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SOME FIXED POINT THEOREMS ON COMPACT MODULAR
METRIC SPACES

KUBRA OZKAN, UTKU GURDAL, AND ALI MUTLU

Abstract. In this article, we prove some fixed point theorems for con-
tractive mappings in compact modular metric spaces. Then we illustrate
our main theorem with an example. The application of the obtained re-
sult is also discussed.

1. Introduction

Fixed point theory involves many fields of mathematics such as functional
analysis, mathematical analysis, general topology and operator theory. In addi-
tion, applications of this theory are crucial in various disciplines of engineering,
statistics, economics, computer sciences, and in work on problems related to ap-
proximation theory, game theory, dynamic programming, differential equations
and integral equations. Many authors studied on this theory and wrote a lot of
papers related to it, see [2, 4, 9, 23, 24, 25] and others.

In literature, for the first time, the concept of modular spaces was introduced
by Nakano in 1950 [18]. This concept was considered as an generalization of
the concept of metric spaces. Afterwards, many fixed point theorems on modular
spaces were given by some authors [10, 12, 14, 16, 26]. In 2008, by using properties
of modular spaces, Chistyakov [5, 6, 7] introduced a new metric structure, which
has a physical interpretation. This structure was called modular metric space.
Many researchers examined properties of this structure and proved some well
known fixed point theorems on modular metric space [1, 11, 13, 15, 17, 20, 21].

Let (X, d) be a metric space and T be a selfmapping on X. T is said to be
contractive mapping if

d(Tz,Ty) < d(z,y) where x # y

for every x,y € X. Contractiveness of a mapping on complete metric spaces
does not ensure existence of a fixed point. To ensure this, authors as Bailey [3],
Edelstein [8], Nemytzki [19], Suzuki [22] proved some fixed point theorems on
compact metric spaces.

In this article, we prove some fixed point theorems for contractive mappings
in compact modular metric spaces. Then we illustrate our main theorem with an
example. The application of the obtained result is also discussed.

2010 Mathematics Subject Classification. 46A80, 47TH10, 54H25.
Key words and phrases. modular metric space; fixed points; compact modular metric.
180



SOME FIXED POINT THEOREMS ON COMPACT MODULAR METRIC SPACES 181

2. Preliminaries

Definition 2.1. [16] Let X be a linear space on R. A functional p : X — [0, oo]
is called a modular on X if the following conditions hold:
(A1) p(0) = 0;
(A2) If x € X and p(ax) = 0 for all numbers a > 0, then z = 0;
(A3) p(—x) = p(x) for all z € X;
(A4) plazx + Py) < p(x) + p(y) for all o, >0 with a + =1 and z,y € X.

Let X # 0, A € (0,00). For all A > 0 and z,y € X, the function w :
(0,00) x X x X — [0, 00] will be written as wy(x,y) = w(A, z,y).

Definition 2.2. [6] Let X # (). A function w : (0,00) x X x X — [0, 00| is said
to be a metric modular on X, if the following conditions hold for all x,y, z € X:
(1) wa(z,y) =0 for all A > 0 if and only if x = y;

(il) wy(x,y) = wa(y,x) for all X > 0;

(iii) wrpp(z,y) < wa(z, 2) +wu(z,y) for all A, u > 0.

If 0 < p < A, from properties of metric modular, we have

wr(z,y) Sws_p(z,z) +wu(z,y) = wu(z,y)

for all z,y € X.
From [6, 7], we know that for a fixed ag € X, the two sets

XUJ - Xw(a/()) - {JJ S X : llm (,U)\([L"ao) = O}
A—00

and
X, =X (ap) ={a € X : IXN = A(a) > 0 such that wy(a,ap) < oo}

are said to be modular spaces. As w is a modular on X, X, can be equipped
with a metric

dy(a,b) =inf{\ > 0: wy(a,b) < A}
which is generated by w for any a,b € X,,.

Definition 2.3. [15] Let X,, be a modular metric space.

(1) The sequence (zp)nen in X, is called (modular) convergent to = € X, if
wx(Tn,z) = 0, as n — oo for all A > 0.

