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ANALYSIS OF A DOUBLE NONLINEAR PARABOLIC
EQUATION WITH A SOURCE IN AN INHOMOGENEOUS
MEDIUM

MERSAID ARIPOV AND MAKHMUD BOBOKANDOV

Abstract. This paper studies the properties of solutions for a double
nonlinear parabolic equation with variable density, not in divergence
form with a source. The problem is formulated as a partial differen-
tial equation with a nonlinear term. The main results are the existence
of weak solutions in suitable function spaces; regularity and positivity
of solutions; asymptotic behaviour of solutions as time goes to infin-
ity; comparison principles; and maximum principles for solutions. The
proofs are based on the energy method, comparison methods, and as-
ymptotic techniques.

1. Introduction

We study a double nonlinear, non-divergent parabolic equation with a source
in an inhomogeneous medium in Q = {(z,t)|z € RN, ¢ > 0}

p1 () up = u?V (,02 (z)u™! ‘Vuk‘IFZ Vu> +p3 ()’ (z,t) €@, (1.1

u(x,0) =wuo(z), r eRY, (1.2)
where g <1,m>1,k>0,p>28>qg+m+k(p—2)>1, N>1,nyo#p+
ny, 0 <n; <ng< %ﬁﬁ]\f - are given numerical parameters, p; (z) =
lz|", i = 1,2,3, and ug (z) is a non-negative bounded and continuous function in
RY. Here we mean by a solution, a function u(z,t) is nonnegative and continuous
in @\ (0,0), satisfying (1.1)-(1.2) in the distribution sense.

The equation (1.1) included many known equations, such as the porous medium
equation, p-Laplacian equation, heat equation, Leibenson equation, Boussinesq
equation in filtration of liquid and gas, and so on [37]. To simulate a broad
variety of physical processes, equation (1.1) is important. For example, curve
shortening flow, resistive diffusion phenomena in force-free magnetic fields, dif-
fusive processes found in biological species, and the spread of infectious diseases
are among the many applications of equation (1.1) (see references [36, 6, 30]).
The problem (1.1) in the particular value of the numerical parameters is inten-
sively studied by many authors [1, 5, 29].
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Zhaoyin Xiang, Chunlai Mu, and Xuegang Hu [38] investigated the properties of
spatial localization, existence and non-existence of global solutions for problem
(1.1)-(1.2) where the density function has the form

o (1 []) 7"

Qualitative properties of solutions of a doubly nonlinear reaction-diffusion, self-
similar profiles of solutions, global existence, and blow-up solutions studied in
[25, 31, 41]. Asymptotic behaviour of solutions of the nonlinear diffusion equation
with absorption at a critical exponent considered in the works [13, 17]. In [24, 22]
the Cauchy problem for the following two equations with variable coefficients is
studied:

0
p(z) 6—1: = div (um_l |VulP—? Vu) +po (x)u?,z e RN ¢t >0,
x|,
Wwa>Lm+p>&ﬁ>m+p—%M@={humwm (@) = p(@

or po () = 1. Any nontrivial Cauchy problem solution blows up in a finite time,
it has been shown, under particular parameter constraints. Furthermore, the
authors found a sharp approximation of the solution that is universal near the
blow-up point.

R. Gianni, A. Tedeev and V. Vespri studied the asymptotic behaviour of non-
negative solutions of the following equation [18§]

N - —2
% = Zi,jzl % (aij (z,t) u™ = [ Dul? 3877:1.) )
u(z,0) =ug (z), v € RN

where a;;j (z,t) = aji (z,t), i,j = 1, N are measurable functions. They showed
when the initial datum has a finite mass, the asymptotic expansion of the solution
for a large time, uniformly in whole space, is established.

Galaktionov V.A. and Vazquez J.L. investigated [16] the nonlinear case of the
Laplace equation with critical exponents

ug = A (u”“) —u?; (2,t) e RV x (0,00),
u(z,0) = ug (x) > 0,2 € RY (1.3)
where N > 1,0 > 0,8 = 0 + 1 + 2/N. The authors show that, the long-term

asymptotic behaviour of the solution for the critical exponent in the following

form
ko

w(t,z) = (T +8)In(T+ ) " F(€a),6 = e[ (T+1)F (In(T+1) %,
1 1 ko :
F (& a)=Cy (a2_§2)i,k:m,00: [2]\[(‘74'1)} T >1. (1.4)

By creating sub- and super-solutions, they showed that solution (1.4) is the long-
time asymptotic of the solution to problems (1.3). The sub- and super-solutions
with variables are as follows:
(T+ 0 (T+6) " F(&a) <ult,a) < (T+Hn(T+0) " F (€ as),
0<a_ <ay.
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H. Brezis and A. Friedman [10] showed that the equation (1.1)-(1.2) has no (sin-
gular [21]) solution if the # > 1+ % when the equality (1.6) is equal to zero in
thecase m=k=1,p=2,q=n;=0,(i=1,2,3).

Furthermore, H. Brezis, L.A. Peletier, and D. Terman [11] found a different type
of singular solution or very singular solution and it has a stronger singularity
than the fundamental solutions at (0,0), i.e., such that

lim u(z,t) = oo.

t=0 lz|<r
for every r > 0.
Moreover, F. Nicolosi et al. [26], and K.M. Hui [19] showed removable singularities
with point-wise and Schauder estimates under suitable conditions.
The source term ps (z) uP? can lead to a finite time blow-up, where solutions
become unbounded in finite time. Analyzing the blow-up behaviour and the con-
ditions under which it occurs is difficult, especially in inhomogeneous conditions.
Additionally, studying the asymptotic behaviour for large time requires special-
ized techniques, as standard tools may not apply due to the nonlinearity and
inhomogeneity of the equation (1.1). Furthermore, the equation (1.1) is doubly
singular and therefore does not have a classical solution in general cases [2]. As
a result, we need to define a weak solution to address this issue.

