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ON POTENTIAL WELLS AND GLOBAL SOLVABILITY OF
THE CAUCHY PROBLEM FOR SYSTEM OF SEMI-LINEAR
KLEIN-GORDON EQUATIONS WITH DISSIPATION

AKBAR B. ALIEV AND GULSHAN KH. SHAFIYEVA

Abstract. We study the Cauchy problem for the system of nonlinear
Klein-Gordon equations with weak coupling and dissipative term. By
introducing a family of potential wells and investigation of the invariant
sets, we prove the global existence and finite time blow up of solution.

1. Introduction

Klein (1927) and Gordon (1926) derived a relativistic equation for a charged
particle in an electromagnetic field, using the recently discovered ideas of quanta.
In [10] the Klein-Gordon equation is reduced to

1 0%y mc\ 2

c? ot? A¢+< h) v=0
for the special case of a free particle in three dimensions. Later this was led to
the mathematical generalization

1 6%y )

292 AYp+Vi()=0 (1.1)
for some differentiable potential functions V', which is called the nonlinear Klein-
Gordon equation [10]. Here V is a nonlinear function which characterizes en-
vironment. According to the available literature, there are a lot of interesting
results on problem (1.1) by various analytical methods. Many results have been
obtained concerning properties of blow up and global existence of solutions to
the Cauchy problem of the nonlinear Klein-Gordon equations [2, 7, 8, 9, 11, 12,
14, 15, 16, 17, 18, 19, 21, 22, 23, 24, 25, 27, 29, 31, 34, 35, 36, 37, 38, 39, 40, 41].
The motion of charged mesons in an electromagnetic field can be described by
the following coupled Klein-Gordon equations:

uy — Au + gloPH|uP~lu =0
v — Av + hglu[PT|v[P~lo =0

where A is a Laplacian operator on R", g and h are non-zero real constants. The
system was first introduced by Segal [32].

(1.2)
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In this paper we consider the Cauchy problem for the system of Klein-Gordon
equations with weak coupling and dissipations

m
Wi — Au; + ogug + Yilit = Z |uj|p+1\ui|p_1ui, 1=1,...,m, (1.3)
=1
w; (0, 2) = uo(x), uit(0,z) = upn(z), i=1,...,m, (1.4)
where wui,...,uy,, are real functions depending on ¢t € [0,00), z € R", a; > 0,
v > 0,0=1,...,m. We suppose that n > 2 and
p>0 if n=2 (1.5)
1
0<p§72 if n>3. (1.6)

System (1.3) determines a model of interaction between m fields with masses
A1y yQyp.

We study qualitative characteristics of the family of the potential wells, the
existence and nonexistence of global solutions of problem (1.3), (1.4).

Notice that, the potential well was introduced by Sattinger [31] in 1968. The
potential well method was one of the most important methods for studying non-
linear evolution equations. There was a lot of investigations in this direction
[27, 29, 37, 40].

In the case m = 2 problem (1.3),(1.4) was studied in [20, 40]. In this direc-
tion, we also note the works [2, 3, 4, 24, 26, 30, 34, 38]. The absence of global
solutions for problem (1.3),(1.4) was investigated in [2]. The absence of global
solutions with positive arbitrary initial energy for the system of semilinear hy-
perbolic equations

Uit — Au + aqui + Y = [ur [ ug [P,
t>0zreR k=1,...,m
was investigated in [5], where pj, =p;j + 1,5 #k, pre =pr — 1, k,j =1,...,m,
m
>0, > pr+m—2< 2 ifn >3
k=1

2. Preliminaries

In the sequel, by |- |; we denote the usual L,(R")- norm. For simplicity of
notation, in particular, we write |-|? instead of |-|3. Let (-,-) denote inner product

in Ly(R"). Let || - || denote the norm on the Sobolev space H' = H'(R"), i.e.
|ull = [[Vu*+ |u|?]?, where V denotes a gradient. For simplicity, in what
follows, we set a; = v; = 1 for i = 1,...,m and denote the first and the second

derivatives of a function u with respect to ¢t by @ and i, respectively.
We define the following functionals

R 1
J(¢1a"'7¢m) = 7ZH¢]H2 - 7Ga
2j:1 p+1

and

Ié(¢l7' . a¢m) = 52 ”¢]”2 - 2G7
=1
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where 6 > 0 and

m

G=Glorm)= 3 [lost@os(@l d.

