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BIFURCATION IN NONLINEAR STURM-LIOUVILLE
PROBLEMS WITH INDEFINITE WEIGHT AND SPECTRAL
PARAMETER IN THE BOUNDARY CONDITION

ULKAR V. GURBANOVA

Abstract. In this paper, we consider the nonlinear Sturm-Liouville
problem with an indefinite weight and a spectral parameter in the bound-
ary condition. We establish the existence of four families of global solu-
tions branches bifurcating from the points of the line of trivial solutions
and possessing the usual oscillation properties.

1. Introduction

We consider the nonlinear Sturm-Liouville problem
ty=—(p()y) +q(x)y = )y +g(z,y,9',\), € (0,1),  (1.1)
boy(0) = dop(0)y'(0), (1.2)
(a1 A +b1)y(1) = p(1)y'(1), (1.3)
where

(i) p € C10,1], ¢, » € C[0,1], p > 0, ¢ > 0 and 7 changes sign on [0, 1],

(ii) bo, do, a1, by are real constants such that

lbo| + |do| > 0, bodo > 0 and, if by = 0, then ¢ #0, and a; >0, by <0. (1.4)

(iii) g € C ([0,1] x R?) and satisfy the following conditions:

ug(x,u,s,0) <0, (x,u,s) €[0,1] x R?;
g(x,u,s,\) = o(Jul + |s|) as |u| + |s| — 0, (1.6)
uniformly in (z,\) € [0,1] x A, for any bounded interval A C R.

Problems of the form (1.1)-(1.3) arise in the study of various problems of
mechanics, physics and biology; for example, problem (1.1)-(1.3) with a; = 0
arise from a selection-migration model in population genetics (see [10, 12]).

Bifurcation of solutions of nonlinear Sturm-Liouville problems with a definite
weight function was studied in [2, 5, 8, 17-19]. These papers prove the existence
of unbounded global continua of nontrivial solutions that having fixed oscilla-

tion count and emanating from bifurcation points and intervals surrounding the
eigenvalues of the corresponding linear problems. Similar results for nonlinear
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Sturm-Liouville problems with definite weight functions and a spectral parame-
ter in the boundary conditions have been obtained in [2, 6]. In the case when
the weight function changes sign the bifurcation of solutions of nonlinear Sturm-
Liouville problems have been studied in recent works [3, 4, 16] in which shows
the existence of four families of such global continua.

In this paper, we study behavior of global continua of solutions of problem
(1.1)-(1.3) bifurcating from all trivial solutions corresponding to the eigenvalues
of the linear problem obtained from (1.1)-(1.3) by setting nonlinear term g to
zZero.

2. Preliminary
We consider the linear Sturm-Liouville problem

(p(2)y'(z)) + q(z)y(x) = Ar(2)y(z), = € (0, 1), (2.1)
boy(0) = dop(0)y/(0), (a1 X+ b1)y(1) = p(1)y'(1). '

Remark 2.1. Theorem 3.2 of [7] implies that the spectral problem (2.1) has a two
infinite sequence of real and simple eigenvalues A\, +, n =1, 2, ... satisfying

D0< M <Ap < .o < Apgp < ...

and
O>AM_>X>...> N\ > ...

Moreover, the eigenfunction y, 1+ (), n € N, corresponding to the eigenvalue \,, +
have exactly n — 1 simple zeros in (0, 1).

It is well known that problem (2.1) reduces to the eigenvalue problem for a pair
of linear operators A : D(A) C H —+ H and R: H — H, where H = L9(0,1)®C
is a Hilbert space with inner product

(5.9) = ({y.0}, (v, 8}) = / y() v@) do + a7 1o B, (2.2)
0

D(A) ={§={y,a} € H :y, py’ € AC[0,1], {(y) € L2(0,1),
boy(0) = dop(0)y'(0), & = ary(1)},

A = Afy, o} = {t(y), p(1)y' (1) = bry(1)},
and
Ry = R{y,a} = {ry,a}.
Therefore, problem (1.1)-(1.3) is equivalent to the following spectral problem

Aj = ARj, § € D(A), (2.3)

i.e., the eigenvalues A, +, n € N, of problem (2.1) and the operator A coincide,
and between the eigenvectors, there is a one-to-one correspondence

Yn,+ <> Un,+ = {Un, 4,00 1}, Qn, £ = a1 Yn, £(1).

