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EXISTENCE AND UNIQUENESS OF NONOSCILLATORY
SOLUTIONS OF FIRST-ORDER NEUTRAL DIFFERENTIAL
EQUATIONS BY USING BANACH’S THEOREM

BOUZID MANSOURI, ABDELOUAHEB ARDJOUNI, AND AHCENE DJOUDI

Abstract. In this work, we consider the existence and uniqueness of
nonoscillatory solutions to first-order differential equations having both
delay and advance terms, known as mixed equations. We use the Ba-
nach contraction principle to obtain new sufficient conditions, which are
weaker than those known, for the existence and uniqueness of nonoscil-
latory solutions.

1. Introduction

The problem of the existence of nonoscillatory solutions of neutral differential
equations has been studied by several authors in the recent years. For related
results we refer the reader to [4], [5], [6], [12] and the references cited therein. We
refer the reader to the books [1], [2], [7], [8] on the subject of neutral differential
equations. Recently, Zhang, Feng, Yan and Song [11] investigated the existence
of nonoscillatory solutions of first-order neutral delay differential equation with
variable coefficients

d
lalt) + Pyt — 7))

+ Q1(t)x(t — 1) — Q2(t)z(t —02) = 0, t > o,

they obtained sufficient conditions for the existence of nonoscillatory solutions
depending on the four different ranges of P(t). Candan [3] by employing Banach’s
fixed point theorem discussed the existence of nonoscillatory solutions for the
following first-order neutral differential equation

%[m(t) F P02t — 1) + Po(®)a(t + 7))

+Q1(t)x(t — 1) — Q2(t)z(t + 02) = 0,

2010 Mathematics Subject Classification. 34C10, 34K11.
Key words and phrases. Fixed points, nonoscillatory solutions, neutral differential equations.
15
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where P; € C ([tg,0) ,R), Q; € C ([ty,0),[0,00)), 73 >0 and o; > 0 fori =1,2.
In [9] Kong consider the first-order neutral differential equation
d
pn [z (t)+ P (t)z(t—71)+ P (t) z (t+ )]
+Q1(t)g1 (z (t = 01)) — Qa(t)ga2 (2 (t + 02)) = 0,

and by different cases of the coefficients P, and P» he discussed the existence of
nonoscillatory solutions.

Inspired and motivated by the works mentioned above and by using Banach’s
fixed point theorem, in this work, we study the first-order neutral differential
equation

% [ (t)+ Py (t)hy (x(t — 71 (t))) + P2 (t) ha (x (t+ 72 ()))]
+g1(t,x(t—o1(t) —g2(t,x(t+02(t))) = 0. (1.1)

We give some new criteria for the existence and uniqueness of nonoscillatory
solutions of (1.1). Throughout this paper, the following conditions are assumed
to hold.
(1) P, € C([to,o0),R), i =1,2.
(2) h1,hy € C(]0,00),[0,00)) satisfy the conditions
0 S h1 (w) S le, 0 S hg (.CC) § ng,

and suppose that Hp the inverse function of hq exists and we assume that there
exist positive constants Ly and Ly such that

le S H1($) S ng.
(3) gi € C (Jto,00) x [0,00),[0,00)), and g;(¢, x) satisfy the conditions
0<gi(t,z) <qt)z+ fi(t), 0 < ga(t,z) < gat)z + falt).

where ¢;, f; € C ([tg,00),[0,00)), i =1,2.

(4) 7 is differentiable and the inverse function ¢ of ¢ — 71 (¢) exists, with
o(t) >t,and t — 7 (t), t — o1 (t) are increasing functions.

(5) 7i(t) > 0 and o;(t) > 0 for i = 1, 2.

The following theorem will be used to prove the main results in the next section.

Theorem 1.1 (Banach’s Contraction Mapping Principle [10]). A contraction
mapping on a complete metric space has exactly one fized point.

2. Main Results

To show that an operator S satisfies the conditions for the contraction mapping
principle, we consider different cases for the ranges of the coefficients P; and Ps.

Theorem 2.1. Assume that 0 < Pi(t) < p1 < 1,0 < Py(t) < pa < 1—py and
there exist positive constant Mo such that

o0

/OO [q1(s) M3 + f1(s)] ds < o0, [q2(s) My + fa(s)] ds < oo, (2.1)

to to

then (1.1) has a bounded nonoscillatory solution.
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Proof. Let A be the set of all continuous and bounded functions on [tg, co) with
the supremum norm. Set
Q={zeA: M <az(t)< M, t>t}.