1,9=1,pn
i< B

Lemma 2.1. Let (¢1,...,¢m € [H'\{0}]™ . Then
(i) Hm JOAG1,- ... Abm) =0, hm T, ..., Adm) = —00;
A—0 A—400
(i) there is a single point \* = X*(¢1...,¢m) in the interval 0 < A < +o0,

where J
aj(/\(lsl, ey )\(Zﬁm)‘)\:)\* = 0;
(iil) J(AP1, ..., Apm) is nondecreasing on 0 < X\ < \*, nonincreasing on

A< A < +oo and it reaches its maximum at the point A = \*;
(iv) I1(AP1, -« s ADm) >0 for 0 < X < A* ;[1(AP1, ..., Ap) < O for
A< A< +oo and I1 (N1, ..., \* o) = 0.

We define the set

Ns={(é1,-,bm) t (D1, bm) € [HN\{O}™, Is(d1, ..., ¢m) =0}.
Suppose (¢1,...,6m) € N1, then

_ p = 2
J(P1,-- s 0m) = 2(P+1); 9;[1* >0, (2.1)

i.e. J is bounded from below on the set Nj .
Consider the variation problem

d(d) = inf J(P1,. .. Om),0< 0 <p+ 1. 2.2
(9) PR L (15 Om) p (2.2)
Lemma 2.2. There is (¢1,...,¢m) € N1 such that
J(P1,. .. bm) = inf J(P1,-..,m) =d > 0.
(o1 Pm) Lo (o1 Pm)

For § > 0 we define also

5 P
r(6) =r(d,p) = (W) )

[ul2(p41)

Tl M is the lowest 1 number satisfy the inequality

where C, = sup
[|ul|#0

p+1

m m
p+1 p+1 2
E a; a; <1 a;
ivj:.lv Jj=1
J

m
Here a; > 0,1 =1,...,m, Ea?>0.
i=1

Lemma 2.3. If (ui,...,un) € [H\{0}]" and 3 |ul> < r(5), then
j=1
Is(ug, ... um) > 0.
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Lemma 2.4. If (u1,...,up) € [H'\{0}™ and Is(u1,...,up) <0, then
2 Mlugl? > 7 (9).
j=1

Lemma 2.5. If (u1,...,up) € [H'\{0}™ and Is(ui,...,up) =0, then
> IluslI* > r(6).
j=1

Lemma 2.6. Suppose that conditions (1.3),(1.4) are fulfilled. Then

d(0) > a(d)r(0), (2.3)
where

d(s) = 5ip+;_5d, (2.4)
a(8) = m (2.5)

It is obvious that
51—i>I£0 d(0) =0, (2.6)
dip+1) =0, (2.7)
d(1) =d, (2.8)
d'(8) > 0,6 € (0,1), (2.9)
d'(5) <0,6 € (1,p+1). (2.10)

The following theorem on the local solvability of the problem (1.3), (1.4) holds.
This theorem can be proved by using Galerkin method (see[22]) or methods of
nonlinear evolution equations (see[5]).