Definition 1.1. A non-negative function u (z,t) defined in @ is called a weak so-
lution of Cauchy problem (1.1)-(1.2), if for every bounded open set 2 with smooth

boundary 9, u € L. (2 x (0, T))NC ((o 7), L (Q))mLW (2% (0,7)),
w1 ‘Vuk‘p € L. (Q2x(0,T)) and the following integral identity fulfils

/Pl (w)u(%t)n(fﬁat)dw—/m (l')u(x,to)n(x,to)dx:/Ot/Qp?) () uPndadr
/ / ( 877593; ) _ p2 (z) u™ ’vuk‘P—2 V- V(uqn)> dzdr (1.5)

for all 0 < ¢ < T and for any test function n € C§ (2 x (0,7)) . Moreover,

lim [ w(z,t)((x)de = /Qu (x,0)( (x)dx (1.6)

t—0 QO
for any ¢ (z) € C3 () (see, [10], Chapter 5, page 77 [37]).

\x|”1 loc

Let us denote

Tx=sup{T > 0; sup |ju(z,t)|, < oo},

t€[0,7)

then T'x is called "the life span” of the solution w (z,t). If T« = oo, then the
solution u (x,t) is global in time mean. On the other side, if Tx < oo, the
solution u (z,t) is called ”blow-up” in finite time 7" x* .
Due to the non-standard growth conditions, obtaining existence and uniqueness
results for weak solutions is challenging. The solutions often have limited regu-
larity and may only be defined in the weak or distributional sense, which requires
careful functional analysis and compactness methods [35, 37, 2].
The Cauchy problem for equation (1.1) has been extensively studied in the lit-
erature, specifically in reference [8, 39, 40], where it has been studied for the
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particular case ¢ = ny = 0, k = 1. Also, they found the second critical exponent
value. This paper aims to present the primary findings by using the techniques
proposed by [34] and utilizing the methodologies outlined in the aforementioned
literature. We express our sincere gratitude to the authors for their invaluable
contributions to this field of research. Their work has enabled us to delve deeper
into this subject matter and apply their established theorems and methods to
shed light on new insights.

The main objective of our study is to investigate the behaviour of the solution
u (z,t) to problems (1.1)-(1.2), when the initial data wug () has slow decay in
proximity to z = co. For instance, consider the following case:

wo () = M |z|™* witha >0and M > 0, (1.7)

we are investigating whether solutions to equations (1.1)-(1.2) exist globally or
not by analyzing them in relation to the variables denoted by M and a.

Throughout the paper, we denote by Cj, (RN ) the space of all bounded continuous
functions in RY. For a > 0, we define

Fa:{p(x)EC’b(RN) |p(x) >0 and|1|im inf\x]“p(x)>0},
Tr|—00

F“:{p(m)er(RN) |p(x) >0 and‘l|im sup\x|“p(:c)<oo}.
T|—00

In addition, let

(1 —4¢q)(p—n2+ns) o — p+n3g —mno

> C: + +k _2“|_ 9 c — .

2. Global existence of the solution

Within this section, we will be discussing the condition for global existence as
well as the behaviour of the global solution over a large time.

Theorem 2.1. Suppose that ug (z) = Ap (z), A > 0 and ¢ (x) € F* for some
a € (ac, N +ny), then there exists Ao = Ao (¢) > 0 such that the solution u (x,t)
of the problem (1.1)-(1.2) exists globally for all A < X\g. Furthermore, the solution
has the following estimate:

[ (2, 8)]| o

Theorem 2.2. Let a € (ac, N+n1),p(x) € F* and up (z) = dp(x), A >0
fulfill the following identity,

lim |z|"¢(z) =M >0, (2.2)

|z|—o0

then there exists \g = \o (¢) > 0 such that for X < o, the solution u (x,t) fulfils

a

< Cft_a(quch(pr)f1)+P+n1*"27 t>0 (21)

talarmek =2 -Dtrtm s |y (z,t) — Uspra (2,8)] = 0, ast — oo (2.3)

uniformly in compact set of RN, where Uxma (x,t) is the solution to the following
Cauchy problem

{m () ug = uiV (,02 (z)um1 ‘Vuk‘p*2 Vu) , (z,t) € Q,

(2.4)
u(z,0) =AM |z|~%, x € RV,
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Proof. We introduce the radially symmetric self-similar solution Upsq (,1),
to the following Cauchy problem to prove theorems 2.1-2.2

{m () up = uiV (pg (x)umt }Vuk’]%2 Vu) , (z,t) € Q,

u(z,0) =ug (z) = M|z|~*, z €RN. (2.5)

It is widely acknowledged that, under specific suitable conditions, the local time
existence of a solution to equation (2.5) has been firmly established in research
articles [22, 23]. Additionally, the uniqueness of the solution to (2.5) can be
proven by using the same method described in Chapter 5 of the research article
[28]. Due to the symmetric properties of (2.5), the solution Upzq (x,t), can be
expressed in the following form:
Uma (z,t) =t far (r), with r = |z] 79,
1
alg+m+k(p—2)—1)+p+n —ny (26)

where the positive function fjs is the solution of the following problem

_ p—2 ! e
(i Gt )+ 2t k)
+aar"1_"2f§4—q =0, r>0,
far (r) > 0,7 >0, f1,(00=0, lim r%fy (r) = M.

r—-+00

p—2 _
(fM), + arnl_n2+1quf]/\/[

(2.7)

We will use the following ordinary differential equation to show the existence
of the solution fjs (r) to (2.7). In addition, we will derive the non-increasing
property of fas (7).