It is clear that € is a bounded, closed and convex subset of A. Because of (2.1),
we can choose a t; > tg,

t1 > to + max {sup 71(t), sup Ul(t)} , (2.2)
t>tg t>tg
sufficiently large such that
[e.e]
/ [q1(s) M2 + fi(s)lds < My — o, © >ty (2.3)
t
o0
/ [q2(s) M2 + fa(s)]ds < o — (p1 K1 + p2Ka) My — My, t > t, (2.4)
t
and
00 M,
[q1(s) + q2(s)] ds <1 —p1 K1 — p2 Ky — % t >t (2.5)
t

where M7 and M, are positive constants such that
(p1K1 + paKa)Ma + My < Mz and a € ((p1K1 + p2K2) Mz + My, My).
Consider the operator S : Q — A define by
« —£1 (t)h1 (z(t — 11(2))) — Po(t)he (x(t + 12(1)))
(S)(t) = +/’wm&x@—au@»—gﬂax@+ax$»uatzu,
(5;)@1), to <t <t

Clearly, Sz is continuous. For ¢ > ¢; and = € 2, from (2.3) and (2.4) it follows
that

(Sz)(t) < a+ /tOO g1 (s,z(s —o1(s))) ds
<at [ ln(s)as = (s + Al ds

<a+t /too (g1(5)Ma + fi(s)] ds < Mo,

and

(S2)(t) > a = Pr(t)hy (2(t = 71(1))) — Pa(t)ha (z(t + 72(1)))

- [ m (sl oa(e) ds
> a—p1Kix(t —11(t)) — poKax(t + m2(1))

_ /t ()25 + 02(s)) + fols)) ds

> a—p1KiMy —pyKoMy — / [q2(s) Mo + fa(s)]ds > M.
¢
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This means that SQ C Q. To apply the contraction mapping principle, the
remaining is to show that S is a contraction mapping on . Thus, if x1,22 €
and t > t1,

|(Sz1)(t) — (Sx2)(t)] < P1(t) [h (z1(t — 71(t))) — ha (w2(t — 71(2)))]
+ Pa(t)|he (z1(t + 72(2))) — ha (z2(t + 72(2))) |

+ /too (lg1 (s, 21 (s = 01(8))) — g1 (8,72 (s — 01 (8)))|
+1g2 (5,71 (s +02(8))) — g2 (5,72 (s + 02 (8)))]) ds
< Pi(t) Ky |z (t — 71(t) — 22(t — 11(2))]

+ Po(t) K w1 (t + 72(t)) — 22(t + 72(2))]

" / T (@1(8) 71 (5 — 01.(8)) — 22 (5 — 1 (5)
aa(s) 71 (s + 02 () — 2 (5 4+ 02 (3))]) ds,
or by (2.5)

(S22) (1) — (Sw2)(8)] < <p1K1 kot [ )+ o) ds) a1 — o]

< At ||z — 22|,

where A\ = ( — %) This implies that

||Sl‘1 — S.%'g” S )\1 ||$1 — .Z’QH .

Since A\; < 1, S is a contraction mapping on §2. Thus S has a unique fixed point
which is a positive and bounded solution of (1.1). O

Theorem 2.2. Assume that 0 < Pi(t) < p1 <1,p1 — 1 <py < Py(t) <0 and
there exist positive constant No such that

o0

[ N+ n@as <o [Tla@N+ pelds <o (20

to to

then (1.1) has a bounded nonoscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg, 00) with
the supremum norm. Set

Q:{I‘EA:ngw(t)SNQ, tZto}.