Theorem 2.1. Let the conditions (1.5),(1.6) hold, then for any (u1g, - .., Umo) €
[HY)™, (u11, - - um1) € [Lo(R™)]™ there exists T' € (0,00) such that the problem
(1.3),(1.4) has a weak solution (ui,...,un) €  C([0,T"];[HY]™)
NCL([0,T']; [La(R™)]™). If Tiax = supT’ice. Tmax the length of the mai-
mal existence interval of the solution (ui(t,-), ..., um(t,")) € C ([0, Tmax); [H]™)
N C ([0, Timax); [L2(R™)]™) then either: Tmax = +oc or

m

dm g 35 [ ) + g )] = +oc

Remark 2.1. 1) If (Ul(), T 7um0) € [HS]m’ (u117 v ,Ulm) S [Hs_l]m )
s > 1, then (u1,...,un) € C ([0, Tnax); [H*]™) ﬂcl ([Oa Tmax); [Hs_l}m)
2) If {(ulok, C ,umok)}zozl C [H2]m, {(ullk, . ,umlk)}zozl C [Hl]m and

Uip, —> Uip in H', wi, —>upy in Lo(R™),i=1,...,m as k— 400,
then for any 7™ € (0, Tiax)
(ui, (), ooy um, (t,)) — (ui(t, ), ... s um(t,-))
in C ([0, T [H']™) N CH (0, T [Lo(R™)]™),
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3. Principal results

We denote by E(t) the following energy function:
1 m
=3 [ (t, )7 + [ (¢, - Z |uiu; ’p+1
J=1 1,j=1,
1<j

and we define the following sets
Ws = {(ul, R ,um) S [Hl]m,f(g(ul, Ce ,um) > 0,
J(ur, .. um) < d(@)}_J{0,...,0},0 <6 <p+1,
Vs ={(ur,...,un) € [H" Is(u1, ..., up) <0,
J(ug, ... um) <d(6)},0<d<p+1.
From (2.6)-(2.10) it follows that for every e € (0,d) the equation d(d) = e has
two roots d1,d2, so that 1 < 1 < 9.

Theorem 3.1. Suppose that (u1g, - . ., Umo) € [HY™, (u11,...,u1m) € [La(R™)|™
and conditions (1.5),(1.6) hold. If 0 < e < d and 01 < 2 are the roots of the
equation d(8) = e, then the following assertions are valid:

a) if I1(u10, - - -y umo) > 0 or |Jugl = ... = ||umol|l = 0, then all weak solu-
tions (uq(t, ) sum(t,-)) of problem (1.3),(1.4) with initial energy
0 < E(0) <e, belong to W5, where §1 < § < d2;
b) if I (uig, - - .,umo) < 0, then for all weak solutions (uq(t,-), ..., um(t,-))
of problem (1.3),(1.4) with initial energy 0 < E(0) < e, belong to Vs,
where 61 < 6 < 9.
Proof. a) Let (u1g,...,umo) € [HY™, (u11,...,u1m) € [Lo(R™)]™ and
0 < E(0) < e. (3.1)
Let
Ii(u10, - -+ umo) >0 or lurll = ... = [Jumo|| = 0. (32)
Taking into account the Remark 2.1 from (1.3),(1.4) we have the following energy
equality

+Z/’u3 |d8_ ()0<t<Tma:c (33)

Jj=1 0
By virtue of (3.1) and (3.3), J(ui(t,),...,um(t,)) <e, 0 <t < Tyae. On the
other hand for §; < § < d2 we have e < d(d). Therefore

Jui(t, ), . um(t,”)) < d(6),0 < t < Tae. (3.4)

Suppose that assertion a) does not hold. Then in view of (3.2) and (3.4) there
exists ¢ € (0,00) such that

Is(ui(t,-), ..., um(t,-)) > 0,t € (0,1), (3.5)
Is(ui(t,-), ..., um(t,-)) = 0. (3.6)
Thus, (u1(t,-),. .., um(t, ) € Ns, therefore, by the definition of d(d) we have
d(8) < J(ui(t,-), ..., um(t,"))
which contradicts (3.4).
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Now we prove assertion b).