(2) The sequence (zp)nen in X, is called (modular) Cauchy if wy(zy, Tm) — 0,
as m,n — oo for all A > 0.

(3) C C X,, is called complete (modular) if every (modular) Cauchy sequence in
C is a (modular) convergent is in C.

(4) C C X,, is called bounded if for all A > 0,

0u(C) = sup{wr(z,y) : z,y € C} < .

Definition 2.4. [20, 21] Let X, be a modular metric space. Then it is said that
T: X, — X, is (modular) continuous if

T, > =Tx, = Tx

for each (zy)neny € X as n — 0.
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3. Main Results

Here, we give a definition of compactness by using [10, 12, 14].

Definition 3.1. Let X, be a modular metric space. B C X, is (sequentially)
compact if and only if every sequence in B has a convergent subsequence in B.
If X, is a compact, we will say that X, is compact modular metric space.

The following lemma is given by using [14, 15]

Lemma 3.1. Let X, be a modular metric space. If A C X, is compact, then it
1 bounded.

Lemma 3.2. Let X, be a modular metric space. If T : X, — X, is (modular)
contractive, then T is a (modular) continuous mapping.

Proof. Let T : X, — X, be a contractive mapping and wy(z,,z) — 0 for each
(Zn)nen € X, and all A > 0 as n — oco. From contractiveness of T', we get

wr(Txy, Tr) < wx(Tn,z) =0
as n — 0o. So, T’ is a continuous mapping. O

Theorem 3.1. Let X, be a compact modular metric space and given a mapping
T: X, = X, If

wx(Tx, Ty) < wx(z,y) for x #y and all A > 0,
then T has a unique fixed point.

Proof. We define a function F : X, — RT by Fo = wy(z,Tz). Since the mapping
T is contractive, from Lemma 3.2, it is continuous. Then F' is continuous. From
Lemma 3.1, F' is bounded. Let inf ex, wy(z,Tx) = ¢y for any A > 0. We choose
T, € X, such that

1
wx(zpn, Txy) = c) + -

for all n € N. So, we set a sequence (zp)nen. Since X, is compact modular,
there exists a subsequence (x,,) such that (x,,) — u € X,,. Thus,

Fu = Tu) =cy = inf Tz) = mi T
u = wy(u, Tu) = cy xle%(ww)‘(x’ x) xrg}?wk(x, x)

w

for any A > 0. Since this expression is satisfied for any A > 0, it is also satisfied
for all A > 0. We assume that v # Tu. Since the mapping T is contractive, we
have

FTu = wy(Tu, T?u) < wy(u, Tu) = Fu.

This is a contradiction. Hence, u is a fixed point of 7. To show the uniqueness of
fixed point of T', we assume that v is another fixed point of 7" with v # v. Then

wx(u,v) = wx(Tu, Tv) < wy(u,v).
So, this is a contradiction. Therefore, u is a unique fixed point of 7' O

Now, we extend Theorem 3.1.
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Theorem 3.2. Let X, be a modular metric space and given a mapping T : X, —
X which satisfies the following condition for x # y and all A > 0

(,U)\(TZU,Ty) < W)\(.T, y)

If there exists a point xg € X, such that sequence of iterates T"xq involves a
convergent subsequence T™ixg, then u = limn,—coT™xq is a unique fized point of
T.

Proof. We consider a sequence of reals {wy(T"xzo, T"x0)}. If we take T™0 1z =
T™ox for some ng € N, then {T™z} is a stationary sequence for n > ng. Hence,
Tz = u. So, TMFlzy = Tz implies Tu = u. Now, we assume that
T gy # TMxo for all n € N. From contractiveness of T, it is obvious that
{wa(T"xo, T ag)} is a strictly decreasing sequence of positive reals. So, it
converges. Since lim,, o 7™ xg = u and from Lemma 3.2, we have

lim 7%z = lim TT%zo = Tu

n—oo n—o0
and
lim 7% 22y = lim T?T"zo = T?u.
n—oo n—o0
Thus,
lim wy (T zo, T ag) = wi(u, Tu)
n—oo
and

lim wy (T a2y, T 220) = wy(Tu, T?u)
n—oo

for all A > 0. {T™zg, T xg} and {T"itzy, T 224} are subsequences of the
convergent sequence {T"xg, T""'xo}. Then they have the same limit. Therefore,
we obtain that wy(u, Tu) = wy(Tu, T?u) for all A > 0. Then we have Tu = wu.
Otherwise, if Tu # u, since T' is contractive, we get wA(Tu,TQU) < wy(u, Tu).
Then we get a contradiction. So, T has a fixed point.

