Proceedings of the Institute of Mathematics and Mechanics,
National Academy of Sciences of Azerbaijan

Volume 45, Number 2, 2019, Pages 270-285
https://doi.org/10.29228 /proc.8

THE DIRICHLET PROBLEM IN A CLASS OF GENERALIZED
WEIGHTED MORREY SPACES

VAGIF S. GULIYEV, MEHRIBAN N. OMAROVA, AND LUBOMIRA SOFTOVA

Abstract. We show continuity in generalized weighted Morrey spaces
M, ,(w) of sub-linear integral operators generated by some classical in-
tegral operators and commutators. The obtained estimates are used to
study global regularity of the solution of the Dirichlet problem for linear
uniformly elliptic operators with discontinuous data.

1. Introduction

In the present work we study the global regularity of the solutions of a class
of elliptic partial differential equations (PDEs) in generalized weighted Morrey
spaces. Recall that the classical Morrey spaces Ly, y were introduced in [24] in or-
der to study the local behavior of the solutions of elliptic systems. In [3] Chiarenza
and Frasca show boundedness of the Hardy-Littlewood mazimal operator M and
the Calderén-Zygmund operator K

M@ =swp e [ |f)ldy and K@) = [ b)) dy
B(x) 1B(®)] JB(@) n
in L, »(R™), where the supremum is taken over all balls centered in x € R™. Inte-
gral operators of that kind appear in the representation formulas of the solutions
of various PDEs. Thus the continuity of the Calderén-Zygmund integral in cer-
tain functional space permit to study the regularity of the solutions of boundary
value problems for linear PDEs in the corresponding space.

Moreover, various Morrey spaces are defined in the process of study. Guliyev,
Mizuhara and Nakai [9, 23, 25] introduced generalized Morrey spaces M, ., (see,
also [10, 11, 27]). Komori and Shirai [21] defined weighted Morrey spaces Ly . (w);
Guliyev [14] gave a concept of the generalized weighted Morrey spaces M, ,(w)
which could be viewed as extension of both M, , and L, .(w). In [14], the
boundedness of the classical operators and their commutators in spaces My, ,(w)
was studied. In this paper we apply these estimates to study the regularity of the
solution of Dirichlet problem for linear elliptic partial differential equation with
discontinuous coefficients. The presented result is a generalization of previous
works [6, 17, 29].
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The paper is organized as follows. We begin introducing some function spaces
that we are going to use. In Sections 4 and 5 we study continuity in the spaces
M, ,(w) of certain sub-linear integrals and their commutators with bounded mean
oscillation functions. These results permit to obtain continuity of the Calderdn-
Zygmund operator and its commutator that is shown in Section 6. In the last
section we give an application of these estimates to the study of linear Dirich-
let problem for elliptic equations. This problem is firstly studied by Chiarenza,
Frasca and Longo. In their pioneer works [4, 5] they prove unique strong solv-
ability of

{ﬁu = a(2)Dyju = f(z) aa zEQ, (1.1)

ue W2Q)NWLQ), pe (1,00), a¥ € VMO

extending this way the classical theory of operators with continuous coefficients
to those with discontinuous coefficients. Lagcer their results have been extended

in the Sobolev-Morrey spaces W;/\(Q) NWL(Q), A € (1,n) (see [7]) and the

generalized Sobolev-Morrey spaces WpQ’ d)(Q)ﬂV?/zl)(Q) (see [29]) with ¢ as in [25]. In
[17] we have studied the regularity of the solution of (1.1) in generalized Sobolev-
Morrey spaces W; SO(Q) where the weight function ¢ satisfies a certain supremal
condition as in [11]. We show that Lu € M, () implies D;ju € M, ()
satisfying the estimate

HDQUHP,%Q < C’(H,Cu P2 T HUHIM@%Q) :

These studies are extended on divergence form linear elliptic and parabolic equa-
tions in [2, 18].