Let (u10;---,umo) € [HY™, (u11,-..,uim) € [La(R™)]™, 0 < E(0) < e and
I (w10, - - -, Umo) < 0. Arguing in a similar manner as in step a), we obtain the
existence of ¢ € [0, 7], such that for any ¢t € [0,¢) the inequality

Il(ul(t ) um(t )) <0,
and the equality I (ui(t,-), ..., un(t, )) = 0 are fulfilled.

We again obtain the followmg contradiction
d(0) < J(ui(t,-), ..., um(t,-)) < e < d().

By Theorem 3.1 we have the following statement

Theorem 3.2. Suppose that (u1g, . . ., Umo) € [H']™, (u11,...,u1m) € [L2(R™)]™
and conditions (1.5),(1.6) hold. If 0 < E(0) < e and &1, 02 are the roots of

the equation d(8) = e, then the sets W55, = U Ws and V55, = U Vs
01 <6< 02 01<6<d2
are invariant on the trajectories of the dynamical system generated by problem

(1.3),(1.4).

The following statement is a consequence of Theorem 3.2 and shows that there
is a so-called vacuum zone between the two invariant sets.

Theorem 3.3. If the assumptions of Theorem 3.2 hold, then all solutions of prob-

lem (1.3),(1.4) satisfy the relation (ui(t,-),...,um(t,)) € Ns;5, = U Ns.
01<0<62

Now, consider the case E(0) < 0.

Theorem 3.4. Suppose that (u1g, - - ., Umo) € [HY™, (u11, ..., u1m) € [Lo(R™)]™
and conditions (1.5),(1.6) hold. If E(0) <0, [Juio|| + - ..+ [|[umol|| # O , then the
solution of problem (1.3),(1.4) satisfies the inequality

> (¢, )P = 7o, (3.7)
=1

-

_ p+1 P
where ry = <2 CE(F+1)> .

Proof. Let (ui(t,), ..., un(t, )) be the solution of problem (1.1),(1.2) with initial
energy E(0) <0, where lutol| + - .. + |umol| # O .

Let [ 0, Tra ) be the maximum interval of existence of the solution
(ui(t,-),...,um(t,+)). In view of the definition of E(t), we have

Zlug WP+ I (ua(t ), umlt, )

- Z |uj<s, )[2ds, t € [0, Tmax), (3.8)
0
j=1

It follows that
J(uy(t,-), ..., um(t,-)) <0< d(d),t € [0, Tmax) (3.9)
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and

+1
ZHUZ )| < p+1 Z !uzu; prl: (3.10)

by=1
1<)

On the other hand, using the Holder’s inequality and embedding H! C Loy (R"),
also taking into account the definition of u we have
p+1

2 (p+1)
p—l—l Z |UZUJ p+1 }mﬂ * 2 ZH“JH2 . (3.11)

i,5=1,
1<j

Since|luio|| + ... + ||lumol| # 0 , then there exists a half-interval [0,¢;), where
lur (t, )| + - + l[um ()] # 0. Then from (3.10),(3.11) we obtain that

1
" 1
p+1 "
Z [[w; (2, ol /= (2 C2(p+1)> =ro,t € [0,t1).
j=1 HCx

It follows that ||uq(t1, )|+ . .+ ||um(t1, )| # 0, therefore (3.7) is also valid on the
half-open interval [t1,t2), for some to > t;. Thus, (3.7) is true on [0, Tipax). O

Theorem 3.5. Suppose that (u1g, - . ., Umo) € [H]™\{0,...,0}, (u11,...,u1m) €
[La(R™)]™, and conditions (1.5),(1.6) hold. If E(0) <0 or E(0) =0 and

(w11, -y uim) # (0,...,0), then (ui(t,"),...,um(t,")) € Vs for t € [0, Tmax),
where 0 < § <p+ 1.