Initially, given a fixed n > 0, we consider the following Cauchy problem

p—2 ! B
<gm—1 ’(gk)" g’> i N+a;2 Lgm=1 ’(gk)’
+aar™mm2gl=1 =0, r >0,
9(0)=mn, ¢'(0)=0.

Using the standard approach for solving Cauchy problem to Ordinary Differential

Equations and following the techniques described in references [34] and [14], we
T—>00

may deduce that the solution g (r) of the problem (2.8) is positive, and g (r) —
0, furthermore,

—2
p g/ + arnl—ng—l-lg—qg/

(2.8)

lim r%g(r) =M,

r—-+o0o

for some M = M (n) > 0.

Next, we aim to prove that there is a one-to-one correspondence between M &

(0, +00)and 7 € (0, 4+00) . Indeed, this can be seen from the following relation,

gtm+k(p—2)
p+mni—n2

gn (1) =ng1 (n°r), 0= ~1 oo, (2.9)

where g1 (r) is the solution of (2.8) for n =1 and a # 1/0. Hence,
M (n) =n'"%M (1), with M (1) = EI—P g1 (7). (2.10)
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Consequently, we can deduce that for each M > 0, there exists a positive,
bounded, and global solution fjs () satisfying (2.7).

Finally, we will especially prove that the solution g (r) will be non-increasing. It
means that fys (r)is also non-increasing. We divide the proof into several lemmas.

Lemma 2.1. Let g () be the solution (2.8), then

(gk (7“))/

Proof. We multiply the equation (2.8) by a smooth sequence of test function
Xn () such that li_>m Xn(z) =1 if r € [0,¢] and h_)m Xn () = 0, otherwise, for
n—oo n o

p—2

N
lim T gt g (r)=0. (2.11)

r—+00 r

()

some € > 0. After integrating, letting n — oo, we have

_ P2 CTN+ng—1 P2
<gm 1 <gkz) g/> (8) +/0 fgm 1 <gkz) g/dT
€ €
+ a/ e tlg=dgl g 4 aa/ rmnzgl=age — . (2.12)
0 0
Dividing by ¢ and taking ¢ — 0 in (2.12), we obtain,
/|P—2
I ACH T -2
lim + o gmt (gk) g ()| =0, (2.13)
r—+00 g £

which implies that (2.11) holds. We have finished proving Lemma 2.1.

Lemma 2.2. If there exists ro € [0,4+00) such that g (r9) = 0, then g (r) =0 for
all r > rg.

Proof. We will prove this through contradiction. Suppose that Lemma 2.2 does
not hold, it is clear that there is € > 0 such that
g(r)>0 and ¢’ (r) >0 in (rg, 70 +¢€). (2.14)

1-N-—ng

Multiplying equation (2.8) by r , and integrating over (rg,r) with r €

(ro,r0 + €) ,we obtain
/
k 1—q
(") =)

N r "
_aW+4m) / PNl / PN gla gy, (2.15)
1- q 70 To

It follows from (2.14)-(2.15) that
N+
ar ni gl_q (7") <a N + ni —a gl—q (’I") <TN+'n,1 - T(])V-Hn) ,
1—gq 1—g¢q
or equivalently

p—2 N+nq
ar
g (r)+

TN—&-nz—lgm—l

1< (N+n1—a(l-q) <1— (T)Nm). (2.16)

Let 7 — 7o in (2.16), we obtain the inequality 1 < 0, which is a contradiction.
We have finished proving Lemma 2.2.
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Lemma 2.3. The solution g (r) of (2.8) is monotone non-increasing in [0, +00) .

Proof. We use the contradiction argument one more time. Assume that for some
ro > 0,4¢' (r) > 0, by Lemmas 2.1-2.2, there exists r1 € (0,79) such that

g(r1) >0, and (gm—1’ <gk)/ p—2

Using the similar argument in Lemma 2.1, we deduce that

lim N+ (gm_l} (gk>/ g') (r) =0, (2.18)

=TT — 171

g’) (r1) > 0. (2.17)

p—2

which is a contradiction with (2.17). We have finished proving Lemma 2.3.
Next, we apply the monotone properties of fys () to infer the condition on the
global existence of the solution to (1.1)-(1.2).

Proof of Theorem 2.1. We present a proof of Theorem 2.1 using a series of steps.
By doing these steps systematically, we can prove the theorem 2.2.

Step 1. Since ¢ (z) € F* with a. < a < N +ny, there exists a constant K > 0
such that

o(z) < K1+ =)™, vz e RN,

Taking M > K and the self-similar solution Upsq (x,t) of (2.5) defined as (2.6),
since lilll r®far (r) = M > K, there exists a positive constant Ry such that
r—+00

rfar (r) > K for r > Ry.

