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NON-COERCIVE SOLVABILITY OF SOME BOUNDARY
VALUE PROBLEMS FOR SECOND ORDER ELLIPTIC
DIFFERENTIAL-OPERATOR EQUATIONS WITH QUADRATIC
COMPLEX PARAMETER

BAHRAM A. ALIEV, VUGAR Z. KERIMOV, AND YAKOV S. YAKUBOV

Abstract. In a separable Hilbert space H, solvability of boundary value
problems for a second order elliptic differential-operator equation with
quadratic complex parameter is investigated. The complex parameter
enters linearly into a boundary condition and the boundary conditions
are non-separable. An application of the obtained abstract results to
elliptic boundary value problems is given.

1. Introduction

In the monograph by S.Yakubov and Ya.Yakubov [14, chapter 5, section 5.4]
(see also S.Yakubov [13], [15]), in a separable Hilbert space H, solvability of the
following boundary value problem for second order elliptic differential-operator
equations was investigated:

LN == du(z) —u"(z) + Au(z) = f(z), =€ (0,1), (1.1)

Liu = o™ (0) + Bpu™) (1) = fr, k=1,2, (1.2)

where A is a complex parameter; A is a linear closed operator with dense do-
main D(A) in H and with resolvent decreasing as |A|~* for large enough A from
some angles containing the negative semiaxis; my € {0,1}; ax, Sr are complex
numbers which satisfy (—1)"" a1 82 — (=1)"? ag 1 # 0. It was proved that for
large enough A from the angles |arg A\| < ¢ < 7, an isomorphism theorem for
the problem (1.1), (1.2) takes place between the solution of the problem, belong-
ing to W2 ((0,1); H(A), H), and the right-hand side of the problem, belonging
to L,(0, 1) H) + (H(A). H),, , + (H(A), H),, ,, where 6 = (H(A), H)m. .
k=1,2,pe (1,00). It was also established some estimate for the solutlon of the
problem (1.1), (1.2) (with respect to u and A) in the space L, ((0,1);H), 1 <
p < co. In this case, we say that the problem (1.1), (1.2) is coercive solvable in
the space Ly, ((0,1); H) with respect to w. In fact, it is maximal Ly-regularity.
The corresponding established estimate is called the coercive estimate.
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Further, solvability of boundary value problems for second order elliptic dif-
ferential - operator equations with a complex parameter has been investigated in
[1-9][11], [16] and others in various cases:

a) boundary conditions may contain linear unbounded operators;

b) the complex parameter, entering into the equation (1.1), may appear in the
boundary conditions, as well;

¢) boundary conditions may contain, in addition to the complex parameter, linear
bounded (or unbounded) operators.

Let us mention some works related to our this paper by problem’s formulation.

In [4], in a separable Hilbert space H, solbability of the following problem with
separated boundary conditions was studied

L\ u = Nu(z) —u"(z) + Au(z) = f(z), = € (0,1), (1.3)

Li(MNu:=u'(1) + Mu(1) = fi1,

Lou := u(0) = fo,
where A is a complex parameter; A is a linear unbounded selfadjoint, positive-
definite operator in H. It was proved that for large enough A from some angle
larg A| < ¢ < 7, the problem (1.3), (1.4) is coercive solvable (i.e., there is maximal
L,-regularity) in the space Ly, ((0,1);H), p € (1,400). Note that the coercive
solvability of (1.3), (1.4) takes place also if the operator A in (1.3) is taken from
a more wide class of operators in H, so-called, ¢ -positive operators in H (the
definition of p-positive operators is given below).

In [7], solvability of the following boundary value problem in H was studied

L\ u = Nu(z) —u"(z) + Au(z) = f(z), = € (0,1), (1.5)

Li (N u:=14d (1) + ABu (0) = f1,
Lou :=u' (0) = fo,
where A is a @-positive operator in H; B is a linear bounded or unbounded
operator in H. It was proved that if in (1.6) the operator B is linear bounded
in the spaces H and H(A) (in particular, B can be the identical operator), then
for large enough X from some angle |arg \| < ¢ < T the problem (1.5), (1.6) is
coercive solvable (i.e., there is maximal Ly-regularity) with respect to u in the
space Ly, ((0,1);H), p € (1,400).
Let us also mention [5], where solvability of boundary value problems for the
equation (1.5) with the following non-separated boundary conditions was studied:

Ly Nu =4 (0)+ (1) = f1, La(N)u:=u" (1) + M (0) = fo. (1.7)

It was proved that for large enough A from some angle |arg \| < ¢ < 7, the
coercive solvability in the space Ly, ((0,1);H), p € (1,00) holds for the problem
(1.5), (1.7) (again, we have maximal L,-regularity).