It is clear that € is a bounded, closed and convex subset of A. Because of (2.6),
we can choose a t; > tg sufficiently large satisfying (2.2) such that

/too [q1(s)N2 + f1(s)]ds < (1 + p2Ka) N2 — a, t > 1y, (2.7)

/ [q2(s)N2 + fa(s)]ds < o — p1 K1 N2 — Ny, t > ty, (2.8)
t
and
o0 N
/ 0(5) + @) ds <1-piKi+pay = L 120 (2.9)
t
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where N1 and N, are positive constants such that
p1KiNs + N1 < (14 paKs) N and o € (p1K1N2 + Ni, (1 + paKo) Na)
Consider the operator S : 2 — A define by
o —£1 (t)ha (z(t — 71(2))) — Pa(t)he (x(t + 72(1)))
(590 =+ [ o1 (505 = 01(5)) = g2 (5,05 + oa(s)lds, ¢ > 11,
(S)(t), o<t <t

Clearly, Sz is continuous. For ¢ > ¢; and z € 2, from (2.7) and (2.8) it follows
that

(Sz)(t) < a— Py(t)he (z(t + m2(t))) + /too g1 (s,x(s —o1(s))) ds
<o POKaalt+ @) + [ ln()als - o1(s) + fi(9)]ds
<a— PKoNy + /too [q1(5)N2 + f1(s)] ds < Na,
and
(S2)(0) 2 0 = P (alt = () = [ (s,(5+ a(s)) s
> 0 piKia(t— mt [m@ 2(s+ 0a(s)) + fols)) ds

> a—p1KiNy — /t [q2(s) N2 + fa(s)] ds > Ny.

This means that SQ C . To apply the contraction mapping principle, the
remaining is to show that S is a contraction mapping on 2. Thus, if 1,22 €
and t > t1, by using (2.9), we can obtain

uwmwﬂ&mwm(mm—mm+ZMM@+@@wQmrﬁﬂ

< A2 fjwr — 22|,
where Ay = ( — —) This implies that

HS:L'l — S.%'Q” S )\2 ||:E1 — .CEQH .

Since A2 < 1, S is a contraction mapping on §2. Thus S has a unique fixed point
which is a positive and bounded solution of Eq.(1.1). O

Theorem 2.3. Assume that 1 < p; < Pi(t) < p1, <00, 0 < Po(t) <py <p; —1
and there exist positive constant My such that

o

/00 [q1(s)My + f1(s)]ds < o0, [q2(s) My + fa(s)] ds < oo, (2.10)

to to

then (1.1) has a bounded nonoscillatory solution.



20 BOUZID MANSOURI, ABDELOUAHEB ARDJOUNI, AND AHCENE DJOUDI

Proof. Let A be the set of all continuous and bounded functions on [tg, co) with
the supremum norm. Set

Q={zeA: Ms<xz(t)<M,, t>t}.

It is clear that € is a bounded, closed and convex subset of A. Because of (2.10),
we can choose a t; > to,

p(t1) —o1(e(t1)) = to (2.11)
sufficiently large such that
/ [q1(s)My + fi(s)]ds < %M4 —a, t>t, (2.12)
t 2
/ [qQ(S)M4 + fg(S)] ds < o — (1 +p2K2) My — %Mg, t>1, (2.13)
t
and
>~ P1 p1, M3
ds < ——(1 Ko) — t>t 2.14
[ ) m@lds < oy - BB 20 )

where M3 and My are positive constants such that

(14 paKa) My + 205 < PLagy and o € ((1 + pola) My + 2o pgs, le4> .

Ly Lo Ly Lo
Consider the operator S : Q — A define by
Hy (kg [ — 2(0(0)) — Palil0)ha (a(0(0) + 72(0(1)))
(Sz)(t) = —|—/oo (91 (s,2(s — 01(s))) — g2 (s, z(s + U2(8)))]d8]) , >,
©(t)

(Sz)(t1), to <t <t.

Clearly, Sz is continuous. For ¢t > t; and x € Q, from (2.12) and (2.13) it follows
that

[ = 2(o(t)) — Pa(p(t)h2 (z(0(t) + 72(£(1))))

)

(Se)() < L <P1(90(t))

4 [ o1 (sv0(s = 01(9) — g2 (55 + a(s))lds




EXISTENCE AND UNIQUENESS OF NONOSCILLATORY SOLUTIONS ... 21

and

[ = 2(o(t)) — Pa(p(t)h2 (z(0(t) + 72(£(1))))

)

—= (a = 2((1)) = Palp(t))h2 (2((t) + (1))

p
L( (5, 2(s + 0a(s )))ds)

pio (a — z(p(t)) — p2Koz(o(t) + ma(p(t)))

