap, f ∈ LM,ω(T), M (
√
x) be quasiconvex

and γ := min (2, p+ ε) , where ε is a small positive number. Then for every nat-
ural number m

D (f, µ, h,M) �

(
m∑
r=0

Eγ2r−1(f)M,ω · δγ2r,h

)1/γ

+ E2m+1(f)M,ω (3.1)

where

δ2r,h : =
2r+1−1∑
l=2r

|µ̂ (lh)− µ̂ ((l + 1)h)|+ |µ̂ (2rh)| ,

µ̂ (x) : =

∞∫
−∞

sinux

ux
dµ(u), 0 < h ≤ π.

Theorem 3.2. Let M ∈ Φp, p > 1, ω ∈ Ap and f ∈ LM,ω(T). Suppose that the
function F (x) satisfies the conditions

‖F (x)‖ ≤ c1,

2µ+1−1∑
k=2µ

|F (kh)− F ((k + 1)h)| ≤ c2, h ≤ 2−m−1.
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with some constants c1, c2. If µ1 and µ2 are the functions satisfying the condition

µ̂1(x) = µ̂2(x)F (x), |x| < 1

then

D (f, µ1, h,M) � D (f, µ2, h,M) + E2m+1(f)M,ω.

Defining the convolution operator by means of the usual shift f(x + t), the
similar theorems were proved in Orlicz spaces in [7]. Using the operator (σhf) ,
the analogues of these theorems were obtained in weighted Orlicz spaces, in which
the generating Young function is convex (see [9]). Also, in [4] and [10], the similar
results were obtained in the variable exponent Lebesgue spaces and the weighted
Lorentz spaces, respectively.

Note that the estimate (3.1) is sharper version of the estimates obtained in
[7, 9, 4, 10]. So, Theorem 3.1 is an improvement of the theorems in [7, 9, 4, 10]
in weighted Orlicz spaces, in the sense that the generating Young functions are
not necessary to be convex.

Proof of Theorem 3.1. Let m ∈ N, h ≤ 2−m−1 and S2m+1 be 2m+1-th partial sum
of Fourier series of the function f ∈ LM,ω(T). By the definition of the quantity
D (f, µ, h,M) and the properties of the norm we have

D (f, µ, h,M) =

∥∥∥∥∥∥
∞∫
−∞

(σhf) (x, u)dµ(u)

∥∥∥∥∥∥
M,ω

≤

∥∥∥∥∥∥
∞∫
−∞

[(σhf) (x, u)− (σhS2m+1f) (x, u)] dµ(u)

∥∥∥∥∥∥
M,ω

+

+

∥∥∥∥∥∥
∞∫
−∞

(σhS2m+1f) (x, u)dµ(u)

∥∥∥∥∥∥
M,ω

.

Considering (1.2), Lemma 2.1 and boundedness of the operator σh, we obtain

D (f, µ, h,M) ≤

∥∥∥∥∥∥
∞∫
−∞

(σhS2m+1) (x, u)dµ(u)

∥∥∥∥∥∥
M,ω

+ cE2m+1(f)M,ω.

Without losing generality, we assume that the Fourier series of f is

∞∑
k=1

ck(f)eikx.
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Then, we get

∞∫
−∞

(σhS2m+1) (x, u)dµ(u) =

∞∫
−∞

 1

2h

h∫
−h

S2m+1(x+ tu)dt

 dµ(u)

=

∞∫
−∞

 1

2h

h∫
−h

2m+1−1∑
k=1

ck(f)eik(x+tu)dt

 dµ(u)

=

∞∫
−∞

 1

2h

2m+1−1∑
k=1

ck(f)eikx
h∫
−h

eiktudt

 dµ(u)

=

2m+1−1∑
k=1

ck(f)eikx
∞∫
−∞

eikhu − e−ikhu

2ikhu
dµ(u)

=
2m+1−1∑
k=1

ck(f)eikxµ̂(kh). (3.2)

Therefore, we have

D (f, µ, h,M) ≤

∥∥∥∥∥∥
2m+1−1∑
k=1

ck(f)eikxµ̂(kh)

∥∥∥∥∥∥
M,ω

+ cE2m+1(f)M,ω.