In this paper, in a separable Hilbert space H, solvability of a boundary value
problem for the equation (1.5) with the following non-separated boundary con-

ditions is treated:
Ly Nu:=u4" 1)+ (0) = f1, Lou:=u(l) = fo, (1.8)

where A is a complex parameter; A is a @—positive operator in H. Very small
modifications in (1.4) or (1.6) and so ”dramatical” changes in results! It is proved

(1.4)

(1.6)
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that for large enough A from some angle |arg \| < ¢ < 7, the problem (1.5), (1.8)
is non-coercive solvable with respect to u in the space L, ((0,1); H) (i.e., there is
no maximal L,-regularity!. Non-coercivity of the problem (1.5), (1.8) is charac-
terized by the following fact. When we look for a solution of the problem (1.5),
(1.8), belonging to I/Vp2 ((0,1); H(A), H), the elements f; and fs cannot be taken
from the natural interpolation spaces (H(A), H)%+%’p and (H(A), H)%’p,
spectively, that follows from the trace theorem. Thpe elements are take; from
more narrow interpolation spaces (H(AQ), H)iﬂ% » and (H(AQ), H)% o Te-
p’ P’

spectively. By this reason, one cannot take the function f(z) from the space
L, ((0,1); H). It is needed to take the function from a more narrow space, namely,
from L, ((0,1); H (A)), p € (1,00). As a result, there is no an isomoprhism be-
tween the solution, belonging to W2((0,1); H(A), H), and the right-hand side of
the problem (1.5) , (1.8). So, for the solution of the problem (1.5), (1.8), some
non-coercive estimate in the space L, ((0,1); H), p € (1, 00) is established.

Non-coercive phenomena was previously discovered for some problems (see [11],
[7]). In [11], the reason of that was in irregular boundary conditions. In [7], if the
operator B in the problem (1.5), (1.6) is linear unbounded and subordinate to the
operator A'/2 in some sense, then the problem (1.5), (1.6) becomes non-coercive
solvable in the space L, ((0,1);H), p € (1,00). In [11] it was also constructed
an example showing that a boundary value problem for the equation (1.1) with
irregular boundary conditions does not have a solution from W2((0,1); H(A), H)
for some concrete f € L, ((0,1); H).

The abstract results, obtained in the present paper, allow us to investigate
non-coercive solvability for a new class of boundary value problems for second
order elliptic partial differential equations in non-smooth domains. At the end of
the paper, one such application is shown for elliptic equations in a square.

Let us introduce definitions and notions used in the paper.

Let F, and E» be Banach spaces. The set E1+FE5 of all vectors of the form
(u,v), where u € Ey, v € Ey with ordinary coordinate-linear operations and
with the norm

re-

1w, )| g, 2, = ullg, + vl g,
is a Banach space and is called the direct sum of Banach spaces F1 and Ej.
By B (F1, E2) we denote a Banach space of all linear bounded operators acting
from Fj into Fy with standard operator norm. In particular B(F;) := B(F1, E1).

Definition 1.1. A linear closed operator A in a Hilbert space H is called -
positive if its domain D (A) is dense in H and for some ¢ € [0, 7), for all points
from the angle |arg yu| < ¢ (including p = 0), there exist the operators (A 4 pul) ™!
for which the estimate takes place

|cavun |, <caviu™, el <o

where [ is the identity operator in H, C' = const > 0. If o = 0 then the operator
A is called positive.

Note that if A is ¢-positive then A% « € (0,1) is also p-positive. A simple
example of a p-positive operator is a selfadjoint, positive-definite operator in a
Hilbert space.
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Let A be p-positive operator in H. Since the inverse operator A~! is bounded
in H, then

H(A") = {u :ue D(A"), [ull goan = ||A”uHH} ,neN

is a Hilbert space the norm of which is equivalent to the graph norm of A™.

It is also known that —A is a generator of an analytic for ¢ > 0 semigroup
et which exponentially decreasing, i.e., there exist C' > 0, Jy > 0 such that
He_tAH < Ce‘50t, 0<t < +4o0.

As it was shown in the monograph by H. Triebel [15], there are different but
equivalent definitions of interpolation spaces. One of definitions of interpolation
spaces of two Banach spaces is given using the theory of analytic semigroups
which is useful in the theory of differential-operators equations

Let Ey and E; be two Banach spaces continuously embedded into a Banach
space E : By C E, E1 C E. Two such spaces are called an interpolation pair and
it is denoted by {Ey, F'}.