/ " la9a(s = o1(6) + o] ds

> — (OA — My — po KoMy — /Oo [QQ(S)M4 + f2(5)] ClS) > Ms.
P1g t

This means that SQ C Q. To apply the contraction mapping principle, the
remaining is to show that S is a contraction mapping on . Thus, if 21,29 € Q
and t > t,

Lo
[(S21)(t) — (Sa2)(t)] < i) (lz1(e(t)) — z2(e(1))|

T By(O)Es [o1(p(8) + ma(p(8))) — 2a((t) + ma(p(0)))]
T / @ (=1 ()~ (s~ 4)|
()l (5 + 02 (5)) — 22 (5 + 02 (3)) [) ds)

(S)(E) = L (P1<;<t>>

+/oo [91 (5,2(5 — 01(5))) — g2 (5, 2(s + 02(5)))]ds
©(t)

or by (2.14)

o0

[(Sz1)(t) — (S22)(t)] < L2 (1 + P2 Ko +/ [q1(5) + q2(s)] ds) |21 — 22|
P

©(t)

Lo o

< o (1 + pa Ko +/ [q1(8) + q2(9)] d5> 21 — 2o |
t

< Agllag — a2,

where \3 = (1 — 1;)11()5322]\1\/[443)' This implies that

||Sx1 — sz” S )\3 ||.7J1 — CCQH .

Since A3 < 1, S is a contraction mapping on 2. Thus S has a unique fixed point
which is a positive and bounded solution of (1.1). O

Theorem 2.4. Assume that 1 < p; < Pi(t) <pj, <00, 1 —p1 <p2 < Pa(t) <0
and there exist positive constant Ny such that

o

/OO [q1(s)Ny + f1(s)] ds < o0, [q2(s) Ny + fa(s)] ds < oo, (2.15)

to to
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then (1.1) has a bounded nonoscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg, c0) with
the supremum norm. Set

Q={zeA:Ns<a(t)<Ny t>t}.

It is clear that © is a bounded, closed and convex subset of A. Because of (2.15),
we can choose a t] > tg sufficiently large satisfying (2.11) such that

| meNi s pelds < (B4 mi) Ne-a 026, (@19
t
[ w@N plds a- M- 2Ny izn, @)
t
and
> p1 p1,V3
< = Ko—1-— t>t 2.1
| 0@+ m@lds < P ko1 -BeB im0, (2as)

where N3 and N4 are positive constants such that

N4+&Ng< pi+p2K2 Ny and a € N4+&N3, ﬂ+p2K2 Ny |.
14 Lo Ly Ly

Consider the operator S : QQ — A define by

.m<ﬁ@mh—IW®%f%w@Wﬂdﬂ)+WWUD)
(S2)(t) = +/wwd&dsm@m9ﬂ&ﬂs+®( ) t>1,
(%2}

(t)
(Sa:)(tl), t() S t S tl.

Clearly, Sz is continuous. For ¢t > t; and x € Q, from (2.16) and (2.17) it follows
that

[ = 2(o(t)) — Pa(p(t))h2 (z(0(t) + 72(£(1))))

)

<w@+mwwm+/mm@w@—m@»@)

o(t)

“@m§“<aé@>

) 91 (s, 2(s — 01(5))) — g2 (5, 2(s + 02(s)))] ds

gz(a paBaa(o(t)+ () + [ ln(o)als = (o) + (o] ds)
(

o — paKoNy + / a1 (s)Ns+ Fa(s)] ds) < Nu.
t
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and

[ = 2(o(t)) — Pa(p(t) ha (2(0(t) + 72(0(1)))

)

(S)(E) = L <P1(90(t))

+/OO [91 (5,2(s — 01(5))) — g2 (s, 2(s + 02(s)))] ds
o(t)

> (a —ael0) = [ glsals + ox(s) ds>

P1o 10

> 2 (amalo0) [ lm(oals = (9) + (o)) ds )
> pL:) (a Ny - /too lgo(5) N1 + Fa(s)] ds) > Ny,

This means that SQ C Q. To apply the contraction mapping principle, the
remaining is to show that S is a contraction mapping on 2. Thus, if 21,25 € Q
and t > t1, by using (2.18), we can obtain

o0

[(Sz1)(t) — (Sx2)(t)] < L (1 — pa K> +/ [q1(5) 4 ga(s)] dS) |21 — 2]
p1 )

