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GENERALIZED DIRICHLET PROBLEMS FOR MAGNETIC
SCHRODINGER OPERATOR

SHAHIN SH. RAJABOV

Abstract. In the paper, we consider different generalizations of the
Dirichlet problem in an arbitrary domain of n-dimensional Euclidean
space R, for a magnetic Schrodinger operator. Their equivalence un-
der different conditions on magnetic and electric potentials are proved.
Magnetic Sobolev space of first order is introduced and it is proved that
this space is topologically equivalent to the ordinary Sobolev space of
first order. The interval of a real axis for a spectral parameter, where the
Dirichlet first generalized problem has a unique solution, is shown. The
Green operator for the Dirichlet first and second generalized problems is
introduced and its boundedness from the first order conjugated Sobolev
space to the first order Sobolev space is proved.

1. Notation and Problem Statement

By x we will denote points of n-dimensional space R,. Let zp, kK =1,2,...,n
stand for the coordinates of x. The element of n-dimensional volume is denoted
by dz. Besides, in the sequel, we denote the scalar product by (.,.) and the value
of a distribution f at ¢ (x) by < f,¢ > .

Assume
n 1 0 2
Hyv = iy )
v ; <Z Jar Tk (g;)> +V (@)
where V (z) is an electric potential, a (z) = (a1 (x),a2 (z),...,an ()) is a mag-

netic potential, ¢ is an imaginary unit;

A = sup |ag (z)], k=1,2,...,n,
el

where G is an arbitrary domain in R;
A() = max {Al, AQ, veny An} 3
Oay, (z)

, k=1,2,...n;
c%zk

By, = sup
zeG

B() = Inmax {Bl, BQ, ceey Bn} 5
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ao =;gg{;az <x>};
Yo =JtV @

Let C§° (G) be the set of all infinitely differentiable functions on G with a
compact support and D’ (G) be the space of all distributions on G. We denote
the functions having in G quadratically integrable generalized derivatives up to
order k, by W¥ (G). The norm in this space is defined as follows:

2 2
s = 3 10°F @)ae
|| <K
where a = (a1, g, ..., ap) is a multi-index, |a] = a1 + ag + ... + ap,

ol f ()

(51 (o) Qn °
0x7"' 0x5°...0zy

Def (x) =

0
Set Lo (G) = W3 (G). Denote by W¥ (G) the closure of the space C§° (G) in
0

WX (G). More precisely, f(z) € W§ (G), if there exists a sequence of functions
{on (2)}2°, from C§° (G) such that ¢, (r) — f in W§(G). Denote the space
0

0 7,k
associated to W§ (G) by W, (G).
Let B™ (G) stand for the space of functions f (x) with continuous and bounded
in G partial derivatives to order m inclusively.

Definition 1.1. (Dirichlet’s first generalized problem). Let G be an arbitrary
0,1
domain in R,, and f € W4 (G). The problem of finding of the solution u (x)
0

from the class W3 (G), of the equation

n 2
> (1a+ak (x)) w(@) +V@u() - M) =f@) . (LD

1 0x
k=1 k

where A is a spectral parameter in the sense distributions in the domain G is called
Dirichlet’s first generalized problem for the magnetic Schrodinger operator.

Note that in this problem there are no conditions on behavior of the boundary
of the domain G, i.e. on the boundedness of the domain G or smoothness of its
boundary.

Definition 1.2. (Dirichlet’s second generalized problem). Let

@) e W (@),

0
The problem of finding of a function from the space W3 (G), satisfying the equal-
ity

- ou(x) . &P(x)_m Do | de
kg/g((?k +zak<m>u<m>)< 2 o (@) ¢ >>d -

—I—/ (V(z) = Nu(z) e (z)de =< f,7 > (1.2)
G
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0
for any function ¢ (r) € W4 (G), is called the Dirichlet second generalized problem
for the magnetic Schrodinger operator.

Note that the Dirichlet problem for the Laplace equation was first formulated
by K. Gauss in 1828. The first studies on solvability of this problem belongs to P.
Dirichlet (see [6]). At the early XX century Fredholm [5] proved that for domains
with rather smooth boundaries the Dirichlet problem has a unique solution.

The space of functions differentiable in generalized sense was introduced by
S.L. Sobolev (see [8]). The imbedding theorems proved by him enabled to study
different generalized boundary value problems for differential equations. A full
review of results concerning boundary value problems in domains with nonsmooth
boundaries, may be found in [6] and [7].

In spite of the fact that the magnetic Schrédinger operator in the whole space
R, is intensively studied (see i.e. [1], [2] and [3]), the Dirichlet generalized prob-
lem for magnetic Schrédinger operator arising from variational principles and con-
venient in use, unlike the ordinary Schrédinger operator was not studied enough.
Recently, there appear classical boundary value problems for this operator (see
e.g. [4]).