Set £ = far (Ro) = min{fa (r) |r € [0, Ro]} > 0, it is easy to verify that ¢ (z) <
U (z,t0) for all z € RN, where tg € (0,1) and 3¢ > ¢l -

Let A > 0, then w (z,t) = AU (2, \a+mtk(p=2)=1p 4 to)faa is the solution of
the following problem

{pl () wy = wiV (p2 () wm! !Vwk‘p_2 Vw) , (x,t) € Q,

(2.19)
w (z,0) = AUn,q (z,t0) > Ap (), x € RV,

Taking n = far (0) and noting that fs (r) is non-increasing, we have
—ax
oo (@, 6)]log = mA (AT g )

Extracting that

ng—n _ _n3—nj B-1
|l‘| %—1*1 UM,(I (x,t) =1 a(‘l B-1 ) <‘tg;<’> fM <‘ij> s (220)

Then we could infer from lim 7fas (r) = M and "5=3* < a. < a that
r—~+00

— B qt+m+k(p—2)—1 - (ai ”%:7111 )
0 Dl g = 510 2155 o (,2)] < O (A Fto |
T T€ERN
(2.21)

where C' is a positive constant.
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Step 2. Set Z(x,t) = I (t)w (x,J (t)), where I (¢t) and J (t) are solutions of
the following problem

a(B=1)4+nj—ng

I'(t) = CB-1)\8-1 [)\q+m+k(p—2)—1j (t) + to] T algFmFk(p—2)—1)Fptni—ny JB (t)
J'(t) = 1T e (1) e (0, 00),
I(0)=1, J(0)=0.

)

(2.22)

By performing a direct calculation, we can obtain from equation (2.21) that
Z (z,t) fulfils

p1(2) 2 2 299 (pa (@) 27 V22V Z) + 03 (2) 27, (2,) € Q.
Z (2,0) = w (z,0) = A\Un1q (z,t0) > Ap (2), z € RV,
(2.23)

Step 3. We will prove that there exists a positive constant Ay = Ag (¢) such
that the problem (2.22) has a global solution (I (¢),.J(¢)) with I (¢) bounded
n [0, +o0) if A € [0, A\g). According to the standard theory of ODE, the local
existence and uniqueness of solution (I (¢),J (t)) of (2.22) holds (see Theorem
I1.3.2 in [32] and [9]). By (2.22), we have I’ (¢t) > 0,1 (¢) > 1 for t > 0; moreover,
the solution is continuous as long as the solution exists and I’ (¢) is finite.

From (2.22), while I (¢) exists in [0,¢], then J (¢) is uniquely defined by

t
J(t) = / JarmEkp=2)=1 () g,
0

Since ¢ + m+ k (p—2) > 1 and I (¢) is increasing, we can deduce that

J(s) = / JmHRE=2=1 () gy > [armHRe=2-1 0y s = 5 for all s € [0,1].

0
(2.24)

By (2.22), (2.24) and a > a. = #ﬁ_m, implies that

a(B=1)+nj—ng

t
1-1'""P@t)y=(8 - 1)(0)\)51/ [NHMARP=2)=1 J(g) 4 4] alatm kG2 Fpn—nz g
0

a(B—1)+ny1—ng

‘ _
<(B-1) Cﬁ—l)\ﬁ—l/ [)\q+m+k(p—2)—1s + | rtmHEmRm D g
0
—1yB—q—m—k(p—2 a(f-1)4ny—n
. (B—1) Cfi N—a—m—k(p )t(l]*a<q+m+k<p—2)711)+pinrnz. (2.25)
a(B—1)+n1—n3 1

a(g+m—+k(p—2)—1)+p+ni—n2 -
Let Ao = Ao (¢) be a positive constant defined by

(5 - 1) Cﬁ—l)\ﬁ—q—m—k(p_g) +1_ a(B—1)+n1—ng 1

algtm+tk(p=2)-1)+ptni-ngy _ —
a(B—1)+n1—n3 . 100 2’
a(g+m+k(p—2)—1)+p+ni—n2
then it follows from (2.25), 8> . >q+m+k(p—2)+ % > 1 that
1<I(t)< 251 for any A € (0, \], as long as I (t) exists globally.
On the other side, by (2.22) and (2.24), we have

gtm+k(p—2)—1

t<J(t)<2 A1 t forallt>0. (2.27)

(2.26)
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Moreover, J (t) is also global.

Step 4. For any A € (0, A\g], where A\g = A (¢) is defined as (2.26), the solu-
tion w (z,t) of (1.1)-(1.2) with initial value ug (x) = Ay (x) exists globally, and
u(z,t) < Z(x,t) in Q. Therefore, there exists a positive constant C' such that

I (3 8) (oo S || Z (141) oo < Qﬁn)\()\ﬁm%(p_z)_l{](t)+t0)_aa <Ot Vi > 0.
(2.28)

The proof of Theorem 2.1 is complete.

Proof of Theorem 2.2. Let

un (z,t) = nu (n:n, nl/o‘t) , n>1,
then it is easy to see that u,, (z,t) is the solution to the following Cauchy problem

|z|™ upt = u V (\x!m um1 ‘Vuf?bv)*2 Vun>
+np7n2+n37(,3*qufk(p*2))a |x’n3 U/E, (w, t) c Q’ (229)
un (x,0) = Anp (nx), r € RV,

It follows from (2.28) that

a

lun (z,t)|| oo = n® ||u (n:v, nl/o‘t) HOO < Cn* (n”“t) o, (2.30)

Therefore, {u, (x,t)} is uniformly bounded in RY x [§, 00) for any § > 0. Hence,
we can apply the idea in Chapter 9 in [15] and [33], to conclude that the family
{un, (z,t)} is relatively compact in L (@) . Then using the Ascoli-Arzela theorem

loc
and a diagonal sequence method in 9, we see that for any sequence n; — oo, there

exists a subsequence n; — oo and a function w (z,t) € C'(Q) such that
Un, (z,t) = w(z,t) as nj — oo,
local uniformly in Q. We will prove that
w(z,t) = Uma (2, 1) .