Throughout this paper we use the following notations and conventions. We let
2 be a bounded domain. As usual, D;ju, D;ju and Du = (Dqu,...,D,u) mean
the partial derivatives and the gradient of u. The ball in R™ is denoted by B, (z¢)
or more generally by B, and the unit sphere is S*~!. The complementary of B,
is BS and Ba, stands for a ball centered in the same point as B, with radius 2r.
For any measurable function f we write fg = |—113‘ f 5 f(y)dy and

1/
sy = Il = ([ 1@ o) ™ =11

The letter C' is used for various positive constants and may change from one
occurrence to another.

2. Weighted spaces
We start with the definitions of some function spaces that we are going to use.
Definition 2.1. (see [19, 26]) Let a € LI°°(R") and ap, = ﬁ fBr a(z) dz. Define
1
Ya(R) =sup —— [ la(y) —ag.|dy VYV R>O0.
r<r |Br| JB,
We say that a € BMO (bounded mean oscillation) if

lall« = sup ya(R) < +oc.
R>0
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The quantity ||al|« is a norm in BMO modulo constant functions under which
BMO is a Banach space. If

li R)=0
nggova( ) =0,

then a € VMO (vanishing mean oscillation) and we call v,(R) a VM O-modulus
of a.

For any bounded domain Q@ C R" we define BMO(2) and VMO(R) taking
a € L1(2) and integrating over , = QN B,.

According to [1], having a function a € BMO(Q) or VMO(Q) it is possi-
ble to extend it in the whole R™ preserving its BM O-norm or V M O-modulus,
respectively. In the following we use this extension without explicit references.

Lemma 2.1. (John-Nirenberg lemma, [19]) Let a € BMO andp € (1,00). Then
for any ball B there holds

(‘;'/B\a(y) - alg]pdy>; < C(p)llalls.

As an immediate consequence of Lemma 2.1 we get the following property.

Corollary 2.1. Let a € BMO, then for all 0 < 2r < t the following inequality
holds

t
Jas, — ag,| < Cllafl. o, (2.1)
where the constant is independent of a,t and r.

We call weight a nonnegative locally integrable function w on R™. Given a
weight w and a measurable set £ we denote the w-measure of £ by

w(E) = /gw(:c) da

Denote by Ly, .,(R™) or Ly, the weighted L,, spaces. It turns out that the strong
type (p,p) inequality

n (Mf(x))Pw(x)dx i <C, n @) Pl de 1/p
(. )

holds for all f € L, ,, if and only if the weight function satisfies the Muckenhoupt
Ap-condition

wla, = su <|;|/Bw(x) d:z:> (,;,/Bw(:n)_l)il dm)p_l oo, (22)

The expression [w] 4, is called characteristic constant of w. The function w is A;
weight if Mw(z) < Crw(x) for almost all x € R™. The minimal constant C; for
which the inequality holds is the Ay characteristic constant of w.

We summarize some basic properties of the A, weights in the following lemma
(see [8, 22] for more details).

Lemma 2.2. (1) Letw € Ay for 1 <p < oco. Then for each B

1 1
1< [l = 1Bl 2 o7 Lz, < Wl (2.3)
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1
(2) The function w =1 is in A, , where %+ L =1,1<p < oo with charac-

P
teristic constant )

__1 —
w1, = ]

(3) The classes Ay, are increasing as p increases and
[w]a, < [wla,, 1<g<p<oo.
(4) The measure w(x)dz is doubling, precisely, for all A > 1
w(AB) < XN'P[w]a4,w(B) .

(5) If w e A, for some 1 < p < oo, then there exist C > 0 and 6 > 0 such
that for any ball B and a measurable set £ C B,

L (1] o wE) €1\
oty (st) =5 << (7m1) -
(6) For each 1 < p < co we have

U Ap=Asx and [w]a, <[w]a,.

1<p<oo
(7) For each a € BMO, 1 <p < oo and w € Ay we have

1
1 »
a*ZCsup</ay—aBpwy dy) . 2.4
lall " w(B)B|() [P (y) (2.4)
The next result follows from [14, Lemma 4.4].