Proof. If E(0) < 0, then from (3.3) we obtain
J(ui(t,-), ..., un(t,-)) < E(0) <0< d(9). (3.12)
On the other hand,

j=1
L Lt )t ) (3.13)
2(p+1)5 (8 )5y Uml, ’ .
therefore,
Is(ui(ty )y yum(t,+) < 0,t €0, Thax) if 0<d<p+1. (3.14)

If £(0) = 0, then in view of Theorem 3.4, from (3.7),(3.12) we find that inequality
(3.14) is also true in this case if 0<d <p+ 1.
Thus (u1(t,-),...,um(t,-)) € Vs, where 0 < 6 < p+ 1. O

Theorems 3.3-3.5 imply the following result.

Theorem 3.6. If E(0) < d, then W1 and Vi are invariant with respect to the
dynamical system generated by problem (1.3),(1.4).
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4. Existence of global solutions

Theorem 3.6 implies the following theorem on global solvability:

Theorem 4.1. Suppose that (u1g, - - ., Umo) € [HY™, (u11, .- ., u1m) € [Lo(R™)]™
E(0) < d and conditions (1.3),(1.4) hold. If (u1(to,-),...,um(to,)) € W1 at some
moment of time ty € [0, Tmax) , then Tmax = +00 and (ui(t,), ..., un(t,-)) sat-
isfies a priori estimate

> @) P + 1) < 220 e o hg. @
7j=1

Proof. By Theorem 3.1 (u1(t,-),...,um(t,-)) € Wi,t € [0, Tiax), therefore

Li(ui(t,-), .. um(t,-) > 0,0 < t < Tnax- Then from (3.8) and (3.13) we obtain
that for 0 S t < Tax the apriori estimate (4.1) holds, therefore Tiax = +00, i.e.
problem (1.3),(1.4) has a global solution. O

Theorem 4.1 implies the following statement:

Theorem 4.2. Suppose that (uig, ..., umo) € [H]™, (u11,. .., u1m) € [Lo(R™)]™
and conditions (1.3),(1.4) hold. If 0 < E(0) < d and Is,(u10,--.,Umo) > 0
or |luwl] = ... = |lumoll = 0, where 51 < d2 are the roots of the equation
d(0) = E(0), then problem (1.3),(1.4) has a unique solution (ui(-),...,um(-)) €
C ([0, 00); [H']™)

NC ([0,00); [La(R™)]™) and (ur(t,-), ..., um(t,")) € W5, 01 < < 62, 0 < t <
+-00.

Proof. By virtue of Theorem 3.1 and 4.1, it suffices to prove that
I (ui0y .- -y umo) > 0. Indeed, otherwise there would exist 6 € [1,d2) such

that Ig(ulo, ... ,um()) = 0. Since Is, (ulo, ... ,umo) > 0, therefore ||U10H +
..+ [Jumol| # 0. Then J(uig,...,umo) > d(J), which contradicts the inequality
J(ulo,...,umg) SE(O) <d(5),f01‘ (51 <5<52. O

5. The absence of global solutions
In this part we consider the case of a; =1 and v =, =1,2,...,m

Theorem 5.1. Suppose that p > 1, (uio, ..., umo) € [H*]™ and (ui1,...,uim) €
[H*=1)™ | where s > 5. Suppose also that conditions (1.5),(1.6) and one of the
following conditions hold:
a) E(0) <0;
b) 0 < E(0) < d, I(ui0,.--,umo) <0, oy =1, =7v,7=12,...,m and
0<v<bs,

m

Then Tmax < 400 and ~ lim > |u;(t,-)|* = +oo0.
t—Timax—0 /=1
Proof. a) If E(0) < 0, then repeating the proof given in [4], we obtain the asser-

tion of the theorem.
b) Let 0 < E(0) < d, I1 (w1, .,umo) < 0and 0 < y < &=L
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Let’s denote

ij Nt € [0, Tax).
Then we obtain

= 2Z<uj(tv ')’aj(tv )) 5t € [0, Tinax)- (5.1)
j=1

Assume that the assertion of Theorem 4.1 is not true, i.e. Tya.x = +00. Since
(10, - - -, Umo) € [H®]™ and (u11, ..., u1m) € [HS1™ , where s > 5

then (wi(t,z),...,um(t,z)) € C([0,00); [H*]™) N C* ([0,00); [H*1]™) and ob-
viously F'(t) € C[0,00). Taking into account (1.3), by a simple calculation we
obtain

ik”F(ﬂ
= 267t2|u WP +200 WZHUJ )|l
—2e M Iy (us (£, ), . .. ,um(t, ). (5.2)