()
Lo o0
<L (1 ~pakot [ () + (o) ds> T
t

T m
< Az — 22|,

where Ay = (1 — z;fLlejj\Z?’). This implies that
[S21 = Sxa| < Mg [y — a2 -

Since \y < 1, S is a contraction mapping on 2. Thus S has a unique fixed point
which is a positive and bounded solution of (1.1). O

Theorem 2.5. Assume that —1 < p; < Pi(t) <0, 0 < Py(t) <p2 <1+ p; and
there exist positive constant Mg such that

o

/00 [q1(s) Mg + f1(s)] ds < o0, [g2(s) Mg + fa(s)] ds < oo, (2.19)

to to

then (1.1) has a bounded nonoscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg, co) with
the supremum norm. Set

Q:{xEA:M5§$(t)SM6,t2tO}.

It is clear that € is a bounded, closed and convex subset of A. Because of (2.19),
we can choose a t; > tg sufficiently large satisfying (2.2) such that

/Oo [q1(s) Mg + f1(s)]ds < (1 +p1 K1) Mg — a, t > 1, (2.20)

/ [QQ(S)Mﬁ + fg(S)] ds < a—psKoMg — M5, t > 14, (2.21)
t
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and
/OO [q1(s) + q2(s)] ds <1+ p1 Ky — po Kz — ]\]\2, t> 1, (2.22)
where M5 an(i Mg are positive constants such that
p2K2Me + Ms < (1+p1 K1) Mg and o € (p2K2Mes + Ms, (14 p1K1) M) .
Consider the operator S : 2 = A define by
a— Pi(t)h (z(t — (1)) — Pa(t)ha (x(t + 72(t))
(820 =+ [ lan (5.5 = 31()) ~ 2 (sv0(s + oals) s, ¢ 2 11,
(S:Ut)(tl)v to <t < t.

Clearly, Sz is continuous. For ¢t > t; and x € Q, from (2.20) and (2.21) it follows
that

(&MﬂSa—ﬂ@%dﬂ%ﬂﬂﬂﬁ+lmm@w®—mwﬂms
ga—B@mmﬁ—ﬁ@D+[mM@W@—m@»+ﬁ®MS

(o]
<a—p1KiMs +/ lq1(s) Mg + fi(s)] ds < Ms,
¢
and

<&MﬂZa—&aWAMrmxw»—jm@@w@+@w»Ms
za—mKwu+n@»—A“mwn@+@@»+b@nm

> a — paKoMg — /OO [q2(s)Me + f2(s)] ds > Ms.
t

This means that SQ C Q. To apply the contraction mapping principle, the
remaining is to show that S is a contraction mapping on 2. Thus, if x1,22 € Q
and t > t1, by using (2.22), we can obtain

[(Sz1)(t) — (Sz2)(t)] < <—P1K1 +p2Ks + /:O [q1(5) + g2(s)] d5> |21 — 22|
< X5 ||z — @2,

where A5 = ( — %) This implies that

[Sz1 — Swall < As [lay — 22|

Since A5 < 1, S is a contraction mapping on 2. Thus S has a unique fixed point
which is a positive and bounded solution of (1.1). O

Theorem 2.6. Assume that —1 < p; < Pi(t) <0, =1 —p1 <p2 < Pa(t) <0
and there exist positive constant Ng such that

o

/OO [q1(s)Ng + f1(s)] ds < o0, [q2(s)Ng + fa(s)] ds < oo, (2.23)

to to

then (1.1) has a bounded non-oscillatory solution.
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Proof. Let A be the set of all continuous and bounded functions on [tg, co) with
the supremum norm. Set

Q:{$€A2N5§$(t)SN6, tzto}.

It is clear that € is a bounded, closed and convex subset of A. Because of (2.23),
we can choose a t] > ty sufficiently large satisfying (2.2) such that

/ [ql(s)Nﬁ + fl(S)] ds < (1 + p1 K1 —|—p2K2) Ng —a, t >, (224)
t
/ [QQ(S)N6 + fg(S)] ds < a— N5, t> t1, (2.25)
t
and
o0 N,
/ [q1(5) + q2(s)] ds < 1+ p1 Ky + p2Ks — FZ t>t, (2.26)
t

where N5 and Ng are positive constants such that
N5 < (14 p1K1 + p2K2) Ng and a € (N5, (1 + p1 Ky + p2K2) N) -
Consider the operator S : 2 — A define by
o — Pi(t)ha (2(t — 11(8)) — Pa(t)ha (2(t + m2(2))
(Sz)(t) = +/ [91 (s, 2(s — 01(5))) — g2 (s, (s + 02(s)))]ds, t > 11,
(5;)(751), to <t <t

