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ON THE ERROR OF APPROXIMATION BY RBF NEURAL
NETWORKS WITH TWO HIDDEN NODES
ARZU M-B. BABAYEV AND IBRAHIM K. MAHAROV

Abstract. We consider the problem of approximation of a continuous
multivariate function by RBF neural networks with two hidden nodes
in the uniform norm. We obtain a sharp lower bound estimate for the
approximation error in terms of functionals generated by closed paths.

1. Introduction
Broomhead and Lowe [7] were the first to introduce the RBF (Radial Basis Function) neural networks. Such neural networks are known as universal
approximators due to their remarkable performance in the problem of function
approximation. Originally, the RBF networks were designed for data interpolation in a higher dimensional space. However, their applications are in wide
area of engineering and they have been used as an important tool for function
approximation, prediction, estimation, and system control. The main advantage
of RBF neural networks is the simplicity of computation of network parameters.
These networks are able to perform complex nonlinear mappings and provide a
fast and robust learning mechanism without significant computational cost.
The set of RBF neural networks consists of the following functions (see, e.g.,
[3])
m
X
i=1


wi g

kx − ci k
σi


.

(1.1)

Here m ∈ N is the number of nodes in the hidden layer, (w1 , ..., wm ) ∈ Rm
is the vector of weights, x ∈ Rd is an input vector, ci ∈ Rd and σi ∈ R are
the centroid and smoothing factor (or width) of the i-th node, 1 ≤ i ≤ m,
respectively, kx − ci k is the Euclidean distance between x and ci , and g : R → R
is the so-called activation function.
Note that the functions of the form r(kx − ck) involved in the right hand side
of (1.1) are called radial basis functions. In other words, a radial basis function
is a multivariate function constant on the spheres kx − ck = α, α ∈ R. These
functions and their linear combinations arise naturally in many fields, especially
in RBF neural networks (see, e.g., [10, 17, 18, 21, 22, 23, 24, 25, 26]).
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Let f (x) be a given continuous function on some compact subset Q of Rd and
g(x) be any continuous function on R. Consider the approximation of f from the
following set of RBF neural networks

G = G(g, c1 , c2 ) =


w1 g

kx − c1 k
σ1




+ w2 g

kx − c2 k
σ2




: wi , σi ∈ R, i = 1, 2 .

(1.2)
Note that in (1.2) c1 and c2 are fixed, whileas the numbers w1 , w2 , σ1 , σ2 variate.
The approximation error is defined as follows
def

E (f ) = E(f, G) = inf kf − uk ,
u∈G

where
kf − uk = max |f (x) − u(x)| .
x∈Q

In this paper, we are interested in lower bound estimates for the approximation
error E (f ). We show in the next section that E (f ) can be estimated below by
using values of specifically constructed functionals at f .

2. The approximation error estimation
Suppose Q is a compact set in Rd and c1 , c2 ∈ Rd are fixed points.
Definition 2.1. (see [5]) A finite or infinite ordered set p = (p1 , p2 , ...) ⊂ Q
with pi 6= pi+1 , and either kp1 − c1 k = kp2 − c1 k , kp2 − c2 k = kp3 − c2 k,
kp3 − c1 k = kp4 − c1 k, ... or kp1 − c2 k = kp2 − c2 k , kp2 − c1 k = kp3 − c1 k,
kp3 − c2 k = kp4 − c2 k, ...is called a path with respect to the centers c1 and c2 .
In the above definition, we alternate distances from two fixed points. Paths
have many different variations. For example, instead of points, one can take
two hyperplanes ai · x = αi , i = 1, 2, where “ · ” denotes the standard scalar
product in Rd , and alternate distances from these two hyperplanes. Certainly, in
R2 , hyperplanes turn into straight lines, thus one can talk about distances from
straight lines. Paths with respect to two straight lines in R2 were first considered
by Braess and Pinkus [6]. They showed that paths give geometric means of
m
deciding if a set of points xi i=1 ⊂ R2 has the non-interpolation property for
so called “ridge functions”. For these functions and their various properties see
[1, 6, 12, 16]. Ismailov and Pinkus [12] used paths with respect to two hyperplanes
in Rd to solve the problem of interpolation on straight lines by ridge functions.
Paths with respect to two hyperplanes Rd were also used in [4, 14, 15, 16]. If
two straight lines in R2 are taken as the coordinate lines, then the corresponding
set of points (p1 , p2 , ...) turn into “bolts of lightning” (see, e.g., [2, 11, 20]). It is
well known that the idea of bolts was first introduced by Diliberto and Straus [8]
and played an essential role in problems of approximation by sums of univariate
functions (see, e.g., [8, 9, 11, 19, 20]). Note that the name “bolt of lightning”
is due to Arnold [2]. Ismailov [13] generalized paths to those with respect to a
finite set of functions. Paths with respect to n arbitrarily fixed functions turned
out to be very useful in problems of representation by linear superpositions.
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In the sequel, we use the term “path” instead of the long expression “path
with respect to the centers c1 and c2 ”. A finite path (p1 , p2 , ..., p2n ) is said to
be closed if (p1 , p2 , ..., p2n , p1 ) is also a path.
We associate a closed path p = (p1 , p2 , ..., p2n ) with the functional
2n