Uniqueness of the fixed point of T' can be shown in a similar way with the
proof of Theorem 3.1. O

Theorem 3.3. Let X, be a compact modular metric space and given a continuous
mapping T : X, — X,,. Let there exists a positive integer k(x,y) such that

0< (;,))\(.’L', y) = w)\(Tk(x’y)x7 Tk(:my)y) < w)\(.’L', y) (31)
for every x,y € X,,. Then T has a unique fized point.

Proof. We give a proof in a similar way with the proof of Theorem 3.1. We begin
by defining a function F : X, — R" by Fx = wy(z,Tx) for all A > 0. Since T'
is continuous, F' is continuous. From compactness of X, there exists a u € X,
where minimum of F' arise.

Now, we show that F'u = 0. Then we assume that Fu = wy(u,Tu) > 0. Thus,
from (3.1), there exists a positive integer k(u,Tu) such that

w (TF@T Wy, TRETO YY) < wy (u, Tw).
We obtain that FT*®T%y < Fu. This is a contradiction. Finally, we get
Fu=wy(u,Tu) =0= Tu = u.
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Theorem 3.4. Let X, be a compact modular metric space and T : X, — X, be
a mapping on X,. If for x,y € X, and all A >0

1
5(,4)/\(1},TIL‘) < Wi(may) - OJ)\(T.Z',Ty) < (JJ)\(I',y), (32)
2

then T has a unique fixed point.

Proof. We consider

~v =inf{wy(z,y) : z € X}
and set a sequence {z,} in X, with lim, oo wx(zp,Tx,) = 7. Since X, is
compact modular, there exist v, w € X,, such that the sequences {x,} and {Tz,}
converge them, respectively. To show that v = 0, we assume the contrary. Let
v > 0. Then we get

lim wy(z,, w) = wy(v,w) = lim wy(x,, Tx,) =

for A > 0. We take ng € N such that

2 4
37 < w%(:z:n,w) and w%(:z:n,Txn) < 37

for A > 0 and n € N with n > ng. Therefore,

iwA(wn,T:cn) < wa(Tp,w)

2
for n > ng. From the equation (3.2), we get wy(Txy, Tw) < wy(xy,w) for n > ng
and A > 0. Then we have

wy(w, Tw) = JLn;owA(Txn,Tw) < nlLrglowA(xn,w) =7

for all A > 0. Using definition of v, we get wy(w, Tw) = ~. Since
1 1
iw,\(w,Tw) < iwi(w,Tw) < wy (w, Tw),
2 2
we have

wr(Tw, T*w) < wy(w, Tw) = 7.

This contradicts with the definition of v. Then we can say that v = 0. To show
the existence of a fixed point of T, we assume that T does not have any fixed
point. Since

0< %w)\(l'n, Tx,) < w%(wn,T:cn)
for every n € N and all A > 0, we get

wx(Txy, szn) < wx(zp, Txy).
Then we have

lim wy (v, Tx,) = wy(v,w) = lim wy(zy, Tx,) =y =0.
n—o0 n—o0

So, the sequence {Tx,} also converges to v. Moreover, we get

lim W)\(U7 T2$n) < lim ("JA (U7 Tl‘n)awé(Tl'm T2:Eﬂ))
n—00 n—oo. 2 2

- n—oo

< lim (WA (U,Txn)ywi(xn7Txn)) =0.
2 2
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Therefore, {T?x,} also converges to v. We assume that

1
g (@n, Tan) 2 wa(n, v)
2

and )
iw,\(Txn,TQ:cn) > wir (Txp,v)
2
for all A > 0. Then we get

wx(Tn, Txrn) < wir(Tp,v) +wr(Tey,v)
2 2

1 1
< cwa (@, Tan) + swa (Tan, T?2,)
2 2 2 3
1 1
< —wa(zp, Txy) + zwa(xp, Try)
2 2 2 3
= wy(zp, Tzy).