Lemma 2.3. Let w € A, with 1 <p < oo and a € BMO. Then
1 / 1—p' i/ 1
(G5 [, 1) o w7 ay)” < Clul all, (25)
where C' is independent of a, w and 7.

Definition 2.2. Let ¢(z, ) be a weight in Q@ xRy — Ry and w € A,, p € [1,00).
The generalized weighted Morrey space M), ,(£2,w) consists of all functions f €
Ly, .,(£2) such that

zeQ,r>0 Qr ()

1/p
1 flppwn = sup p(z,r)~ (w(Br(iv))l/ If(y)\pw(y)dy> <00,

where Q,.(z) = QN B, (x).

Generalized Sobolev-Morrey space W;w(Q,w) consists of all functions u €
W72, (€) with distributional derivatives D%u € M, ,(Q, w), 0 < |s| < 2 endowed
by the norm

lullwz @y = 3 1D Ul
0<|s|<2

The space Wgﬁo(Q,w) N W}W(Q,w) consists of all functions u € W2, () N
W} ., (Q) with D¥u € M, (Q,w), 0 < |s| < 2 and is endowed by the same

norm. Recall that V?/Zl,’w(Q) is the closure of C§°(€2) with respect to the norm in
Wl ().
p,w
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Remark 2.1. The density of the Cg° functions in the weighted Lebesgue space Ly, o
is proved in [28, Chapter 3, Theorem 3.11].

3. Sub-linear operators generated by singular integrals in M, ,(w)

Let T be a sub-linear operator such that for any f € L;(R™) with a compact
support. Suppose that for = ¢ suppf the following inequality holds

Tf(z)| < c/ /W)l

re T —y|™

dy, (3.1)

where C' is independent of f.

The following results generalize some estimates obtained in [6, 9, 11, 15, 16].
The proof follows as in [15] making use of the boundedness of the weighted Hardy
operator

Hyg(r) :== /Oo g(t)y(t) dt, 0<r<oo.

Theorem 3.1. ([12, 13]) Suppose that vi,va, and ¢ are weights on Ry. Then the
inequality

ess sup va(r) Hy,g(r) < Cess sup vy (r)g(r) (3.2)
>0 >0

holds with some C > 0 for all nonnegative and nondecreasing g on Ry if and
only if

()
B :=ess sup vg(r)/ —————dt <> (3.3)
r>0 r esssupui(s)
t<s<oo

and C = B is the best constant in (3.2).

Theorem 3.2. Let 1 < p < oo, w € Ay, and the pair (p1,p2) satisfy

B ))1 - < Cpa(z,r), (3.4)

and T be a sub-linear operator satisfying (3.1). If T is bounded on Ly, and
T fllpw < C’[w]%ppﬂf pws then T is bounded from M, ,, (w) to My ,,(w) and

1
/oo ess inf oy (2, s)w(Bs(2))7 g

1
1T Fllpgow < Clw] 3 IIf]

with a constant independent of f.

p,p1,w (3'5)

For any a € BMO consider the commutator T, f = aT'f —T'(af) such that for
any f € L1(R™) with a compact support and x ¢ suppf it holds

|Taf(33)‘ < C/Rn |a(~75) - a(y)| ‘.,I‘;f_(y:lj‘n

with a constant independent of f, a, and x. Suppose in addition that 7, is bounded
in Ly, ., satisfies the estimate ||T5f||p.w < CHULH*[W]XPPHf
result holds as in [15] by the use of Theorem 3.1.