Since E(0) < d, therefore there exists 01, 02 such that 6; < 1 < d2 and
d(s;) = E(0),i = 1,2.
In (3.4), we put 01 = d2 . According to Theorem 3.5
Is, (ui(t,-), ..., um(t,)) <0, (5.3)
therefore, from (5.2),(5.3) we get

%[e'ytﬁ’(t)] >2(6 — 1) Z [l (t, )2 (5.4)
On the other hand, applying Lemma 2.4, we have the following estimation
D it )17 > r(6). (5.5)
j=1
From (5.3) and (5.5) it follows that
d
SE(D) > e(dy), (5.6)
where ¢(d2) = 2(d2 — 1)r(d2). From (5.6), we find that for sufficiently large t
‘ c(2)
F(t) > t>to. .
02221 5.7
Thus,
tLlElOOF(t) = 400. (5.8)

On the other hand,

m m

J=1 J=1
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m m
+2 - Z ’uzu]’p_H = p+3 Z‘uj _1)2"1’%@7 )H2

i,j=1, Jj=1 J=1
i<j

2 (us(t, ), i (1, )) + 2y(p + 1) / iy (s, ) ds — 2(p + DE(0).  (5.9)
=1y

Using the Holder and Young inequalities, we have

j=1
— 1 — Z ;i (t, )% (5.10)
When using the imbedding H' C LQ(R") from (5.8) and (5.10), we get
)> (44¢) Z|u] N2+ (1), (5.11)
where
47202 m
p@t)=p—1- Z (2, )1 = 2(p + 1) E(0).

By virtue of (5.8), for sufficiently small € > 0,there exists ¢t such that for any
t > t1 we have the estimation

(4+¢) Z\uj (5.12)

It follows from (5.1) and (5.12)

FOF@) - (1+Z) (4+¢) Z]u] Nk Z\uj
2

m
€ .
—4 (1+Z) Z<uj(tv '),Uj(t,'» , >t
7=1
Using Holder’s inequality, we obtain

FOF@) - (1 + Z) F2(1) >0, t>t. (5.13)
From (5.11) and (5.13) we have the following inequality
R I
<F7(t)> <0, t>1t, (5.14)
From (5.7) it follows that
£ / €F/(t)
Foi(t) =——— <0, t>t. 5.15
(Fiw) LR ' (5.15)
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In view of (5.14) and (5.15) there exists t* € (0, ¢1) such that tlinta F~1(t)=0,ie.
4) *

tlinta F(t) = 400 . This contradiction shows that our assumption is not true. [
— *

Remark 5.1. Under the assumptions of Theorem 5.1

m

lim Y [l (8, ) + i (1)) = +oo.

tHTmax - .
Jj=1

6. Proofs of Lemmas

Proof of Lemma 2.1. Properties of (i) follow directly from

1 m
TOG1, - M0m) = N5~ (IV651° + 164%)

Jj=1

1 m
—ATE_— E EXTiast
p+1
p+1,7
i<

(74) Elementary computation shows that

d

aJ()\qﬁl,...,me)

Al -2t Y ool (6.1)
j=1

1,9=1,pn
i<y B

Hence, it is evident that at the point

£ sl
)\* — Jj=1

m
2 X2
ij
7

[ |gig;|Ptdz
:17Rn
<j

the following equality holds

d
aj(/\%, ce sy AOm) [a=as = 0.