This is a contradiction. So, either

1
iwA(xn, Tx,) < w%(azn, v)

or
%w,\(Txn,Tza:n) < w%(Ta:n, v)
holds for every n € N and all A > 0. Then from (3.2), either
wx(Txy, Tv) < wx(Tp,v)
or
WA (T% 2, T) < wy(Txyp,v)

holds for every n € N and all A > 0.

(A) There exists infinite set I C N with wy(Tzy,, Tv) < wx(xy,v) for alln € I
and A > 0,
or

(B) There exists an infinite set J C N with wy (7?2, Tv) < wx(Txy,,v) for all
n € J and A > 0, holds.

If (A) holds, then for n € I and A > 0

wi(v,Tv) = lim w)(Txy,, Tv) < lim wy(x,,v) =0=Tv = .
n—oo n— oo
And, if (B) holds, then for n € J and A > 0
wa(v, Tv) = lim wy(T?z,, Tv) < lim wy(Txy,v) =0= Tv = v.
n—oo n—oo
Thus, in both cases, v is a fixed point of 1. This is a contradiction. Then there

exists an a € X, such that T'a = a. We show the uniqueness of fixed point. We
assume existence of another fixed point b € X, with a # b. Since

1
§w>\(Ta,a) =0< wx (a,b),

we get
wx(a,b) =wx(Ta,Th) < wy(a,b)

which is a contradiction. Then a is a unique fixed point of T O
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Example 3.1. Let X = [0,1]. We take a mapping w : (0,00) x [0,1] x [0,1] —
[0, 00] which is defined by wy(z,y) = If—i_—i‘ for all z,y € X = X, and A > 0.
Since all sequences taken on X, have convergent subsequences, X, is a compact
modular metric space. We define the mapping 7T : X, — X, with Tx = %.

For all z,y € X, and A > 0, we have

’M_%|
_1"a 1

W)\(T.%',Ty) — _ |$ - Z/| < ‘:C B y‘ _

Ton  a0EnN < 1xa )

From Theorem 3.2, the mapping 7T has a unique fixed point. Moreover, it is
1

s € Xy.

2 w

4. Application
Here, by using Theorem 3.1, we show that system of linear equations has a
unique solution.
Theorem 4.1. Let X be a vector space and X, be a compact modular metric

space with

_ |zi — yil
walmy) = mmax =

for z,y € Xy and all A > 0. If 3770 laij| = B # 0 and 0 < o < %for

1=1,2,---,n, then the system of n-linear equations
a11r1 + a2+ ...+ apry,+b = 0
ag1x1 + ag2x + ... +(12n.7jn+bz =0
(4.1)
An1T1 + p2xo + ...+ appxn +b, = 0

has a unique solution.

Proof. We define a mapping 7" : X,, = X, with Tz = 2 — a(Ax + b) for

1 b1
) by
T = . eX,, b= . e X,
Ty bn
and
a1 a2 a3 ... Qip

a1 azz2 azz ... dA2n

Gnl1 Ap2 Aap3 ... GQpp
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Since maxi<i<p |1 — 042?:1 a;j| <1, we get
1
w Tz, Ty) = 3\ max |(z; — a(Az; +b) — y; + (Ay; +b))|
1 n
= 5 | max|(z; —y) —a > aij(z; —y;)
j=1
1 n
< Xmiax|x]- -yl |1 — aZaij
j=1
= 1
< max 1-— aZazj " (mjax]xj — yj]>
7=1
n
= max 1— aZazj wi(z,y)
j=1
< W)\(il?,y)-
forall A > 0and i = 1,2,--- ,n. So, T is a contractive mapping. Then from
Theorem 3.1, we can say that the system of linear equations (4.1) has a unique
solution. O
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