(3.6)

pw- Then the following
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Theorem 3.3. Let p € (1,00), w € Ay, a € BMO and the pair (p1,p2) satisfy

1

/TOO <1+ln ;) ?22225%(:6 s)w(Bs(x))» dt < C a(x,7) (37)

w(By(x))» t
with a constant independent on x and r. Suppose that Ty, is bounded in Ly, and
satisfies (3.6). Then T, is bounded from M, ,, (w) to My ,,(w) and

1

w < Clwly llallill fllperw- (3-8)

4. Sub-linear operators generated by nonsingular integrals in

My, (w)
Let R} = {z = (z1,...,2,) € R" : 2, > 0}. For any x € R’} define z =
(x1,...,Tpn—1,—Tp). Let T be a sub-linear operator with a nonsingular kernel such

that for any f € Li(R}) with a compact support. Suppose that the following
inequality holds

T ()| < C/ WL g, (4.1)
|z —y\”
where C' is independent of f.

Lemma 4.1. Letw € Ap, p € (1,00), the operator T satisfy (4.1) and be bounded
on Ly .(RY) with T f pw < Clw ]1/p||f paw- Let for any fived xo € R’} and for
any f € L5, (RY)

> _ dt
| 0B o) 1 sty < (12)
Then
T v + i[> + -1 dt
I it e < Clulh, w(B7 )P [ 0B @) H gy 5 (43

with a constant independent of xqg, v, and f.

Proof. Consider the decomposition f = fi1 + fo with f; = fanxo) and

fo = fX(2B,«+(xo))C' Because of the boundedness of T' in Ly (R%) we have as in
[17]

1

Hfflnp,w;l?i(wo) < Clwl, 11l w2t (2)
Since for any Z € B} (zg) and y € (2B, (x0))¢ it holds

1 5 3
5\300 -yl <7 -yl < 5\360 -9 (4.4)

~ o dt
T fo(2)] < C . (/Bj(zo) |f(y)|dll> L

we get as in [17]
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Using the Holder inequality and (2.3) we get

~ 0 _ dt
T ha(@) < C /2 Wl o) 1975 ey T

< ctlf? [ it o) )5

Direct calculations give

dt

‘pvw;Bf(J»‘o) t°

7 1/p + ip [ Hpr,w;Bf(fﬁo) dt

for all f € Ly, (R") satisfying (4.2). Thus,
TN 5 (o) = WL F1llp st (o) + 1T F2llp s o)
1
< Clwl {11, ezt (oo (4.7)

o 1 iy
+ OB @) /e [ e €
T t

On the other hand, by (2.3)

©dt
£l o o) < CIBF @)Ll awiass (o) /2 R
0 dt
< CIBF @) [ 1l oy
3 + i [ ~1/p ar
< C[W]Ap w(B, (z0)) 9 “f”nw;lf?(ﬂm) lw HP’%B?(“JO) tntt
1 0 1 B dt
< C’[w]A;’w(BﬁL(wo))l/p /2 [w]ﬁpw(lgj(m)) 1/pHpr,w;B?(m) t
< BJ,- 1/p > -+ —1/p dt
< w(B, (x0)) \ w(B;" (20)) ||f||p7w;6;—($0) t (4.8)

which unified with (4.7) gives (4.3).

Theorem 4.1. Let w € A,, p € (1,00), the pair (1,p2) satisfy (3.4) and T
be bounded in Ly .,(R"). Then it is bounded from M, o (R}, w) in M, ,, (R, w)

and
1

1T fllppaiwry < CLwlh I1fllpor iy (4.9)

with a constant independent of f.

Proof. By Lemma 4.1 we have

1

T flpniy < Cluli, swp alar)™ [~ B @)1

P a:ER’}r,T>O

dt
pwiBy (z) ¢

Applying the Theorem 3.1 with
i(r) = g1z, r) " w(B (@) 7V () = ea(a, )7

Y(r) = w(B(x))/Pr7t, g(r) = |If

|/p7w;l3r (z)
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to the above integral, we get as in [17]

1

1T £ lp oo < Cluwl}, EEHP>O¢1($ 1) wBE@) TS st )

1
= Clwl?y | llpipr ik

5. Commutators of sub-linear operators generated by
nonsingular integrals in M, ,(w)

For any a € BM O consider the commutator Tvaf = aff—f(af) where T is the
nonsingular operator satisfying (4.1) and f € L;(R’') with a compact support.
Suppose that for x ¢ suppf

Taf (@) <C [ la(z) = aly)|
RY
where C' is independent of f,a, and xz. To estimate the commutator we shall
employ the same idea which we used in the proof of Lemma 4.1 (see [17] for
details) and the properties of the Muckenhoupt weight.