According to the definition of weak solution, w, (x,t) being a weak solution to
equation (2.29) implies that the integral identity

t
[ el wn e ede = [ ol w0 n e 0yde = [ [ (Jal wan
RN RN 0 JRN

-2
— || uﬁ_l ‘Vuﬁ’p YV, - V (uln) + nP—n2tnz—(B—q—m—k(p—2))a || UE’?) drdr
(2.31)

is satisfied for any non-negative n € C§° (RN x [0, oo)) .

Under the assumption ‘ llim |z|* ¢ (z) = M > 0, implies that
T|—0o0

[ Jal™ 0y (,0) di = [ o] () 1 (2.0)
RN RN

— )\M/ |lz[" x|~ n (x,0) dz, as n = nj — oco. (2.32)
RN
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On the other hand, we can obtain

t
/ / nP—n2tn3—(B—q—m—k(p—2))a || uﬁndlidT
0 JRN "

nt/ot
= / / natnrs =8 8 (ng ) n <l‘,n_1/a7') dxdr. (2.33)
0 RN

It follows from the proof Theorem 2.1 that Z (z,t) is the super solution to (1.1)-
(1.2); thus, we have

n@t T 273 48 (g, t) < n@tTT 2|8 ZP (na, t) <

< |nz|* Z (n, t) (n”3_n1 2|3~ 781 (n:n,t)) : (2.34)

It is easy to see that |nz|" Z (nz,t) is bounded by some constant independent of
n, x, and t; therefore, we deduce

ng—mn p-1
nns—n1 ‘x|n3fa Zﬂ—l (nx’t) — ‘x|7(a*n1) [’nx‘% A (nx,t)]
nz—mnq
_ —(a—n |[na| e
< CN1 |.%" ( g [(()\q+m+k(p—2)—1J(t)+to)a) .
()1 7(1(@7"3;?) | p-1
()\q p J(t) + to) A= fM((/\q+m+k(p—2)—1J(t)+to)")}

< C)\B—l |x’*(afn1) (/\q+m+k(p—2)—1J (t) + t()) —a(a(B—1)—(nz—n1))

n3—ni

[( (/\q+m+k(p,‘7§f,‘1j(t)+to)a) p-1 fm ( (Aq+m+k(p,|2>x,|1j(t)+t0)a )} 5*1.

(2.35)
Using the assumption EIJP |z|* far (1) = M and a > “4—1*, then for some z # 0
we have
( il ) il ) = 0as 0 oc
(ArkmHhE=2)-17(¢) + o) YN Qb m ko271 (1) + 1) |

(2.36)
Using the Lebesgue dominated convergence theorem and aggregating (2.33)-
(2.36), we get

t
/ / pp—n2tns—(B—g—m—k(p=2))a || uﬁndwdT —0asn= n; — o0, (2.37)
0 JRN
Moreover, letting n = n’ — oo in (2.31), we obtain

/ |z|" w (z,t)n (z,t) de — )\M/ |z |z|” " n (x,0) dz
RN RN

. - (2.38)
= / / <\x|m wny — |z w™ ! ‘Vwk‘ Vw -V (w%)) dxdr,
0 JRN
which implies that w (z,t) is the weak solution to the following problem
{m (x) wy = ulV (,02 (z) w1 |Vwk’p72 Vw) , (z,t) € Q, (2.39)
w(z,0) =AM |z|™%, z € RV,
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By the uniqueness of the weak solution of (2.39), we obtain w (x,t) = Uxarq (2, 1) .
Consequently, we have proven that

Up (2,t) = Usmr (2,t) as n — oo, (2.40)
uniformly in a compact set of Q. Let t = 1 in (2.40), we deduce

up (2,1) = Usprg (2,1) as n — oo, (2.41)
that is

nu (nz,nl/a> — fonr (|z|) as n — oo, (2.42)

uniformly in compact set of RN. We denote y = nz and s = n'/* in (2.42), we
obtain
s (y,s) = o (Jyls7%) as s — oo, (2.43)
which is
s* u(y,s) — Uxma (y,8) | = 0 as s — oo, (2.44)

uniformly in a compact set of R™. The proof of Theorem 2.2 is concluded.

3. Blow-up
We introduce a notation v = u!~9 and put this into problem (1.1)-(1.2)

q

L(v)=vT-a [pl (x) v — V(pg (z)v™2~1 ‘VUkQ

N = O

- VU) —(1—4q)ps(x) vﬂQ]

—~
L W

vle—o = vo () = [ug ()],

where mo = %, kz = 171]’ ﬁg = %
We note that if g(¢—1) > 0, then the equation (3.1) has a nontrivial solution and
v = 0 a trivial solution; otherwise, only a nontrivial solution exists. Therefore,
we consider only nontrivial solutions.

Theorem 3.1. Let 0 < a < a, ug (x) € F, and B < B, then the solution v (x,t)
of the problem (3.1)-(3.2) blows up in a finite time.