Definition 1.2. (see [12, theorem 1.14.5]). Let A be ¢-positive operator in H.
Then interpolation spaces (H (A"),H), , of Hilbert spaces H (A") and H are

defined by the equality

(H(A™), H),, = {u € H, |ull griany.my,, =

1

—+00 D
= / ¢ 1+nop HA"e*tAuHZ;{ dt <00, p, 0€(0,1), p>1,neN.
0
Define also (H(A"), H), , == H(A") and (H(A"), H),, = H.
By L, ((0,1);H) 1 < p < oo, denote a Banach space (for p = 2, a Hilbert

space) of vector-functions z — u (z) : [0, 1] — H, strongly measurable and sum-
mable in p-th power with the norm

1 1/p
ull (0,100 = (/O Hu(a:)||§{d:v> < 0.

In accordance, by W2 ((0,1); H (A"), H) := {u: A™u, u® € L, ((0,1) H)}
denote a Banach space (for p = 2, a Hilbert space) of vector-functions with norm

(2n)

n (AR = || A" : H
[ellwzn 0,0y (amy,mry = IA Ul 0,0).0) + || (1))

By Ff and F~! f denote the Fourier transform and the inverse Fourier transform,

respectively, of the function f from L, (R; H), R = (—o0, +00):

+oo
Ff = (Ff) (o) ::\/12? / €17 f(2)d,

+00
— L — _L eiox o)do
FoUf = (FL) (2) = @/ f(o)do.
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Definition 1.3. The mapping 0 — T (0) : R — B(H) is called a Fourier multi-
plier in the space L, (R; H) if 3C > 0 such that
-1 .
HF TFfHLp(R;H) SCHfHLp(R;H)7vf€LP (RﬂH)

2. Non-coercive solvability in the case when a non-separated
boundary condition contains the spectral parameter.

First, consider in a separable Hilbert space H the following boundary
value problem:

L\ u:=Nu(z)—u" (z)+ Au(x) =0, z € (0, 1), (2.1)

Li(Nu:=d (1) + A (0) = f1,
LQU = u(l) = fg,

where A is a complex parameter; A is a p—positive operator in H.

(2.2)

Theorem 2.1. Let A be p-positive operator in H with ¢ € [0, 7).
Then, for fi € (H(A?),H),_ kg1, D€ (1, 4+00), k = 1,2 and for large
2 4 4p

enough A from the angle larg A\| < ¢ < T, the problem (2.1), (2.2) has a unique
solution u € I/V2 ((0,1); H(A),H) and for the solution the following non-coercive
estimate s satisﬁed

A2 lull 7, 0,1 + [0 HL o, 1A L0, <

cz(\fku B D,y +\A\”’“ufkug)

7xr+1;;17

where C' > 0 is a constant which does not depend on .

Proof. By virtue of [14, lemma 5.4.2/6], under |arg A\| < ¢ < 7, there exists an

analytic for x > 0 and strongly continuous for x > 0 semigroup e—a(AFND)2,
By virtue of [14, lemma 5.3.2/1], for u (x) to be a solution of the equation (2.1),
belonging to W}? ((0,1); H(A),H), p € (1,00), it is necessary and sufficient that,
under |arg \| < ¢ < 7,

—x(A+N2I)1/2 o+ o~ (1—a)(A+A21)1/2 g (2.3)

u(z) =e ,
where 91,92 € (H(A>7 H)% D
p?
Claim that a function of the form (2.3) satisfies the boundary conditions in
(2.2). Then, for g; and g9, one gets the following system

(A4 N2 2em (A2 AI} o+ [(A + A2V 4 Ae*“‘*m”ﬂ 92 = f1,

e~ WD gy 4 gy = fo.

(2.4)
Define 9 := (A + N21)'/2gy, 99 := (A + A\21)1/2gy. Then, from (2.4), we have

[_e’(AH\QI)I/Q + A+ /\21)71/2] o+ {I F A+ N2V (AT g, py

(A4 N2T) "2 (ARXD 2 1 (A4 X211 29, = £, (2.5)
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The coefficients of the system (2.5) are linear combinations of bounded op-
1/2

erators which commute each of other I, (A 4 A\2I)~1/2 e~ (ATN) , (A+
)\2])_1/26_(A+’\2I)1/2. Therefore, the system (2.5) one can solve like in a scalar
case. The "determinant” of the system (2.5) has the form
D) = MA+ X)) I = XY A+ N TRV,
where
R()) == \A + )\21)—16—2(A+)\2I)1/2 +2(A+ )\2[)—1/26—(A+/\21)1/2.