Since a; > 0 it follows from [13, 20] that A is a self-adjoint operator on D(A).

Lemma 2.1. The operator A is definite positive on D(A).
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Proof. In view of (1.4), by (2.2) for any §y € D(A) we have

(4,5) = j‘ay) (&) (@) i+ ay (D' (1) — biy(1)) arg(D) =
1 .

Of{p(ﬂf)!y’(iﬂ)!2+ a(@)|y ()]} dz — p (1)y' D)y (1) +p (0)y'(0)y(0) +

p(1)y/ (1)y(1) — baly(1) f {p(@) |y (@) + ql@)|y (z)]?} do +
N[ ]—bl\y( )I2 >0,
where
Nly] = (bo/do) 5(0) > 0 for dyg # 0, N[y] =0 for dy = 0. (2.4)

The proof of this lemma is complete.
Along with problem (2.3) we consider the following eigenvalue problem

A~ AR = pj, § € D(A), (2.5)

which is equivalent to the regular Sturm-Liouville problem with a spectral pa-
rameter in boundary condition:

(p(2)y () + q(2)y(z) — Ar(z)y(z) = py(), = € (0, 1), (2.6)
boy(0) = dop(0)y'(0), (a1 A + b1)y(1) = p(1)y'(1). '
It follows from [13] that for each A € R the eigenvalues of (2.6) (or (2.5)) are real

and simple, and forms an unboundedly increasing sequence {p,(\)}>2 ;. More-

over, the eigenfunction y,(z, \) corresponding to p,(A) has n — 1 simple zeros in
(0,1).

Remark 2.2. The number X is an eigenvalue of (1.1)-(1.3) if and if p,(X) = 0.
We introduce the following notations:
beo = {y € C1[0,1] : boy(0) = doy'(0)},

beo = {9 : y € beo},
bet = {y € C0,1] : (ax A+ b1)y(1) = p(1)y'(1)} for each \ € R.
As is known (see [11, 14]) that the n-th eigenvalue of (2.5) can be characterized

as:
Ag,19) — MRy, 7 . S
fin(A) = max min {( 0.9) - A( 5:9) . (9,0) =0, veVn_l},
Vi —1 9 €bco (y,y)
where V,,_1 is any set of linearly independent functions v; € béo, 7 =,2,...n.

Then it follows that

1
fn(A) = max min ¢ R(y) : /y(:v)y(x)d:v +y(1)v(1) =0,v €V,
Vi —1 y €bco J

J{p (@) y?(@) + }d:v—/\f x)dx + Ny

y?(z)dz + b1y?(1)

C—r
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and
Vioi={y:9€Vu}
Let (A, y) be a solution of (2.1). Then multiplying both sides of (1.1) by y(x)
integrating this result from 0 to 1, and using boundary conditions (1.2) and (1.
we obtain

1 1
/{p (z)y"(x) (z)} dz + N[y = A /r z)dz + a1y®(1). p (2.8)
0 0
By (1.4) it follows from (2.8) that

fr r)dz + a1y?(1) > 0 if A >0,
o (2.9)
[r(@)y?(z)dz + ary?(1) < 0 if A < 0.
0

3. Classes of usual oscillation count and reducing problem
(1.1)-(1.3) to the equivalent operator equation

Let E be the Banach space E = C1[0,1] N bcy with the usual norm

lylly = m[aﬁ]ly( )|+xrg[%§] ' ()],

and let F be the Banach space E = F ® C with the norm

19111 = I{ys el = Iyl + laf .
If {y,a} € D(A), then y’ € ACI0,1] in view of p € C'0,1]. Hence it follows
that y € C'[0,1] and D(A) C E.
For each fixed A € R let by S;°Y, n € N, 0 € {+, —} and v € {+, —} we
denote the set of functions y € E that satisfy the following conditions:

(i) y € bey,
(il) y(x ) has exactly n — 1 simple zeros in (0, 1),

(iii af r)dz + a1y*(1) > 0,
(iv) mgrglgy( )— L.