/()]

|z —y|"

(5.1)

Lemma 5.1. Let w € Ay, p € (1,00), a € BMO and T, be a bounded oper-
ator such that Hfapr,w;Ri < C’[w}z/fHaH* [ llpwirn - Suppose that for all f €

L}Sfu (R%), xo € R and v > 0 applies the next condition
- thw%)ﬁ

1 O M st o)
(1+15) w(B/ (z0)'/P ¢
(5.3)

Then

~ 1
Loy o < Clul w8 @) [

2r

Proof. The decomposition f = fx23+ (wo) T f X (2B (z0)) = f1+ f2 gives
1T F N s oy < N1l st o) + ||Taf2||p,w;8¢<wo>'
From the boundedness of fa in Ly (Ri) it follows

i 1
HI—‘a-f:lHp/w;[j’+ IO) S C[ ] :”aH* Hf”p7w72[)’j:(x0)

On the other hand, because of (4.4) we can write

HT‘lfQHP,w;Bi(Io)

1/p
a(y) — ag+ o 1f (Y b
< / / la(y) B’T(O)H()'dy (@) da
By (z0) \J (2B (20))° |z — y|™
1/p
a(x) —agt (Y b
o / / la(z) — agt OT)LH ( )Idy () da
B (z0) \J (2B (20))° L]

=1 + I.
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Where, as in [17], we have

1 [ dt
< + p — -
I < Cw(B; (x0)) /27» /13+(10) |a(y) = agt ) IF W)l dy

Applying Holder’s inequality, Lemma 2.1, (2.1) and (2.5), we get

1, < Cu(B (z) é/ / e 1) dy 2
- B+(zo B, (x0) tnt+l

+ l
+Cul ) [ /Q+@01a3+x0 — gt 17 )y

1
1 e / . v
< Cu(Bf@)? [ ( Lo lalw) = agpey o) dy)
2r B;r(xo)

dt

1 N 1dt

+ Clull, 0B @) lal |~ 101l oo (Bela)) 5
" (B ()3 +(y -5 4t

< Clul, w B @) lall |~ 1815 a0 B (o)) iy

Clul’; w(B; (z0))? T By

- Clulf, 0B @) Pl | Tl 0 B @)
1 1 o t

< P + v

< Clul}, wiBf @) lall. [~ (1+1m5)1f

By (2.1) and (4.5) we get

_1
p,w;B:’(xo)w(B:_(xO)) P

% " 1 [ " _1 dt
I < Clul} lal w(B; (@0)? | w(BF (o)) 71yt 7 -

Summing up I; and I we get that

~l 5 + 1 ”fH wB+( ) dt
af2ll, it vy < Clwlh |lal« w(B, (zo p/ 4 1p o) WP \T0) 77
I Hp7 B (z0) [ ]APH | (20)) o ( 7’> (B (:EO))%

t
(5.4)
Finally,

1
pawti o) < CL0L5 Nl (1 o ooy

+ w(B (z0))7 /2 (141 )W?)’

T f

[e.9]

and the statement follows by (4.8).

Theorem 5.1. Let w € Ay, p € (1,00), a € BMO and the pair (p1,p2) satisfy

1

® (1t SR IuE @) g,
1+1In- T —<C x,T 5.5
/T ( . r) w(gj(x)); ; < <P2( ) ( )
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Suppose T, is a sub-linear operator satisfying (5.1) and bounded on Ly ., (R").
Then Tg, is bounded from M,y ., (R}, w) to M, ., (R}, w) and

i~ 1
1 Tafllpp2 ke < C[W]A/ppllall* 1f |1 e (5.6)

with a constant independent of f and a.