By virtue of [14, lemma 5.4.2/6], [[A~1(A + )\2I)R()\)HB(H) — 0 for larg \| < v <
5, |A| = oo. Hence, for large enough A from the angle |argA| < ¢ < F, the
system (2.5) has a unique solution with respect to J;, k = 1,2, and

0y = (AN A+ NDY2 + Ry (/\)] fit [FATH A+ N + Rat (V)] fo,

02 = Ria (0) fi + [(A+ NDY2 4 By (V)] 1o,

where || R ()‘)HB(H) — 0, j,k=1,2, under |argA| < ¢, |A| = oo.
Hence,
g1 = N (A+ D T2R (V)] At

[T D2 4 (A4 D)2 R (V)] o (2.6)
g2 = (A+ XD 7R (N) fi+ [T+ (A+ 2D 2R (V)] fo.
Substituting (2.6) into (2.3), we have
u(x) _ 67{E(A+)\2[)1/2 |:()\71[+ (A—l— A2I)71/2R11 ()\)) f1+

+(AATHAE XDV 4+ (A4 N2 R (V) o] +

e~ (Lm)(A+NPDY2 [(A FA21)TY2Ry () f1 + (1 +(A+ ND)"V2R,, (A)) fg} .

Then, using the Minkovskii inequality for large enough A from the angle
larg A| < ¢ < 7§, we have

2
R\ ||“HLP((0,1);H) + Hu””Lp((O,l);H) + HAUHLP((OJ);H) <

1 1/p
< ’A|2 e—x(A+)\21)1/2)\—1f1 p dx +
H
0

1/p

1
p
+ HRH ()‘)H / He—x(A—i-)\QI)lm(A + )\21)—1/2]01HH dr +
0

1 1/p
i (f [t g d””) '

0
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1 1/p
—z(A+N21)1/2 27\—1/2 ¢ ||P
+[[Ra1 (A e (AFND)TE || de |+
0

1 1/p
+ ”R12 ( 7(1 T A+/\21)1/2(A+ )\2 1/2f H d.CU) +
0

1 1/p
(e P
’ (O/ He ! )(A+’\21)1/2f2Hd$) :

1 1/p
+ 1R ()] (/ SR g ez dx) ¥
0
1 1/p
+(1+ A+ 22D~ (/(A+A21)ex<A“2””2A1f1H;dx) +
0

1 1/2
+ ||R11 (V)] (/ H(A+ )\ZI)1/26*:E(A+)\2I)1/2f1HI; d:(:) +
0

1 1/p
([l snsmsrssaenapa)

0

1 1/p
p
+ R V)] ( / |4+ xenyzestaaen f2HHd:r) +

0

1 1/p
p
HIRi2 (V]| (/ | A+A2I)1/Qe<1f’f><A“2””2f1)de> +

/
</ (A+ N2D)e~ (Ima)(A+XDY2 g H dif)l p+

1/p
p
+ HRQQ H (/ A+/\2 )1/26(1I)(A+/\2I)l/2f2de) . (2.7)
0

In order to get the estimate (2.7)(and further continuation), we have used the
following calculation which is true in view of [14, lemma 5.4.2./6] for large enough
A from the angle |arg A < ¢ < T:

ull 0,170
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27\—1 2 2
< [|A(A+X°1) HB(H) [[(A+X I)u“Lp((O,l);H) <Cf(A+A I)UHL,,((OJ);H) :
Estimate the integrals in the right-hand side of the inequality (2.7). It is
enough to illustrate the estimation of the integrals

: 1/p
. 2 737(A+/\21)1/2 1 2 1/2 D
0
and
! 1/p
T,
0
From the representation
1 21\ 1/2 ,_1/2 1/2 on—1/2 1 N B
5 (AN = 412 (4 2T (A ) A

by virtue of [14, lemma 5.4.2/6], for large enough A from the angle |arg \| < ¢ <
5, it follows that the operator % (A + )\21) /2 4=1/2 is bounded from H into H
and the estimate holds

1
2

1

/2 ,_ _
(A+N) 7 A712 SVLR I <

B(H)

< |42 (a+ /\21)_1/2HB(H) ’

B(H)

1
<C <W + HA—lH) <C, 3C>0. (2.8)
By (2.8), for large enough A from the angle |arg | < ¢ < §, the operator
/\% (A+ X2) Y2 A=1/2 i bounded from H(A?) into H(A?) and the estimate takes
place

1
A2

(2.9)