(73i) From (6.1) it is clear that
d

01 M) >0 for 0 <A<,

and

d
aj()\qﬁl,---,)@m) <0 for N <)< 4o,

i.e. the assertion (7i7) is true.
(tv) From definitions of the functionals J and I; and also from (6.1) it follows
that

Il()‘¢17 s 7)‘¢m) = A%J(A(l)l? SER) )‘¢m)



130 AKBAR B. ALIEV AND GULSHAN KH. SHAFIYEVA

Proof of Lemma 2.2. From (2.1) it follows that if (uq,...,uy) € Ny, then
m
p 2
J e = — E A7 6.2
<u17 7um) 2(p + 1) p=i HU’JH ( )

Let (uik, - - ., Umi) be a minimizing sequence, i.e.

lim J = inf J =d.
flaeel (ks tmi) (ul,..fzrjm)eNl (1, tm)

Let us denote u;y = Auj, j =1,...,m and denote by vj; = (U;k)uk the Schwartz
symmetrization [6, 13, 28] of the function y;; = psu; i with respect to the variable
x, where py is chosen so that (vig,...,Vmk) € N1 . By virtue of (6.2)

m
p 2
J(Wky oo V) = =——— vikll®. 6.3
1o vim) = 5y 2 e (63
On the other hand,

J19valde = [ 19G50,0Pd
Rm Rn

- / (9 (g )y P < / 19 Cui) P (6.4)
Rr R

(see [6, 13, 28]).
From (6.3), (6.4) it follows that

J (ks - Vmk) < J((Wik) gk - - - (Umnke) k) - (6.5)
On the other hand, according to the choice of
J (k) ks - -+ (Wb ) ) < T (Uagy - - Umk)- (6.6)
Consequently, klim J(V1ky oy Umk) = d . Tt follows that
— 00
Vvl < e, (6.7)
where ¢ > 0 is a constant not dependent on k = 1,2,.... Then we conclude

that there exists such a (V1oo, .- -, VUmeo) € [H|™ that, possibly taking along a
subsequence,

Vjk = Vjoo Weakly in H' as k— +o0,j=1,...,m. (6.8)

Then by virtue of the compactness of embedding H! .. . C L,(R") [33], where
q < %, it follows that

Vik = Vjoo 10 Lg(R") as k— +o00,j=1,...,m. (6.9)
Let us prove that (Vico, .-y Vmoo) 7 (0,...,0) . Assume the opposite, i.e.
(V1oos -+ - s Vmoo) = (0,...,0). (6.10)
Using the Holder inequality

m
> vl =
j=1
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m m
+1
=2 Z /|Vik‘p+1 ’ ’ij‘p—i_ldx <2 Z Hl/ikHIl)/Q(erl H Vi HL2<p+1)
i,j= 17Rn tj=1,

1<j 1<j
from (1.6), (6.9), (6.10) we obtain
Gk, s Vmk) — 0, as k — +oo.
On the other hand, I(vig,...,Vmk) = 0, so from (6.9) it follows that
vjr — 0 star in H' as k— 4o00,j=1,...,m.
By the multiplicative inequality of Gagliardo-Nirenberg type [1], we have

v JkHLQ( (B S < |vyjk‘(p+l)9’yjk‘(p"l‘l)(l—e)’

where

0—n<1— 1 >— P =1 m
2T T2y T
From (6.7) and (6.13) we have

+1 .
Hyjkniz(pﬂ)(R” < |V WH0 G =1,...,m

Therefore by virtue of (6.11) and (6.14) we have

np
m m
Slvil> < C{ D llvil* |
j=1 j=1

where C > 0 is a constant not dependent on k& = 1,2, .... It follows that

m

Y el = e >0,

J=1

where ¢; = C #32 Therefore, our assumption isn’t correct. Thus d > 0.
Proof of Lemma 2.3. 1t follows from (3.11) that

m p+1
2(p+1
G < Z a5y - sl oy < HCEPED TS 2
i,j=1, Jj=1
1<j
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(6.11)

(6.12)

(6.13)

If > |jul> < r(8), then we get 2G < & |luj||?>. From the definition of

j=1 j=1
Is(uy, ..., uy), we have Is(ui, ..., upy) > 0.