Proof. To obtain conditions for blow-up related to the problem (1.1)-(1.2), we
will employ the energy method. To accomplish this, it is necessary to select a
suitable test function as follows:

~1
e"“dm) , Vb = —ciwc, c>0.

||

Ve (z) = AcNe 7! with A = </

RN
Suppose that v (z,t) is the solution of the Cauchy problem (3.1)-(3.2) and T is
the blow-up time. Let

1

B =2 /RN p1 () 0° (2,8) e () da, £ € [0, T), (3.3)
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n3

where 0 < 5 < min{% —q, w(]\f - (1- m)ng)} , hence, we
get

e Vv)vs_l-

B (0= [ o@oo v @de= [ V(o) [voh
RN RN
Ve () dz + (1 — q) / pa () V5 Ny, () de > (1 — ) k2 / pa ()
RN RN
oD [Ty P g, (o) di — okl / pa () v a2 P 1
]RN

ve(@)do+ (1= q) [ o @) o e o)

(3.4)
By making use of Young’s inequality, we can obtain the following result
-1
c/ p2 () v3TmetR (=2t | gy Py () da < L
RN p
p
J e e o T T
RN D JrN
(3.5)

Given that s < 1/p — ¢, we can infer from (3.4)- (3.5) that

-2
cPKP

E(t) > (1-q) / pa(@ P+ L () dar—

RN b

/RN pa(a)v™ MR- (1)
(3.6)

—g—m—k(p—2 .
By s < an—g(p) (N— (1 — WM) n3> ; Jan te (2) dz = 1 and using
Holder’s inequality, we obtain

fRN p2vs+m2+k2(pf2)flwc (x) dr = fRN pé/p’ (x)v(ﬁﬁsﬂ)/p/_wl/p/.
;

1/ / 1
(pops "t ) da < [fon ps (@) 0545 Voeda] | [ o p 7 weda| T <
Crems/?' =12 [ o pa () o7+ Vhda] ¥

3.7
B2+s—1 ’ B2+s—1 ( )

/I __
where p' = o T 4 = Ba—ma—Fa(p=2)°

q’

Cy = [AfRN ] 772 s ‘|m|dx] > 0.
Using (3.6)-(3.7), we can derive the following
o
E (t) > |:/ p3 (x) v Ba+s— 1¢ dx] [(1 —q) I:/ p3 (x) y52+s—1wc (z) dz
RN RN
Cy kb2 eptns/p/=n2 }

b

Qe

By using Holder’s inequality once more, we can derive the following
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p!” "o q
[ @ es < L/“ p3<x>vﬁ2+s—1¢bdx] L/“ o ot IP ubdx] <
RN RN RN

p//

Cocs/P'—m [ / _p3 (@) v52+8_1zpcda:] :
R

1
P

" 7q7”
where p// — W) q// _ Bats—1 Cy = |:A fRN |x|q n1—mns3 e_mldx] > 0,

f2—1
Using formula (3.3) and the last inequality, we can conclude that

/!

p /!
[om@evanz (5) ey 69
RN CQ
According to expressions (3.8) - (3.9), it can be inferred that
S v 11 1ot "ol
Et)>1-q) <C> M8 (B (¢)]P /p {[E ()P /4 _
2
p—2 _p+nz—no—p’ni/q C P///ql
Ciky e <2> } (3.10)
p(1-4q) 5
Therefore, we can deduct from equation (3.10) that
E)>s (2 ’“/cp”nl—"3[12<tnp” (3.11)
— 2\ (04 ’
while
P—2 pt+nz—nz—p"n1/q a/v"
B(0) > &2 |20k c . (3.12)
s p(l—q)
Integrating (3.11), on the interval [0,¢], we have
1
B(t) > |(BO)" —cat] 7 (3.13)

/!

/1 p /1 _
where C3 = % (C% cPmTns s (),

Therefore, from (3.12)-(3.13), we obtain that v (x,t) blows up in finite time 7" =
()"

3
follows:

and get an estimate on the blow-up time of the solution v (x,t) as

11l 17 o 101 _ ol _ 17 —92
9l+q' (1=p")/p" sns—n1+q (1—p")(p+nz—n2)/p Cy C1 kY

r= p(1—q)

¢ (1-p")/p"
p'—1 s ]

Ultimately, we need to verify the blow-up condition which is stated in equation
(3.12). Since ug (z) € F, for some 0 < a < a., there exist two positive constants
M and Ry > 1 such that ug (x) > M |z|™“ for all |z] > Ry, and we have the
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following inequality:

1 AMSI=a) N
BO) = [ @) (@) e (o) de = S [ gt g
S JRN S ‘I|ZR0
AMs(l—q) s(1—q)a—n1
= ¢ / || s gl gy (3.14)
$ |z|>cRo

1

By the definition of A and 0 < a < a., we could choose 0 < ¢ < N so small that
0

(3.12) holds. The proof of Theorem 3.1 is complete.

4. Life span of the solution

Within this section, we will give estimates of the life span T} of solution to
(1.1)-(1.2) both from below and above.

Theorem 4.1. Assume that ug (x) = Ap (x) for some X > 0.
o Let p(x) € F, with a € (0,a.), then there exist A1 = A (p) > 0 and
Co > 0 such that

_2B=2+4(B—m—k(p—2))n1+(g+m+k(p—2)—1)ng
Ty < CoA p=nztnz—(gtm+k(p=2))a for all A < A1,

o Let p(x) € F* with a € ("%:Tl“,ac), then there exist \y = A1 (¢) > 0
and cg > 0 such that

_2B=2+(B—m—k(p—2))n +(g+m+k(p—2)—1)ng
T > coA p—nyFnz—(a+m+k(p—2))a for all A < A1

Proof. In order to obtain an upper estimate of T}, we introduce u; (x,t), as
follows

(4.1)

28—2+(B—m—k(p—2))ny+(qg+m+k(p—2)—1)ng
uj (,1;7 t) =lu ll/acg;’l p—ng+ng—(g+m+k(p—2))a t),

where | > 0 and u (z,t) is the solution to (1.1)-(1.2) with ug (z) = A¢ (z), then
uy (x,t) solves the following problem

p—2
pr () Oy = ulV <p2<x>u;”1\wf) wz)m(w)uf, (x.1) € Q, (4.2)

uy (z,0) = N (ll/“ca:) , z e RY, (4.3)

We use the notation v; = ullfq, then (4.2)-(4.3) problem becomes to the next
form

p1(z) Oy =V <,02 (z) v} V’Ulk2

sz) FA—gms@ef, (44)

1—
im0 = [)\lgo (zl/%xﬂ Y zeRV, (4.5)

where mo, ko, B2 defined above.