From (2.8) and (2.9), by virtue of [12, theorem 1.3.3/(a)] (see also [14, section

1.7.9]), it follows that for large enough A from the angle |arg A| < ¢ < 7, the oper-

ator 3 (A+A21)"/? A71/2 is bounded from (H (A%), H), into (H (A%), H)

L

(A+)\2[)1/2 A-1/2 x (A+)\QI)—1/2 A-1/2

<, 4C > 0.
B(H)

B(H(A?)) - '

0, 0.p
for any 6 € (0,1) and the estimate holds
‘ L4 <C, 3C>0. (2.10)
A B(H(A2),11),.,)

Then, by [14, lemma 5.4.2/6], [14, theorem 5.4.2/1] and estimates (2.8), (2.10),
for large enough A from the angle |arg \| < ¢ < 7, we have

o], e,

1 1/p

P
. /H(A+)\2I)2€z(A+>\21)1/2)\12(A+/\2])1/2A1/2f2H da <
H
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gc(\

32

A+)\2 )1/2A_1/2f H + |)\‘4—;
(H(A2),H)

1
ﬁ(A + )\21>1/2A_1/2f2H ) <
H

sP

»?\H

<c (muwz),m

s e,

4—1
A el )

Al/Q(A—i—)\Q 1/2H

1,
ap P

B(H)
1/p

1
p

/H<A+ Azj)s/ze—x(AJr/\?I)l/?%(A_i_ )\21)1/2A—1/2f1H d <
H

_1
< ¢ (U, , , + A il )
)

Similarly, one can estimate the rest part of the right-hand side of the inequality
(2.7). Theorem 2.1 is proved. O

Consider now a boundary value problem for a non-homogeneous equation with
a quadratic complex parameter in H, i.e., the problem

L (A u = u(z) —u"(z) + Au(z) = f(z), =€ (0,1), (2.11)
Ly N u:=u'(1) + Au(0) = f1, Lou:=u(l) = f5. (2.12)
Theorem 2.2. Let A be p-positive operator in H, where ¢ € [0, 7).
Then, fO’f‘ f € LP ((Oal)aH(A))’ fk? € (H (AQ) aH)l,E+va k = 1727 p e
2 4" 4p>
(1,400), and for large enough X from the angle |arg A\| < cpp< 5, the problem
(2.11), (2.12) has a unique solutionu € W2 ((0,1); H (A), H) and for the solution
the following mon-coercive estimate holds

|)\\ HUHLp (0,1;H) + Hu HL (0,1); + ”Au”Lp (0.1):H) S

. (2.13)

2
2 2+k—1
< N 1l qonyrcan + 32 (1ellran. AR AL )
k=1

s-i+apr
Proof. Uniqueness follows from theorem 2.1. Represent a solution of the problem
(2.11), (2.12), belonging to W72 ((0,1); H (A) , H), as asum u (z) = uy (z)+uy (),
where u; (x) is the restriction on [0, 1] of the solution of the equation
L () (z) := Ny (z) — i (z)+ Aty (z) = f (), z € R= (o0, +00), (2.14)
where f(z) := f(z) if z € [0,1] and f(z) = 0 if 2 ¢ [0,1], and uy (z) is the
solution of the problem
L(N)uz =0, :ce (0,1),
Ly (N uz = f1 = Ly (N ur, Loug = f2 — Laus.

As it was shown in the proof of theorem 5.4.4 in [14], a solution of the equation
(2.14) is given by the formula

i (2) = = R/ e L (i) F F () dp, (2.16)

(2.15)
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where Ff is the Fourier transform of the function f(z), and L (), o) is a charac-
teristic operator pencil of the equation (2.14), i.e.,

L(\o) =021+ A+ N2, Jarg\| < p < g
From (2.16) it follows that

1@ llvwz romra2) rcay) = 1@l mrazy) + HU1 Ly (B:H(A)

= ‘(F_lL()"W)_l Ff(u)> (')‘ Ly (R:H(A2)
n H (Ffl (in)> L (N ip) ' Ff (u)) (-))
< ( (Fr AL (i) ™ FF () (-)’ LRI

+[ (Pt L ovin T FE ) ()
Show that the operator-functions (with respect to p)

Tk+1()\7:u’) = (ZM)2kA17kL()‘7 Z‘:u’)ila k= 07 17 (218)
are the Fourier multipliers in the space L,(R; H(A)). For that, it is enough to
check conditions of a theorem in [10, ch. XI, §§11.28,11.29] (see also [14, theorem
1.3.7/1]) for the operator-functions p — Tx(A\,u) : R — B(H(A)),k = 1,2.
Obviously, for |argA| < ¢ < % and p € R, one has |arg(A\? + p?)| < 2p < 7.
Since A is @-positive in H then, for [argA| < ¢ < § and p € R, the estimates
take place