In this paper, we study the existence and uniqueness of solutions of the gener-
alized Dirichlet problems in an arbitrary domain of n-dimensional space R, for
the magnetic Schrédinger operator.

2. On equivalence of both generalized Dirichlet problems for the
magnetic Schrodinger operator

Throughout this paper we suppose that the electric and magnetic potentials
satisfy the following conditions:

a) the functions ag (z), k =1,2,...,n, are real and belong to the space B! (G) ;

b) the function V (z) is real and belongs to the space B (G) = B (G).

Theorem 2.1. Under the conditions a) and b) the first and second generalized
Dirichlet problems are equivalent.

0
Proof. Let a function u (x) € Wi (G) be the solution of the first generalized
Dirichlet problem. Then for any function ¢ (z) from C§° (G) the following equal-
ity is valid:
n —_—

2
<> <18+ak <fv>) w(z) +V (2)u(e) —du(2).p(2) >=< f.7>. (21)

1 0x
k=1 k

Hence, by the definition of generalized derivatives (see e.g. [9]) we have

[ (Ou(@) oo .
>, (% +zak(x)U(m)>( o —mk@mm)) it

+/ (V(z) = Nu(z)p(x)de =< f,5 > . (2.2)
G
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0
Prove that equality (2.2) is valid for any function ¢ (x) from the space W3 (G)
0

as well. Indeed, by the definition of the space Wi (G) there exists a sequence
of functions {¢y, (z)},2, from C§° (G) such that ¢, () — ¢ (z) in the norm
||~HW21(G). As pp () € C§°(G), n = 1,2,..., then equality (2.2) is valid for
them, i.e.

Z/ < o, +iak (:I:)u(x)) (W —iay, (x)gon(x)> da+

+/ (V(2) = Nu(z) g (@)de =< fron@) > n=1,2... (23)
G

Taking into account u (x) € Lo (G), %UT(? €Ly (G), k=1,2,...,n, and passing
to the limit n — oo in the equality (2.3) we obtain that equality (1.2) is valid for

0 0
any function ¢ (x) from W3 (G). Conversely, let u (z) € W4 (G) be the solution

of the second generalized Dirichlet problem, i.e. equality (1.2) be fulfilled for
0
any function from W3 (G). Again, using the definition of generalized derivatives

we are convinced that the function w (x) is the solution of the first generalized
Dirichlet problem. U

3. Magnetic Sobolev space
Assume \g = a9 — nBy — 2nA3 + Vp and consider in C§° (G) the functional
by () = () — e a2, (3.1)
where p € (—o0, )\0)

2
2
da:—i—/GV(x) |u(z)|” du.

)4 iay,(z)u(x)

8xk
Theorem 3.1. A quadmtzc form determined by the formula
HuHa,V,,u = b(l,v,u(u)a
is a norm in C§°(G) and this norm is equivalent to the norm ||uHW21(G) :
Proof. At first we estimate the following functional from below
2
Z/ dzx, u € C3°(G).
Let u(z) = o(z) + it (z) € C§°(G), where o (z) = Reu(z), 7(z) = Imu(x).
Then we have:

Bulz) | iag(z)u (f)‘z - (M a “k($)7'(x)>2 + (M + ak(m)g(lﬂ)f -

oxy, oxy,

) tia k(@)u(z)

69%

_ | Ou(=)
| Oxg

a2 (@) [u(@)? + 2a4(2) (o(2) 52 — 7(x) %2)
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Using equality (3.2), we obtain
2

aggff) +iag(z)u(z)| = agg) + (@) u(z)? +
+2ak(x)(%‘(;2;(x)) — dag(z)7(x) ag;:“) (3.3)
or , )
2D pian@yute)| = [ZD ] ) Ju(w) -
—2ak(a:)8(a(;;:($)) + 4ak(:1:)0(:r)a;£f) : (3.4)
From (3.3) and (3.4) we have
2 2
/G 8;35;?) + iag(z)u(z) dx:/G 6;35:) dx—I—/Ga%(x) lu(z)|* da—
day, (z) do(x)
-2 : kaa(x)r(x)dx —4 : Txkak (z) 7(z)dx (3.5)
2
/G aggg,f) + iag(x)u(zx) dx—/G ag:ik) d:c—l—/Ga,%(:c) lu(z)|? de+
+2 acgg( 2) o(x)r(x)dx +4 a;(x)ak(x)a(:c)dl‘. (3.6)
G O%g G OTg
Using the inequalities
day(z) 1 |Oag(z) 2
: Txka(:ﬁ)T(:c)dq: < filelg i G| (z)|” dzx

/Gak(x)a(x)agék)dm< ;:ggmk( )|/ [iﬁmﬁ(agg)ﬂ da,

vt i = gt [ | ey (52) | o

where ¢ is any positive number, from(3.5) and (3.6) we obtain
2

2
/G 8;3§k)+iak(x)u(az) de/G aggfk) dx—i—/Gai(iU) ju(x)|? dz—
- 2
sup @fg; : / ju(e)? dz —2sup . () /G if2<w>+5<6§if)) ]dm D
2 2
/G (agsn(,zc)+iak($)u(x) dmZ/G 8;;26) dx+/Gai(éE) [u(@)|* da—
aak 1 or(x)\?
xeG /\ \ dI—QSgg’ak (x)]/G [602(x)+8< i ) ]dm.