Gp (f ) =

1 X
(−1)k+1 f (pk ).
2n
k=1

The following theorem is valid.
Theorem 2.1. Let a compact set Q have closed paths. Then the approximation error E(f ) of a function f ∈ C(Q) from the set of RBF neural networks
G(g, c1 , c2 ) obeys the following sharp lower bound estimate
E(f ) ≥ sup |Gp (f )| ,
p⊂Q

where the sup is taken over all closed paths.
To prove this theorem we need the following lemma.
Lemma 2.1. Let a compact set Q have closed paths. Then
sup |Gp (f )| ≤ inf kf − rk ,
p⊂Q

r∈D

(2.1)

where the sup is taken over all closed paths and
D = {r1 (kx − c1 k + r2 (kx − c2 k : ri ∈ C(R), i = 1, 2} .
Moreover, inequality (2.1) is sharp, i.e. there exist functions for which (2.1)
turns into equality.
Proof. First note that the functional Gp (f ) has the following obvious properties:
(a) If r ∈ D, then Gp (r) = 0.
(b) kGp k ≤ 1 and if pi 6= pj for all i 6= j, 1 ≤ i, j ≤ 2n , then kGp k = 1.
Let now p be a closed path of Q and r be any function from D. Then by the
linearity of Gp and properties (a) and (b),
|Gp (f )| = |Gp (f − r)| ≤ kf − rk .

(2.2)

Since the left-hand and the right-hand sides of (2.2) do not depend on r and p
respectively, it follows from (2.2) that
sup |Gp (f )| ≤ inf kf − rk .
p⊂Q

r∈D

(2.3)

Now we prove the sharpness of (2.1). By assumption Q has closed paths. Then
Q has closed paths p0 = (p01 , ..., p02m ) such that all pointsp01 , ..., p02m are distinct.
On the other hand there exist continuous functions g = g(x) on Q such that
g(p0i ) = 1, i = 1, 3, ..., 2m − 1, g(p0i ) = −1, i = 2, 4, ..., 2m and −1 < g(x) < 1
elsewhere. For such functions we have
Gp0 (g) = kgk = 1

(2.4)
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and
inf kg − rk ≤ kgk,

r∈D

(2.5)

where the last inequality follows from the fact that 0 ∈ D. From (2.3)-(2.5) it
follows that
sup |Gp (g)| = inf kg − rk .
r∈D

p⊂Q

We have proved the sharpness of (2.1) and hence the lemma.
Proof
ofTheorem 2.1. Note that in the definition of G(g, c1 , c2 ) each term

kx−ci k
wi g
, i = 1, 2, can be considered as a function gi (kx − ci k) . Here gi
σi
depends on the parameters wi and σi . Thus we see that an element v ∈ G(g, c1 , c2 )
also belongs to the class D; therefore, G(g, c1 , c2 ) ⊂ D. This means that
E(f ) = inf kf − uk ≥ inf kf − rk .
u∈G

r∈D

(2.6)

It follows from (2.6) and Lemma 2.1 that
E(f ) ≥ sup |Gp (f )| ,

(2.7)

p⊂Q

where the sup is taken over all closed paths in Q.
The sharpness of (2.7) can be proved similarly as the sharpness of the inequality
(2.1). Indeed, take a closed path p = (p1 , ..., p2k ) ⊂ Q such that all points
p1 , ..., p2k are distinct. Choose a continuous function f0 = f0 (x) on Q such that
f0 (pi ) = 1, i = 1, 3, ..., 2k − 1, f0 (pi ) = −1, i = 2, 4, ..., 2k and −1 < f (x) < 1
elsewhere. For such functions we have
Gp (f0 ) = kf0 k = 1.

(2.8)

Now it follows from (2.7), (2.8) and the fact kf0 k ≥ E(f0 ) that
Gp (f0 ) ≥ E(f0 ) ≥ sup |Gp (f0 )| .
p⊂Q

Therefore,
E(f0 ) = sup |Gp (f0 )| .
p⊂Q

The theorem has been proven.
The following theorem is based on Theorem 2.1.
Theorem 2.2. Let Q be a compact set in Rd and c1 , c2 ∈ Rd . Let x1 , x2 ∈
S1 ∩ S2 ∩ Q, where S1 and S2 are spheres centered at c1 and c2 , respectively.
Then the approximation error E(f ) of a function f ∈ C(Q) from the set of RBF
neural networks G(g, c1 , c2 ) obeys the following two-sided estimates
1
|f (x1 ) − f (x2 )| ≤ E(f ) ≤ kf k .
2
Proof. If x1 , x2 ∈ S1 ∩ S2 ∩ Q, then kx1 − c1 k = kx2 − c1 k and kx1 − c2 k =
kx2 − c2 k . Thus p0 = (x1 , x2 ) is a closed path (with respect to the centers c1
and c2 ) in Q. By Theorem 2.1,

230

ARZU M-B. BABAYEV AND IBRAHIM K. MAHAROV

E(f ) ≥ sup |Gp (f )| ≥ |Gp0 (f )| =
p⊂Q

1
|f (x1 ) − f (x2 )| .
2

(2.9)

On the other hand, since the zero function belongs to G = G(g, c1 , c2 ), we can
write that
E(f ) = inf kf − uk ≤ kf − 0k = kf k .
u∈G

(2.10)

Combining (2.9) and (2.10) we finally obtain that
1
|f (x1 ) − f (x2 )| ≤ E(f ) ≤ kf k .
2
The theorem has been proved.
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