From Theorem 2.2, we obtain∥∥∥∥∥∥
2m+1−1∑
k=1

ck(f)eikxµ̂(kh)

∥∥∥∥∥∥
M,ω

≤ c

∥∥∥∥∥∥∥
 m∑
k=0

∣∣∣∣∣∣
2k+1−1∑
l=2k

cl(f)eilxµ̂(lh)

∣∣∣∣∣∣
21/2

∥∥∥∥∥∥∥
M,ω

: = c

∥∥∥∥∥∥
(

m∑
k=0

∆2
k,µ

)1/2
∥∥∥∥∥∥
M,ω

.

Since we have (see [1])∥∥∥∥∥∥
(

m∑
k=0

∆2
k,µ

)1/2
∥∥∥∥∥∥
M,ω

≤ C

(
m∑
k=0

‖∆k,µ‖γM,ω

)1/γ

we get ∥∥∥∥∥∥
2m+1−1∑
k=1

ck(f)eikxµ̂(kh)

∥∥∥∥∥∥
M,ω

≤ C

(
m∑
k=0

‖∆k,µ‖γM,ω

)1/γ

.

If we apply the Abel transform to ∆k,µ, we obtain that

∆k,µ =

2k+1−1∑
l=2k

[
Sl(f, x)− S2k+1−1(f, x)

]
[µ̂(lh)− µ̂((l + 1)h)] +

+
[
S2k+1−1(f, x)− S2k−1(f, x)

]
µ̂(2kh).
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From (1.2) it follows that

‖∆k,µ‖M,ω ≤
2k+1−1∑
l=2k

∥∥Sl(f, x)− S2k+1−1(f, x)
∥∥
M,ω
|µ̂(lh)− µ̂((l + 1)h)|

+
∥∥S2k+1−1(f, x)− S2k−1(f, x)

∥∥
M,ω

∣∣∣µ̂(2kh)
∣∣∣

≤ cE2k−1(f)M,ωδ2k,h.

Then ∥∥∥∥∥∥
2m+1−1∑
k=1

ck(f)eikxµ̂(kh)

∥∥∥∥∥∥
M,ω

≤ c

(
m∑
k=0

Eγ
2k−1

(f)M,ωδ
γ
2k,h

)1/γ

.

This completes the proof. �

Proof of Theorem 3.2. For f ∈ LM,ω(T), from the properties of the norm and
(1.2) it follows that

D (f, µ1, h,M) ≤

∥∥∥∥∥∥
∞∫
−∞

(σhS2m+1f) (x, u)dµ1(u)

∥∥∥∥∥∥
M,ω

+ cE2m+1(f)M,ω.

Using (3.2), (1.1), Theorem 2.1 and the properties of the function F (x) =

µ̂1(x) (µ̂2(x))−1 , we obtain∥∥∥∥∥∥
∞∫
−∞

(σhS2m+1) (x)dµ1(u)

∥∥∥∥∥∥
M,ω

=

∥∥∥∥∥∥
2m+1−1∑
r=1

cr(f)eirxµ̂2(rh)F (rh)

∥∥∥∥∥∥
M,ω

�

�

∥∥∥∥∥∥
2m+1−1∑
r=1

cr(f)eirxµ̂2(rh)

∥∥∥∥∥∥
M,ω

=

=

∥∥∥∥∥∥
∞∫
−∞

(σhS2m+1(f)) (x)dµ2(u)

∥∥∥∥∥∥
M,ω

≤

≤

∥∥∥∥∥∥
∞∫
−∞

f(x)dµ2(u)

∥∥∥∥∥∥
M,ω

.

This completes the proof. �
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