<
Lp(R;H(A))

. (2.17)
Lp(R;H(A))

LN —1 o 2 2 -1 c C
i = [+ 0242 D7) S Ty < a0 229
1AL i)™ [y = A (A+ (32 + 12 1) 1HB(H) _

-1
= 1= 2+ (a+ (2412 1) HB(H) S| o 6 (220)

uniformly on A in the angle [arg A| < ¢ < § . From the estimates (2.19), (2.20),
for |arg A\| < ¢ < § and p € R, we have

1T O sy = AL Qi ™, =(laE ™|, <o o
1T O ) pay = [P i ™= (@ L v ™=
— HL ()\,iu)_luB(H) <c, (2.22)

uniformly on X in the angle |arg A\| < ¢ < T .
Since

0 0 -1 -1 -1
= —ACL = AL ouL ;
aﬂ 1 (Aau) aﬂ (A,ZIU) ()‘7“’0 K (A,Z,U,) )

0 - - -
@TQ ()‘7/*0:_2“[’(/\7“1') 1+,U,2L(/\,Z,U,> 12/'LL()‘71M> 17
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then, by (2.19) , (2.20), we have

H;LTl ) . HAL Ovi™ 2“L(A’ZM_I”B(JLI(A)) N
- HAL (i)~ zuL(A,w)—IHB(H) < ’i’; (2.23)
H;}LTQ (A, 1) < 2|yl HL(A,iu)_lHB(H(A))Jr
B(H(4))
B i 2 27 =
=2l 2 ovin |l [E v T2l v T W (2.24)

By [10, ch. XI, §§11.28, 11.29] (see also [14, theorem 1.3.7/1]), f estimates
(2.21)-(2.24), it follows that the operator-functions p — Tj11 ()\ ) k=01,
which are defined by (2.18), are the Fourier multipliers in L, ((0,1); H(A)). Then,
from (2.17), it follows that

(2.25)

@1l wz(r;maz),mcay < € Hf‘ Lp(R:H(A))

uniformly on A.
From (2.25) it follows that uy; € W7 ((0,1); H (A?), H (A)) and the estimate
takes place

lutllywz o,0):ma2). 4y < C UL, 0.0):m ) - (2.26)
From (2.26), by the continuous embedding
Wy ((0,1); H (A%), H(A)) ¢ W7 ((0,1); H (A), H),
one has
lutllwz o,y i) = CU 0,05 a)) - (2.27)
Then, from (2.14) and (2.27), for A from the angle |arg \| < ¢ < §, we have

|>\’ ||“1HLp ((0,1):;H) T Hu HL 1) T ||Au1HL 0,1);H) =
<Clf ||Lp<(o,1>;H(A>> : (2.28)
Indeed, from (2.14) for uj(z) we have

Ny (z) = f(z) +uf(z) — Aui(z), =€ (0,1).
Hence, by (2.27),

A lutllp, 0,00 < Wl 0,0):m) + ’ + [ Auall 0,1)m) <

p((0,1);H)
=< ”f”Lp«o,l);H) +C ”f”Lp«o,l);H(A)) < Cllfllz, 0.1 a)) - (2.:29)
So, (2.27) and (2.29) imply (2.28).
By the trace theorem [12, theorem 1.8.2] (see also [14, theorem 1.7.7/1]), for
any fixed zg € [0,1] and s =0, 1,

) (x0) € (H (A?), H(A))

u s 1 .
54‘%717
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By virtue of [12, theorem 1.3.3] and [12, formula 1.15.4/2] one gets
(H (A%) ,H(A)) 1w, = (H (A%) , H) 1osp - (2.30)
2p 4p
Hence, for any fixed z¢ € [0, 1],

u/l (z0) € (H (AQ),H)%L%W, uy (z9) € (H (AQ),H)LP

4p?

is continuous, then

Since the embedding (H (AQ) ’H)ﬁ,p - (H (AQ) ’H)%+ﬁap

Li(A\)u € (H (A?) ,H)%ﬁp, Lyuy € (H (A?) ,H)ip.