The statement of the theorem follows from Lemma 5.1 and Theorem 3.1 in the
same manner as in the proof of Theorem 4.1.

6. Calderén-Zygmund operators in M, ,(w)

In the present section we deal with Calderén-Zygmund type integrals and their
commutators with BMO functions. We start with the definition of the corre-
sponding kernel.

Definition 6.1. A measurable function IC(z,§) : R” x R™\ {0} — R is called a
variable Calderén-Zygmund kernel if:

i) K(x,-) is a Calderén-Zygmund kernel for almost all x € R™ :
ia) K(a.) € C(R"\ {0}),
ip) K(x,p&) = p"K(x,§) Vu >0,
ic) fgn,l K(xz,&)doe =0 fS"71 |C(x,&)|doe < +o0,

D?ICH =M < o0.

1) max
OO;R’IL x§n—1

|B|<2n

The singular integrals

Rf(z) =PV. - K(x,z —y)f(y) dy,

¢a, fl(z) :==P.V. - K,z —y)la(z) — a(y)lf(y) dy

=aff(x) — K(af)(x)

are bounded in L,, (see [16] for more references) and satisfy (3.1) and (5.1).
Hence the following results hold as a simple application of the estimates from § 3
and § 4 (see [17] for details).

Theorem 6.1. Let w € Ay, p € (1,00) and ¢ be weight such that for all x € R™
andr >0

o0 ess inf p(z, s)w(Bs(z))
/ <1 + l1r1E <o S dt < Cop(x,r). (6.1)
r " w(Bi(x))r t

Then for any f € My ,(R",w) and a € BMO there exist constants depending on
n,p, @, w, and the kernel such that

1

1 1
185 o < Cloll | Flpgas s 1€0as llpipas < Clul? llallllf

The assertion follows by (4.9) and (5.6).

‘pv%w ° (6'2)
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Corollary 6.1. Let Q C R*, 99 € C11 K : Q x R™\ {0} — R be as in Defini-
tion 6.1, a € BMO(Q) and f € M, (2, w) with p, ¢, and w as in Theorem 6.1.
Then

1
ot S C[w]ﬁp‘|a||*Hpr7<p,w;Q
(6.3)

1
1R llppwse < C[w]szpr,%w;Q » 1€]a, £]]

with C = C(n,p, ¢, [w]a,, |, K).

Corollary 6.2. (see [4,17]) Let p, ¢, and w be as in Theorem 6.1 and a € VMO
with a VM O-modulus v,. Then for any e > 0 there exists a positive number pg =
po(€,7a) such that for any ball B, with a radius r € (0, po) and all f € My, (B, w)

1€]a, fllppwB. < CEll fllp,pw;B, (6.4)
with C independent of e, f, and r.

For any x,y € R’} define the generalized reflection T (x;y)

T(x;y) =2 — 2, ;m(g/;) T(x)=T(x;x) : R — R, (6.5)
where a” is the last row of the matrix a = {a% ricpand R = {z = (z1,...,2,) €

R™ : z, < 0}. Then there exist positive constants C1,Cs depending on n and A,
such that

Cilz =yl <|T(z) —y| < Colz —y|  Va,yeRY. (6.6)
Then the nonsingular integrals

Rf(x) = | K, T(z)—y)f(y)dy (6.7)

RY

Cla, fi@) = | K@ T(@) - y)la) - a)lf () dy

are sub-linear and according to the results in Sections 4 and 5 we have.

Theorem 6.2. Let a € BMO(RY), w € Ay, p € (1,00) and ¢ be a measurable

function satisfying (6.1). Then fN%f and Cla, f| are continuous in M, ,(R"},w)
and for all f € My (R, w) holds

~ 1
pyp wiRY 1€]a, fllppwrr < C[w]f\pHaH* ||f||p,<,0,w;R?r
(6.8)

- 1
[RS [lp,p0mn < C[w]flp”f

with a constant dependent on known quantities only.