Let T}, be the life span of v; (x,t), it is easy to see that

2B—2+(B—m—k(p—2))n1+(g+m+k(p—2)—1)ng (1—q)
T =1 p—natnz—(atmtE(p—2)a Vi, (4.6)




ANALYSIS OF A DOUBLE NONLINEAR PARABOLIC EQUATION ... 15
We define
1 *
Eeto) =5 [ @) @0ve@de te 0,1, @)
R

where 1. () defined above.
We deduce from the arguments in Blow-up section 3 that if

_ 7 ’ q//p”
Cy | 2C1 K 2eptns—na—p'ni/q
E.(0,v; (x,0)) > — , 4.8
then .
/ 1 S 4 ""ny—n p//
E.(t,u)> == T B ()P . (4.9)
2\ Cy
Integrating the above inequality over an interval (0,t), yields
* 2 CQ P” _ ! 1—p'’
17 < -1 <s) BTPME(0,u (2,0))] 7P . (4.10)

It needs to confirm the blow-up condition (4.8). Notice that ¢ (z) € F, with
a € (0,a.) and choose

AL = 190, (4.11)
then
A=) . s(1—q)
B (0,0 (,0)) = X7 / 2™ o (o) | e (2 do =
S RN

A s(1—-q)
_ “tras(l—q)/ac ,—n1 ni 1/ac .—1 —|z|

sl c /RN || [gp (l c m)] e lde.

Since lim |z|* ¢ () > M, for some M > 0, there exists a positive constant Iy
T—r00
such that

s(1—q)
las(l—q)/acc—as(l—q) ’x‘as(l—q) |:S0 (ll/acc_l.%'>] 4 > Ms(l—q) fOT > lO- (412)
Furthermore, we obtain

AM3(1—q) as(
—c

lim inf E. (0, v; (x,0)) >
l—00 S

1—q)—n ’x|n1fas(lfq) 67‘m|dl’ —
RN

Coc™*1=0=m (4.13)

Since a € (0,a.), it follows from (4.13) that (4.7) holds if ¢ is small enough.
Finally, we see that [ — oo as A — 0 and apply (4.5), (4.9), (4.10) to conclude
the upper bound of life span T7.

To establish a lower bound of life span 75, we will construct a suitable super
solution to (4.4). As demonstrated in the section on the global existence of the
solution, for each ¢ € F'*, there exist My > 0 and ty such that

¢ () < Unmya (z,t0) - (4.14)
Let z be the solution to the Cauchy problem
p—2

P @0 =AY (@) [0t va ) @neos @)

21 (x,0) = Ny <l1/acx) , z e RV, (4.16)
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Using the similarity of Upy, o (z,t0) , we have

AUty 0 (ll/aczn,to) = Uty (m ra%at) , (4.17)
where A, a defined above. Using the comparison principle, we infer

2] (l‘,t) < UMo,a <a;,t + l_%%t0> . (4.18)

n3—nj

Applying the assumption it <a and using the similar arguments for (2.21),

we obtain

n3—nj n3—nj _ 1
|21 (a:,t)Homhn3 = sup |z] 7T |z (z,t)] < sup |z| T Ungpa (x,t—H acato)
zeRN zeRN

< O (t + zaiato>a(a =) (4.19)
Let h (t) be defined by

1

t 1 —a((B—1)a—n3+n, T B—1
h(t) = [1 - (8- 1)/ (s + l*aTato> e )ds] : (4.20)
0

then h (t) fulfills the following problem

—a((f—1)a—n3+n
W)= OOt (b4 1wty ) el

h(0) = 1.

7 (1), (4.21)

Set
t
w (2,t) = h(t) z (z, 7 (1), with 7(t) = / RatmERP=2)=1 () ds.  (4.22)
0
Next, we will show that u; (x,t) is a super solution to (4.4)-(4.5). Recall that

t t
r) = [ Hem e () sz [ ) ds —
0 0

Based on equation (4.19), it can be inferred that

p1 (z) Oy > ufV (pz ()Tt [vaf | Vﬂz) +ps (@)W (1,) €Q,
uy (z,0) = 2 (z,0) = Mo (ll/ac$) =y (z,0), r € RN,
(4.23)
According to the principle of comparison, we obtain
T > T3, (4.24)
where T} is the life span of h(t). Since, a € (0,a.), we obtain
a(B—1)+n —ng

alg+m+k(p—2) =1)+p+mn —ny
deduce that T} fulfills

< 1. Furthermore, from (4.19), we can

L 1— a£5—1%+n11—n3
(6 o 1) Cﬁfl <T;: + l_@to) a(gt+m+k(p—2)—1)+p+ni—no
> 1 (4.25)

1— a(f—1)4+ni1—n3 —
a(g+m+k(p—2)—1)+p+n1—n2
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Moreover, we obtain that [ — oo as A — 0 and apply (4.6), (4.11), (4.24), (4.25)
to obtain the lower bound of life span 7. The proof of Theorem 4.1 has been
concluded.