Proof of Lemma 2.4. If (u1,...,um) € [H*]™, |luto] #0,...,||umol| # 0 and
Is(uy, ..., um) <0, then we have the following inequality

p+1

m
1 2(p+1
6Z||uj||2<22 w21 < 20CP |3 g2

5,5=1, J=1
1<J

from which the required inequality is obtained.
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Proof of Lemma 2.5. If Jjuwol + ... + [|lumoll # 0, then from
Is(ug, ..., um) =0 we get

p+1

(p+1)
6Z||uj||2—2 ™ Jueugh < 2002 | 3 g
7j=1

,j=1,
1<J

Thus,

1
m 5 D
112 —
>l 2 1(6) = <2M02(p+1)> ‘
= *

Proof of Lemma 2.6. In view of Lemma 2.5, for each (u1,...,u,) € N1 we

have
> lugll* = r(6)
j=1

Therefore,

J(ug, . uy) = % <1 - p_‘i1> Z; uil|> > a(8)r(5),

where 0 < 0 < p+1, a(d) = g?;rl‘;d It follows that d(d) = a(é)rf&). Suppose

that (u1,...,4y) € Ni is a minimizing element, i.e. d = J(uy,...,Up).
For any 6 > 0, A = A(9) is chosen so that

5Z||)\u]H2 =2 Z RUDTaES (6.14)
7 1,
o
Hence we obtain that
m 3
3 Nl 1
A(9) = — =2,
2 Z |u2u3|p+1
i,j=1,
1<J

In view of (6.14), (A(8)u1,...,A(d)un) € Nj, therefore, by definition of d(J), we
have the following inequality

A0) < JO@)L - NGm) = 367 3 55

_ _ p+l
_ma v z:l w0 (6.15)
7.]

1<j
On the other hand,
(al,...,ﬂm) € Nj. (616)



ON POTENTIAL WELLS AND GLOBAL SOLVABILITY ...

Therefore,

m m
_ 1 _
23 w2t = >
j=1

4,j=1,
1<j

It follows from (6.15) and (6.17) that

Since (@1, ..., Un) is the minimizing element, we have

_ _ p S — 12
d= e Upy) = ———— E ;
‘](ula y U ) 2(]9 + 1) = HUJH

i.e.

= 2(p+1
>l = 22 g

It follows from (6.18) and (6.19) that

d(a)géai (1_ J >2(p+1)d=p+166;d_

p+1 P P
Let (71,...,0m) € Ns be the minimizing element of the functional J(uq, ...
ie.
J(U1, .. Uy) = min  J(vi,...,m) = d(9).
(v1,..svm)ENs

The parameter u = p(9) is chosen so that
(Ui, ... up) € N1, ie. Li(ui, ..., uopy) =0
Then,

1

i=1 1\ 2r

p= (o) = | —2 -(3)"
pt+1

By the definition of d, we have

1 m
_ _ 1 /1\r»r _
dSJ(NV177/’LVm):§ <5> ZHVJHZ
J=1
ptl gy L m
1 1\ » 1\»r D
— | = v P = <> — ;%
= (5) > ity = (5) g el
1<j

On the other hand,

- s ]
J(W1, .. Up) = (2 - 2(p—|—1)) ]z: 17512
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(6.17)

(6.18)

(6.21)

(6.22)
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Hence we have

e 2p+1) B 2(p+1)
;1 |75l p+1_5J(V1, s Um) P (9) (6.23)

From (6.22) and (6.23) it follows that

l.e.

1

1\r P
<(Z) % .
as (6) p+1—0 d0),

o) > P =055, (6.24)
Comparing (6.20) and (6.24), we obtain fhat
doy =1 =%,
p
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