Corollary 6.3. (see [4, 17]) Let p, ¢ and w be as in Theorem 6.2 and a € VMO
with a VMO-modulus ~,. Then for any € > 0 there exists a positive number
po = po(e,7a) such that for any ball B with a radius r € (0,po) and all f €
Mpa@(6j7 w)

||e:|:a7 f]Hpﬁp’w;Bj’ S CE\Hf‘|p7<p7w;Bj7 (69)

where C' is independent of €, f and r.
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7. The Dirichlet problem
Let Q C R™, n > 3 be a bounded C''-domain. We consider the problem

{Lu = a”(z)Diju+ b (z)Diu+ c(z)u = f(z) a.a. z €, (7.1)
u € WI?,so(va) N W})(Q,w), p € (1,00)
subject to the following conditions:
Hy) Strong ellipticity: there exists a constant A > 0, such that
ATHE? < a¥(z)68 < A€ aa. z€Q, VEERD (7.2)
a’(z) = a’(x) 1<14,5<n. '

Let a = {a¥}, then a € Lo (1) and ||a| = doiie 1@ || so:2 By (7.2).
Hs) Regularity of the data: a € VMO(Q) with VMO-modulus v, := > v,is,
b',c € Loo(), and f € M, ,(Q,w) with w € 4,, 1 < p < oo and
p: Q xRy — Ry measurable.
Let £ = a”(z)D;j, then Lu = f(z) — b'(x) Diu(x) — c(x)u. As it is well known
(see [4, 17] and the references therein) for any x € suppu, a ball B, C ' and a
function v € C§°(B,) we have the representation

Diyo(e) = PV. [ Ty =) [£00) + (o) ~ o) Dur(v)] iy
+ Lo(z) /Sn_l Lj(z,y)yidoy (7.3)

= Ri;Lu(x) + C;5[a™, Dypv) () + Lo(x) / ) Lj(z;y)yidoy.
Sr—=
According to Remark 2.1 the formula (7.3) holds for v € W7, (B,). Here I'y;(x,£) =
D¢, D¢, T'(z,§) and I';; are variable Calderén-Zygmund kernels as in Definition 6.1.
Then the operators £;; and &;; are singular integrals as & and €. In view of the
results obtained in Section 6 we get for r small enough

||D2U||p,<p,w;3r <C (EHDQU”p,%W;BT + ”Eva,w,w;Br) :

Taking r such that Ce < 1 we can move the norm of D?v on the left-hand side
and write

1DV p pwit, < ol - (7.4)
Take a cut-off function n(x) € C3°(B;)
1 z€ By,
0 =z g By,
such that ¢/ = 6(3 —6)/2 > 0 for 0 € (0, 1) and |Dn| < C[O(1 — 0)r]~* for
s=0,1,2. Apply (7.4) to v(z) = n(z)u(z) € ( ) we get

”D2U||p,<p,w;89r < ”D%

D, 0,w;Bgr,. < CH‘CUHP:%U’QBG’r

HDqu,cp,w;Bglr I | ”
(1 —0)r 01 —-0)r? )"

sc(mwww@;%
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Since 1 < m for r < 4 and

‘|EUHP’§07M;89/T é C(||Lu”P’S07'LU789/T + HDUHP#P?w:Be/T + ||u”p)§0;wa89/'r) (7'5)

we can write

Du . U :
||D2U||p,<p,w;30r <C <”Lquv%w§BG’r —+ H D,0,w;Bgr,. H Hpv(pvaBG/T)

(1 —0)r [0(1—0)r]?
Now consider the weighted semi-norm

Oy = sup [0(1—0)r]”° || D*ullppw;B,, s=0,1,2.
0<o<1

Because of the choice of #" we have 8(1 — 6) < 26'(1 — #'). Thus, after standard
transformations and taking the supremum with respect to 6 € (0,1) we get

0, <C (r2||Lu

ppyw;Byr, T O1 + @0) . (7.6)

Lemma 7.1 (Interpolation inequality). There ezists a constant C independent
of r such that

01 <Oy + g@o for any € € (0,2).