Now for each n € N, each 0 € {+, —} and each v € {+, —} let 57§ and S3"”
be sets are defined as follows:

sev=U suk
AER°
ST =821TNST .
For each n € N and each o € {4, —} the sets Si' ', S5~ and S7 are open subsets
in E. Moreover, if g € 057, then either
(i) there is a € [0, 1] such that y(n) = 3'(n) =0, or
1
(i) [r(2)y*(z)dz + a1y?(1) = 0.
0
Let now
Sot={jeE:yecSyt}, Sy ={geE:yec Sy},
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and
Sg=87Tus.

We define the continuous operators R : £ — C9[0,1] and G : R x E —
C90,1] & C by

R(A9) = R(A Ay, a}) = {r(x)y, a}, a=ay(l),
and
G(\9) =G\ Ay, a}) ={g(z,y,5/, ), 0},
respectively, where C°[0, 1] @ R has norm given by

19llo = [[{y, a}llo = llyllo + lal, [lyllo = max [y(z)].
z€[0,1]

Then (1.1)-(1.3) is reduced to the following equivalent problem
Aj = ARy + G(A,9), (3.1)

i.e., between the solutions (A, y) and (A, y) of problems (1.1)-(1.3) and (3.1) there
is a one-to-one correspondence

(Avy) AN ()‘71})7 g = {yva}a o= aly(l)' (32)

Since A = 0 is not eigenvalue of linear problem (2.1) it follows from [6, Lemma
3.3] that there exists

A=A"1:0%0,1]aC — D(A),

and is a continuous and compact operator.
Let R: F — E and G : R x E — E be the operators defined by

R = AR and G = AG,

respectively. Then R and G are also continuous and compact operators. More-
over, it follows from (1.6) that

G\ 9) = o(llglh) as [[g][x — 0, (3.3)

uniformly in A € A (see [2, 4]).
It is obvious that the nonlinear eigenvalue problem (1.1)-(1.3) (or (3.1)) can
be rewritten in the following equivalent operator equation

9 =ARy+G(\, 7). (3.4)

§ = \Ry. (3.5)

Note that problem (3.5), in turn, is equivalent to problem (2.3) (or (2.1)).
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4. Global bifurcation from zero in problem (1.1)-(1.3)

The following results are needed in the sequel.

Lemma 4.1. If (\,y) is a nontrivial solution of (1.1)-(1.3) such that y € 9Sy’",
then y = 0.

The proof of Lemma 4.1 is similar to the proof of [1, Lemma 1.1].
Lemma 4.2. Let (), y) is a nontrivial solution of (1.1)-(1.3). Then X # 0.

Proof. Multiplying both sides of (1.1) by y(z), integrating the result from 0
to 1, and taking into account boundary conditions (1.2) and (1.3) we get

f{P )+ q(x) y*(x) } do + Ny —)\fy \da+
1
b[‘g(wvy(x)7y/($)7)\)y($)dl’

If A =0, then it follows from this relation that

f{p ) + q(x)y*(x) } dz + Ny] =
(4.1)

g(x, y(;r), y’(x), O)y(x)dx

By virtue of (2.4) the left hand-side of (4.1) is positive, while by condition (1.5)
the right hand-side of this relation is nonpositive, giving a contradiction. The
proof of this lemma, is complete.

O —

Theorem 4.1. For eachn € N, each o € {+, —} and each v € {+, —} there ez-
ists a continuum Cy'” of solutions of problem (1.1)-(1.3) which contains (An, »,0)
is contained in (R” x Sg*) U {(An.o,0)} and is unbounded in R x E.

Proof. By Remark 2.1 it follows from [15, Ch. 4, §2, Theorem 2.1] that for
each n € N and each o € {+, —} the point (\,,0) € R? x E is a bifurcation
point of problem (3.4) and a connected branch C2* of nontrivial solutions cor-
responds to this point. Let €7 = C7* U {(Ans,0)}. Then it follows from [17,
Theorem 1.3] that either

(i) €7 is unbounded in R x E, or

(ii) there exists (n/,0’) # (n, a) such that (A ,/,0) € Co.