Therefore, by virtue of theorem 2.1, for large enough A from the angle |arg A| <
¢ < %, for the solution of the problem (2.15) one has

AP izl o,y + 3] 1| Auzll . 0 171) <

»((0,1);H)

_1
+ 1\ fallreazy.ny ,  + P I Al +

Lo

<C <Hf1H(H(A2),H)

1,1
Z+215’p

4—1 ’
AT fellg + [jui(1)

+ A w1t O] g1 a2y, 1) +

+450p

=

(H(AZ)H)1 L,
31 / 4_,
Pl + I e (Ol + ||U1(1)||H)>

(2.31)
Estimate the norm [A| [u1(0)l/ 42y ), , - Taking into account the conti-
I+d5p
nuity of the embedding (H (A?), H)L C (H (4?%), )1+; » by virtue of [12,
4p Ap >
theorem 1.8.2] (see also [14, theorem 1.7.7/1]), (2.26), and (5.30), for A from the
angle |arg A\| < ¢ < 7, we have

+ lus (Wl g a2),m)

S

A < A <
I\l Hul(o)‘|(H(A2),H)71I+1157p < C N HU1(O)||(H(A2),H)Z%’17 = (2.32)

< A lwllwe o, ma2),may < C AL, 0,151 (a)) -
Moreover, by the same considerations, the following estimates hold

< Cllurllwzoy:m(a2),ma)) < C Ml 01):m(a)) 5

3P

Hul(l)H(H(A2),H) .

o
'UHH

(2.33)
Hul(l)H(H(Az),H)z}F | = Clluallwz o),y < €l L0y - (2:34)
L,
By [14, theorem 1.7.7/2], for A € C and uy € W2 ((0,1); H), the following in-
equality holds

uf? @o)|| < € (NP lualwzomyany + WFHP el onyirn) + (2:35)

where g € [0,1], s = {0,1}, p € (1, 4+00).
1
Dividing (2.35) by |A|7, for A € C, u; € Wg ((0,1); H), one has

uf? @0)|| < € (lualhwzoern + WP Il oyrn) - (2:36)

’)\’2 s

1
AP
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Take in (2.36) s =1, x¢p = 1 and multiply the obtained inequality by |)\|2. Then,
in view of (2.28), for A from the angle [arg \| < ¢ < 7, we have

1
AP

u (U< CIAP (Il oy + NP Lz, o) <

<C |)\‘2 <”U1HW2 0,1):H(A),H) T |)\‘ HU1HL ((0,1); ) <C |/\|2 HfHLp((O,l);H(A)) .
(2.37)
Take now in (2.36) s = 0 and zp = 0, zy = 1, consequently. Multiply the
obtained inequalities by |A|* and sum them. Then, by (2.28), for A from the
angle |arg A\| < ¢ < §, one gets

_1
I (g )l + lua (D)) < C AP (HUIHW2(01 )+ AP el 0. )) <

<CA? 111z, (0,0 )) - (2.38)

Taking into account the estimates (2.32), (2.33), (2.34), (2.37) and (2.38) in
(2.31), for large enough X from the angle |arg \| < ¢ < 7, we have

AP szl oy + |||, + 1 Auzll, o.yem <

p((0,1);H)

+ AP IIkaIH)] - (2:39)

From (2.28) and (2.39) the estimate (2.13) follows. Theorem 2.2 is proved. O

2
2
< C I IF I, onysmay + DO <||fk||(H(A2),H)1
k=1

k 1
2-atapP

3. Application of the obtained abstract results to partial
differential equations.

In the square Q = [0, 1] x [0, 1], consider a boundary value problem for a
second order elliptic differential equation with a quadratic complex parameter

L (A)u = Nu(z,y) — Diu(z,y) — Dy (ay)Dyu(z,y)) = f(z,y), (x,y) €Q,

(3.1)
Ly (N w:= Dyu(l,y) + Au(0,y) = fi(y), y €[0,1], (3.2)
Lou:=u(l,y) = fa(y), y € [0,1], '

Lsu :=u(xz,0) =0, Lju:=u(xz,1)=0, z€]0,1], (3.3)

where A is the parameter; a(y) is a continuously differentiable function on [0, 1] ;
. 0 o)
Dy = Oz’ D ~ By°
Denote the interpolation space of Sobolev spaces by B, (0,1) :=
= (W;O (0, 1),W;1 (0,1))97(1, where sg,s1 > 0 are integers 0 < 0 < 1,1 <
q < 00,1 < p < o0 and s = (1-0)sg + 0s1. In particular, W (0,1) :=
B (0,1) := (W3 (0,1), W3 (0’1))9,p’ if s > 0 is not integer. Denote also
Wy () == W ((0,1); W (0,1), Ly (0,1)), where 0 < I, s are integres, 1 < p <
00, 1< q<oo. Ifp=gqandl=s then Wy (Q) = W/ (). Finally, denote
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Lpq (Q) := Wy (Q) = L, ((0,1); Ly (0,1)). We have that L, (Q) is a Banach
space of measurable on (0,1) x (0,1) functions u (x,y) such that

1/ 41 p/q 1/p
lullz, @ = (/0 (/0 |u(l‘,y)|qdy) dm) < 00,

and Wg;g (2) is a Banach space of measurable on (0, 1) x (0,1) functions u (z,y)
which have generalized derivatives Bfgg?y)’ asgéﬁ’y) on (0,1) x (0,1) and

+ HDsu

y HLM(Q) < oo.