(3.8)
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From inequalities (3.7) and (3.8) we have

2 2
/G agx(::) +iag(z)u(z)| dz > /G agzgz) d:c—l—/Gai(x) lu(z)|* do—
aak 2 8u( )
xeG 2)|? dx — sup\ak \/ [ D2, ]daj. (3.9)

Summing the inequality (3.9) over k in the range from 1 to n, we obtain the
estimation

0:%
- Oa
g a2 dw—g su k /u dx—
/( k | el weg axk ‘ ‘

Ou ()
oxp

2
d:v}.

—Z{supm I} 2 [ it |dx—ez{3gg|ak ol |
(3.10)

By means of inequality (3.10), we obtain the lower bound for the functional
ba, v (1) :
ou (x)

ba v (u) > (1 —eAp)
V,u 0;/{;

1
+ <a0—nt—nA0+Vo—u> / |u(a:)\2d:c (3.11)
= e
Choosing € = 57~ in the estimation (3.11), we have

al'k

dx+ (a0 = By — 2480+ Vo ) - [ fu(o)de.
G

(3.12)

Assuming
1
my, = min{Q, ag —nBy — 2A%n+ Vo —M}

in the inequality (3.12), we obtain that for any w(z) € C§°(G) there is the
inequality
ba,v () = my ullfyy gy - (3.13)
From the boundedness of the functions ag(z), kK =1,2,...,n, V (x)in the domain
G it follows that there exists such a positive number M, that
oy (W) < My [ul sy u € CR(G). (3.14)

From inequalities (3.13) and (3.14) it follows that the norms [|ull, v, , = \/ba,v,u(u)

and H“||I2/V21(G) are equivalent. O
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Denote by W, v, the closure of the space C§°(G) in the norm ||| The
Hilbert space W, v, is called a magnetic Sobolev space of first order.

According to Theorem 3.1, the norms ||-|| and ||-HW21(G) are equivalent,

a,V,pu

a,Viu
therefore the space W, v, as a topological space coincides with the space WHG).
However, we think they are different as they have various scalar products. But

01
in spite of this, their associated spaces W;,v, L and W, (G), as functional spaces,
coincide.

4. Existence and uniqueness of the solution of the generalized
Dirichlet problem for the magnetic Schrodinger operator
for € (—o0, \o)

Letf € Wy, . By the Riesz theorem (see e.g. [7]) there exists a unique element

from the space W, v, such that < f, ¢(x) >= (u, @)y - for all p(x) € W, v,
and

lellw, v, = 1y, - (4.1)

01
On the other hand, as noted above, f € W, (G). Therefore

< f’ QO(Q:) >= (’LL, SO) 0
W3 (G)
Taking into account the definition of the scalar product in Wy v, we obtain that

0,1
for any f € W, (G) there exists a unique element u () from the space W, v,

0
such that for any ¢ (z) € W} (G) the following equality is valid:

—iay, (x)@) dx+

> h=1 fG (%”T(,f) + Zak(:r)u(x)) (885[;36)

(4.2)
+ [o (V (@) — ) u(@)p(z)de = < f, B >,

i.e. for any p from the interval (—oo, Ag) the following equality is valid

n 2
< Z (18 + ak(x)> u(z) +V(z)u(z) —pul(z), ¢(z) >=<f, p>. (43)

1 0x
k=1 Oz

According to Theorem 2.1, in view of equality (4.3) we obtain the following
statement.

Theorem 4.1. Let G be an arbitrary domain in R,, and the conditions a) and b)
be fulfilled. Then for any number from the interval (—oo, Ao) the first generalized
Dirichlet problem for the magnetic Schrédinger operator has a unique solution.

From inequality (4.1) and Theorem 3.1 we obtain that if u € (—oo, Ag), then
01
there exists a positive number L, such that for any f € W, (G) there exists a

0
unique element u(x) € Wy (G) such that the following inequality is fulfilled
u <Lulfllon - 4.4
o, o < Ll (4.4

2
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01
The operator that associates to every functional f from W, (G) a unique
0

element from the space Wy (G) is denoted by G,. The operator G, is said to
be the Green operator of the first generalized Dirichlet problem for the magnetic
Schrédinger operator.

From estimation (4.4) it follows the following theorem.

Theorem 4.2. Under the conditions of Theorem 4.1, the linear Green operator

01 0
G, is a continuous operator from the space Wy (G) to WHG).
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