Since C(’ is connected in R x E Lemma 3.2 implies that C” C R x E. Next,
if (\,9) € CZ and is near (\,,4,0), then by [17, Lemma 1.24] we have

g="g; "+, (4.2)
where @ = o (|y]) and 99 is an unique eigenfunction corresponding to the eigen-
value A7 of (3.5) such that g7 " € Sy * and || 1||1 = 1. Recall that S7 is an
open set in R x E, and consequently,

je 8% and (C2*NB.) CR? x S

for all small € > 0, where B, = {§ € E : ||j||s < €}. Moreover, it follows from
Lemma 4.1 that X A
Co*NasST =0,
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which implies that

Cr C (R7 x S7)U{(A7,0)}-
Since for each o € {+, —} the relation
S°NSy=0,nkeN, n#k,
holds it follows that alternative (ii) of [17, Theorem 1.3] does not occur.

Now we can decompose CU into two subcontinua C;'* and C;’~ by using the
Dancer’s constructlon given in [11] (here C7¥ = C7™" U {(A7 A)}) It is obvious
that tg2 + € Sy * for ¢ > 0. Consequently, if (\g) € C"Jr (C2~) and is near
(A2,0), then by (4.2) we have

(€7 NB.) CR x 87F (€7~ NB.) CR7 x §77)
for all small € > 0. Moreover, in view of Lemma 4.1 we get
CT*TUdSTT =0 and €75~ UAST ™ = ).
Therefore, we have the following relations
C7t © (R x §7) U{(A,0)} and €3~ € (R x $77) U{(AZ,0)}.
Since
S7+tNST~ =0, neN,
it follows that
coetnest ™ =0, neN.
Then by virtue of Theorem 2 of [9] the sets (?Z*’Jr and ég* ~ are unbounded in

R x E. The proof of this theorem is complete.
By (4.2) from Theorem 3.1 we have the following result.

Theorem 4.2. For eachn € N, each o € {+, —} and each v € {+, —} there ez-
ists a continuum C;" of solutions of problem (1.1)-(1.3) which contains (An,s,0)
is contained in (R7 x Sp’") U {(An,0,0)} and is unbounded in R x E.

Now suppose that the nonlinear term g has the form g(x, u, s, \) = g1(z, u, s, \)u
where g1 € CY ([0,1] x R?) and satisfies the following conditions:

g1(z,u,5,2) <0, (z,u,s,\) € [0,1] x R3; (4.3)
there is a constant K > 0 such that
lg1(z, u, 5, \)| < K, (z,u,s,)\) €[0,1] x R3. (4.4)

Theorem 4.3. Let the conditions (4.3) and (4.4) be satisfied. Then
o C (L < SY) U{(AL, 00} and € € (I x S ") U{(A,, 0)}
for each n € N and each v € {+, —}, where
LE =) L= 4],

and )\K+ and /\K, are n-th positive and negative eigenvalues of problem

(p(2)y' () + (¢(x) + K)y(z) = Ar(z)y(z), = € (0, 1), (4.5)
boy(0) = dop(0)y/(0), (a1 A + b1)y(1) = p(1)y'(1), '

respectively.
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Proof. We will prove the theorem for arbitrary fixed n = ng, v = 1y, and
0 = + (the case of 0 = — is considered in a similar way).

Let (A, 7) be a solution of problem (1.1)-(1.3). Then (), #) solves the following
linear eigenvalue problem

(p(2)y'(2))" + (q(z) + h(z))y(x)

= Ar(z)y(x), = € (0, 1),
boy(0) = dop(0)y/(0), (ar + by )y(1) (4.6)

=p(1)y'(1),
where R }
h(z) = —g1(x, §(2), 7' (x), A).

It follows from conditions (4.3) and (4.4) that

h(z) € C°[0,1] and 0 < h(z) < K for x € [0, 1]. (4.7)
By (2.7), (2.9) and (4.7) it follows from [16, Lemma 2.2] that
A,ng <M. . neN, (4.8)

where )\f‘% - is the n-th positive eigenvalue of problem (4.6).

Thus, if (X, §) € Ci.""°, then A = )\E7+, and consequently, \ € L} in view of
(4.8). The proof of this theorem is complete.
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