- i
HUHWIf;q(Q) Hu”Lp,q(Q) T H z¥ Lp,q(S2)

Theorem 3.1. Let a(y) € C2[0,1] , a(y) > 0 fory € [0,1] and o’ (0) =d (1)=0.
ThenfOTf(in)GL(( 1); W3 ((0,1); Ly f =0, v =3,4)), p € (1,00),

fr(y) € B2p . (O 1) (these spaces are defined in the proof) and for large enough
A from the angle |arg \| < ¢ < T, the problem (3.1)-(3.3) has a unique solution
u from

Wy ((0,1); W3 ((0,1)3u(0) = u(1) = 0), Lz (0,1))
and for the solution the following estimate takes place

2 2
A7 [lu(z, y)||Lp((0,1);L2(0,1)) + HDLUU(I”y)HLp((O,l);LQ(O,l)) +

+ HDy (a(y)Dyu(JJ,y))HLp (0,1);L2(0, 1)) [|)‘| | f(z, y)HLp( (0,1);W3(0,1)) +

2
24+k—1
+Y \!fk\\Bw%( 1)+W prkHLQ(o,l)”-

k=1 2,p 0,
Proof. In the space H := L (0,1), consider an operator A, defined by the equal-
ities

/

D (A) == W5 ((0,1);u(0) =u(1) =0), Au:=—(a(y)u' (y)) - (3-4)
Rewrite the problem (3.1)-(3.3) in the operator form

Nou(z) —u"(z) + Au(z) = f(z), = € (0,1), (3.5)

u'(1) + Mu(0) = f1, u(l) = fa, (3.6)

where u(x) := u(x,-), f(z) = f(x,-) are vector-functions with values from

the Hilbert space Ly (0,1) and fx := fi(-). Obviously, the proof of theorem
3.1 is reduced to the checking of the conditions of theorem 2.2 for the problem
(3.5), (3.6). It follows from the conditions of theorem 3.1 that the operator
A, defined by (3.4), is selfadjoint, positive-definite in Lo (0,1). Therefore, the
condition of theorem 2.2 is satisfied for any fixed 0 < ¢ < 7/2. Obviously,
Ay = (a(y)(a(y)u/'(y)")', D(A%) = W((0,1); Lyu = 0, L,Au = 0,v = 3,4).
It is also clear that L,Au = 0, v = 3,4, coincide with boundary conditions
u”’(0) = u”(1) = 0. Since the order of boundary conditions L,u =0, v = 3,4, is
equal to 0 and the order of boundary conditions L, Au = 0, v = 3,4, is equal to
two then, by [12, theorem 4.3.3], we have

(H (A%) . H),, = (W24 ((0, 1); u@0) =uW(1) =0, j =0, 2) Lo (0, 1)) -

0,p
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:Bﬁ“”(@@ﬁumy:mw:oifo<41—m—;<ﬂmum:uu):

Hence, for 6 = i +
spaces (H (Az) ,H)

P

—W(0) = u"(1) = 0 if2<4(1—0)—%; w(0) = u(1) =0,

1

/(min{x, 1—a})! ‘u"(w)‘Qd:E<oo if 4(1—0)—%:2

0
ﬁ and 0 = ﬁ, we get implicit forms of the interpolation
2 .
i+i7pand (H(A ),H)ﬁ,p.
1

3_1
1 = BQ,p,p*(()? 1) =

1

By, ” (0,1);u(0) =u(1) =0), 1<p<2,

0 f 1 2
W <(O, 1);u(0)=u(l)=0, Of(min{a:, 1—a}) v (2)] d:r<oo>,p:

_1 . .
By, ((0,1); u (0) =ul) (1) =0, j =0,2), p > 2

_1 . .
(1 (%), 1) =By, ((0,1);u)(0) =u(1) =0, j=0,2) =
ip ’

1

4—1
=B,,"(0,1), p> 1.

Theorem 3.1. is proved.
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