Proof. For functions u € W72 ,(By), p € (1,00) and w € A, we dispose with the
following interpolation inequality proved in [20]

1/2 1/2
|Dullpass, < € (Nullpas, + Nl s, | D2l )

Then for any ¢ > 0 we have

1 €
Dl <€ (14 52 Il + 5107l ) -

Choosing € small enough, taking § = %, dividing all terms of ¢(z,r)w(B,)Y/?
and taking the supremum over B, we get the desired interpolation inequality in
My, (w)

|| Du

C
peoswiBy < OID%ullp i, + KHU Pypw; By - (7.7)
We can always find some 6y € (0,1) such that

@1 S 2[90(1 — QQ)T]HDU

‘pvsovw;Beor

C
< 20801 = 60r] (B1D%ull g, +

p,%w;lgeor> .

The assertion follows choosing § = 5[0 (1 — 0g)r] < or for any e € (0,2).
Interpolating ©; in (7.6) and taking 6 = 1/2 as in [17] we get the Caccioppoli-
type estimate

1
||D2“||p,<p,w;8r/z < C(HLUHp,w,w;Br + ﬁ”“”p,%w;&) .

Further, proceeding as in [17] and using (7.5) and (7.7) we get the following
interior a priori estimate.
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Theorem 7.1 (Interior estimate). Let u € WpZLlL?C(Q) and L be a linear elliptic
operator verifying Hy and Hy such that Lu € Mé?;(Q, w) withp € (1,00), w € 4,
and ¢ satisfying (6.1). Then Diju € Ly, (Y, w) for any Q' CC Q" CC Q and

p,%w;ﬂ”)v (7.8)

where the constant depends on known quantities and dist (€, 9Q").

HD2U||p,%w;Q’ = C(H“”p,%w;ﬁ” + [ Lu

Let 2° = (2/,0) and denote by C7 the space of functions u € C§°(B,(z")) with
u = 0 for z,, < 0. The space W;?,’J(BT(JUO)) is the closure of C7 with respect to

the norm of Wy ,,. Then for any v € W}?J(Bﬁr (2°)) the following representation
formula holds (see [5])

Dijv(x) =8 Lv(x) + €[ Do (z)
+Lov(z) /Snl Lj(z,y)yidoy + Lij(x) Vi, j=1,...,n,
where we have set
Lij(x) = Rij Lo(x) + €[, Dol (),  Vij=1,...,n—1,
Iin(2) = Li(z) = Ra(DnT (2))' Lo(z) + €yla™, Dypv] (D, T (z))!
Vi=1,...,n—1,
Ln(x) = Ris(DnT (2))! (DT () Lo ()
+ €™, Dpo(@)|(Dn T () (Dn T ()7,
where
D, T(x) = ((DnT(a:))l, e (DnT(x))”) =T (en, ).

Applying the estimates (6.8) and (6.9), taking into account the VMO proper-
ties of the coefficients a%’s, it is possible to choose 79 small and applying the
interpolation inequality (7.7)

D0l 05 < CULV]|

ppiw, B + Hu p,tp;w,B;L) (79)

for all 7 < 7o (see [17] for details). By local flattering of the boundary, covering
with semi-balls, taking a partition of unity subordinated to that covering and

applying of estimate (7.9) we get a boundary a priori estimate that unified with
(7.8) gives the following theorem.

Theorem 7.2 (Main result). Let u € Wﬁ‘p(Q,w) NW(Q,w) be a solution of
(7.1) under the conditions Hy and Hy. Then for any w € Ay, p € (1,00) and ¢
satisfying (6.1) the following estimate holds

HD2u”p,<p,w;Q < C(H“’

pow t Hpr7<p7w;Q)
and the constant C depends on known quantities only.
Let us note that the solution of (7.1) exists according to Remark 2.1. The

proof follows as in [4, 5] using (7.5) and the interpolation inequality in weighted
Lebesgue spaces [20].
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