Clearly, Sz is continuous. For ¢t > t; and x € Q, from (2.24) and (2.25) it follows
that

(S2)(t) < a = Pi(t)hy (2(t = 71(1))) = Pa(t)ha (z(t + 72(1)))

[T ats - ) ds
<a—piKjz(t —11(t)) — poKox(t + m2(1))

+ [T ms)es = (o) + o) ds
<= pKN -~ poaNo+ [ (6o + fi(9)]ds < N
and
(Sz)(t) > o — /too g2 (5, 2(s + 02(s))) ds
>a- /t " laa(s)a(s + 0a(s)) + fals)] ds
>a= [ ln(s)No+ fls))ds > Vs

This means that SQ C Q. To apply the contraction mapping principle, the
remaining is to show that S is a contraction mapping on . Thus, if 21,25 € Q
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and t > t1, by using (2.26), we can obtain

!@Mﬂﬂ—ﬁﬁwﬁﬂﬁ<—mKi—mKé+[mMﬂ@+@@H%>Wu—@H

< X6 [lzy — a2
where \g = (1 — %) This implies that

[Sz1 = Szaf| < Ag [|o1 — 22 -

Since A\g < 1, S is a contraction mapping on 2. Thus S has a unique fixed point
which is a positive and bounded solution of (1.1). O

Theorem 2.7. Assume that —oco < p1, < Pi(t) < p1 < =1, 0 < Py(t) < pa <
—p1 — 1 and there exist positive constant Mg such that

/00 [q1(s)Ms + fi(s)]ds < o0, - [q2(s)Ms + fa(s)] ds < o0, (2.27)

to to

then (1.1) has a bounded non-oscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg, c0) with
the supremum norm. Set

Q:{JZEA:M7§.%'(t)SMg, tZto}.

It is clear that € is a bounded, closed and convex subset of A. Because of (2.27),
we can choose a t] > ty sufficiently large satisfying (2.11) such that

/ @()Ms + fi(s)]ds < o0+, 021, (2.28)
t
/ [q2(s) Mg + fa(s)] ds < — (1 + pa Ko + ﬁ) Mg — o, t >t (2.29)
t
and
/OO [q1(5) + ga2(s)] ds < oMz <1 +p2K2+pl> t>t (2.30)
t o LIMS Lo =Y ’

where M~ and Mg are positive constants such that

_Plo gy < (1 + oK, + ?) Mg and a € (—leOM7, — <1 1 oKy + ?) MS> .
2 1 2

Consider the operator S : 2 — A define by

i, iy o+ 2(0(0) + Palp(t))ha (a(0(0) + ma(o(1)))
(Sz)(t) = —/Oo (91 (s,2(s — 01(5))) — g2 (s, (s + 02(s)))] ds]) , >,
©(t)
(SCE)(tl), to S t S tl.
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Clearly, Sz is continuous. For ¢ > t; and z € Q, from (2.28) and (2.29) it follows
that
—1

(Sz)(t) < Lo <M [a+2(p(t)) + Pa(o(t) ha (2(p(t) + m2(0(1))))

—f:mww@—m@m—m@ww+@wmws

g;f%a+mwwaw@nww+mwum

+ [p(t) 92 (s,z(s + 02(5))) ds)

g;?@%wWM%HMQﬂﬂw+w@@D

+Zwmwn@+@@»+ﬁ@mﬁ

_L 00
= pTZ (a + Mg + pay Ko Ms + / [q2(5) Mg + fa(s)] ds) < Mg,
t

and

(Sz)(t) = Lo (1’1(90@)) [+ 2(o(t)) + Pa(p(t) h2 (z(0(t) + 72(£(1))))

[ o (s = 01(5)) = g2 s.0(s + on(s))] s
@(t)

I o0
> o <a - L(t) g1 (s,2(s — o1(s))) ds>

> 5 (- [T nlo)ets - on(s) + fi)ds
> —h

oo
(o [l + fieas) = ot
D1y t
This means that SQ C Q. To apply the contraction mapping principle, the
remaining is to show that S is a contraction mapping on 2. Thus, if x1,20 € Q
and t > t1, by using (2.30), we can obtain

o0

[(Sz1)(t) — (Sx2) ()] < —l (1 + p2 K> +/ [q1(5) + g2(s)] ds) 21 — 22|
D1 )

®)

iL oo

s}j(rume+/[m@+@@w§wm—m\
t

< A7y — 2o,

where A7 = (1 — ZZIOLLfAAZ:). This implies that

||S$1 — S$2|| S )\7 ||$1 — SUQH .
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Since \7 < 1, S is a contraction mapping on 2. Thus S has a unique fixed point
which is a positive and bounded solution of (1.1). O

Theorem 2.8. Assume that —oco < p1, < Pi(t) < p1 < =1, p1+1 < pa <
Py(t) <0 and there exist positive constant Ng such that

o0

/OO [q1(s)Ng + f1(s)] ds < oo, [g2(s)Ng + fa(s)] ds < oo, (2.31)

to to
then (1.1) has a bounded nonoscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg, co) with
the supremum norm. Set

Q={xeA:N;<z(t) <Ng, t>1t}.

It is clear that € is a bounded, closed and convex subset of A. Because of (2.31),
we can choose a t] > ty sufficiently large satisfying (2.11) such that

/ [q1(5)Ng + f1(s)]ds < a + pa K2 Ng + p%f Nz, t >ty (2.32)
t
/ [g2(s)Ns + fa(s)] ds < — <1 1 2) Ny —a, t >, (2.33)
t
and
o p1, N7 D1
< po K —— -1 - —= > 2.34
/t [q1(8) + q2(s)] ds < pa K + T, N Iy’ t>t, (2.34)

where Ny and Ng are positive constants such that

— (paFaNs + 2o N: ) < — (14 2L ) i,
14 Lo

ae | — pngNg—{—pi]\G ,— 1+p71 Ng | .
Ly Ly

Consider the operator S : 2 — A define by

and

Hy (b [+ 2(0(0) + Pale()ha (a(o(t) + (e (1))

(Sz)(t) = —/(t) (g1 (s,2(s — 01(5))) — g2 (s, z(s + UQ(S)))]dS]) , >,

(Sx)(tl), to S t S tl.
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Clearly, Sz is continuous. For ¢ > t; and z € Q, from (2.32) and (2.33) it follows
that

(S2)(t) < Lo (W [+ 2(o(t)) + Pa(p(t) h2 (z(0(t) + 2(£(1))))

[ o (svn(s = 01(9) = g2 (55 + a(s))lds
)
i (a T+ a(p(®) + / " g2 (s 25 + 02<s>>>1ds)

IN

(t)
P1 (1)

IA

o (oo + [ ot~ oro + sl as)

IA

_p? <a+Ng + /too [q2(s)Ng + fa(s)] dS) < N,

and
—1
Pi(p(t))

-/ : (91 (s,2(5 — 01(5)) — g2 (5. 2(5 + 0a(s)))]ds

[+ 2(o(t)) + Po(p(t) 2 (z(0(t) + 72(£(1))))

)

(Sx)(t) > Ly <

>l (a + Pa(p(O)he (2(ol0) + m(el0) — [ 1 (5,205 = 01(5)) ds)
D1, (1)

> ;1L01 (O‘ + p2Kaz(p(t) + m2(p(t))) — /t lnls)als = o1ls)) + A1(s)] ds)

> ;1[;1 <a + poKoNg — /too [q1(s)Ng + f1(s)] ds> z Nr.

This means that SQ C Q. To apply the contraction mapping principle, the
remaining is to show that S is a contraction mapping on 2. Thus, if x1,22 € Q
and t > t1, by using (2.34), we can obtain

e}

(S (1) — (Sz2)(8)] < —22 (1 o / 41(5) + a2(5)] ds) o1 — |
P )

(t)

— Lo 00

<2 (1 kot [ ) + ) ds) 21 — 2]
t

< Mgz =z,

where \g = (1 — ?ffffg). This implies that

||Sx1 — sz” S >\8 ||.7J1 — CCQH .

Since A\g < 1, S is a contraction mapping on 2. Thus S has a unique fixed point
which is a positive and bounded solution of (1.1). O
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