Corollary. If ug(z) = Ao (z), A > 0 and ¢ € F, N F* with a € <"3*”1,a6) ,

B—1
then we have the following an estimate of T7:

_2B—2+4(B—m—k(p—2))n1 +(g+m+k(p—2)—1)ng

coA p—ng+nz—(g+m+k(p—2))a <7y <
_28=2+4(f=—m—k(p=2))n +(q+m+k(p=2)—1)ng
Co p—ng+n3z—(g+m+k(p—2))a , for all A < Aj.

5. The self-similar analysis

In this section, we construct the Barenblatt-type self-similar solution. The
problem (2.1)-(2.2) is an equivalent form of the problem (1.1)-(1.2). First, we
rewrite the equation (2.1) as follows

ko P2
'y, = rlN({in (rNH”vaQl agr g:) +(1—-9q) P2, (5.1)
where r = |z|.
Then, we look v (¢,r), as follows
v(t,r) = (Ti+6)" f e (r) (Th + 1)), (5.2)
P2 _ p—n2+ni n2+n1 0,
where ¢ (r) = { P2’ b2 7
Inr, po =0,
oy = DR gy = Boma R0 B AL (B, 1)+ 2 (ma +ha(p—2) — 1) £ 0.

We con81der the case py # 0, then the equation (5.1) transforms into the following
form

n—1 pmo—1
€ (s f

where n = L;;"l, E=p(r) (T +1)*
Let us introduce new notations

Ulwt) =@+ F(©), f©)=B(-e") . (5.4)

df*>
de

P2 af df n3/P2 e o
d§>+ fdfg%—ouf‘f‘( q) Py Paens g2 = 0

(5.3)

— p—1 —
where v = s TR (p=2)=1 B =

,b = const > 0, (a), =

max {a,0} .

Theorem 5.1. Let us py > 0, u(x,0) < U (x,0), 2 € RY, and of the following
iequalities satisfy

ny > max (N +n1) (B = ma — ks (p—2) = ppa, — 72200
n3 < min ((N—i—nl)(ﬂg—mg—kg (p—2)) — pp2, —%> )
Then for solution of the problem (1.1)-(1.2) an estimate
u(z,t) <U(z,t) in Q,

(5.5)
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hold.

Proof. We prove Theorem 5.1 by applying the comparing solution technique
outlined in [2]. The function U (z,t) is used to compare solutions. Substituting
(5.4) into (2.1) yields the following;:

P ol st

d¢ d¢
(1—q)py*/"em ). (5.6)

Now to prove the theorem we should show that

L) =~ (T +1) [ §<5" Lt

1
L(U)<0inD= {(x,t) | 2| < (pr@—l)/p (T+t)°‘2> Pt 0}.

For this purpose, we need to show that

n—1 pmo—1 d.ka
& (5 7
(5.7)

d§
It is easy to show that the inequality (5.7) can be rewritten as follows, for the
function f (&)

p—2
Zﬁ) Faa i b anf + (1= g 20

f [011 —agn+(1—-q) PSS/mﬁne’fﬁrl} > 0.
Since f and ¢ have a non-negative property, we have
a1 —oon >0 in £ﬁ < b.
To fulfil the last inequality, it is necessary that
pp2 +n3+ (N + 1) (m2 + ka2 (p — 2)) — B2 (N +n1)
pp2B2 + n3 (m2 + k2 (p — 2)) — pp2 — 13 '

Since one of the inequalities in (5.5) holds, the last inequality is satisfied.
The proof of the Theorem 5.1 is complete.

0< a3 —agn =

5.1. Asymptotic of compactly supported weak solution. Let us introduce
a new notation

P \7
9(©) =B (b+¢1)
where b, B, and ¢ defined above.

We shall investigate nontrivial, non-negative solutions to the equation (5.3) that
fulfil the following conditions:

f(0)=1¢c1 >0, f(a1) =0, a3 < oc. (5.8)
f(oo)=f'(0)=0. (5.9)

Theorem 5.2. Let ma+ka (p—2) > 1, 8> B¢, and v (1 — B2) < 1, then a finite
solution of the problem (5.3), (5.8) has an asymptotic representation
— p=1
fEQ=rQQ+0(1),at{—>b" .
Theorem 5.3. Let ma + ka(p—2) < 1,8 > S, and v(1 — B2) < 1, then the
solution of the problem (5.3), (5.9) has an asymptotic representation

f) =9 A+0(1)), at & — +oo.
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Proof. Theorems 5.2 and 5.3 could be proved in the same manner as it was done
in [3].

Note that the singular(critical) cases mo+ko (p —2) =1, p = ng—ny, and A, =0
were studied in the work [3, 4].

2. Fundamental solution. In 8. =q¢+m+k(p—2) + %, value
of b can be obtained if the initial condition (3.2) is the equivalent to the condition
vo () = Eod (x), where d (z) - Dirac delta function Ey = [pn p2 (@) v (2,t) d.
To determine the value of b, we use the method outlined in [7]. Let the constant b
satisfy the Dirac condition, then we say that the function v (¢, z) is the generalized
(weak) fundamental solution of the problem (3.1)-(3.2).

In particular, the source-less form of (3.1)-(3.2), in the case ¢ = n; = 0,k =
1,p = 2 the authors of the work [35], in ¢ = ne = 0,k = 1,p = 2 S. Kamin and
P. Rosenau [20], and in ¢ = n; =ny =ng = 0,k = 1,p = 2, V. Galaktionov, J.
Vazquez [16] determined the value of b.

Consider the following integrals:

In (v,m) = /RN (bg' — &™) de, (5.10)

In e = [ (@ - ) € (5.11)
R
n [3] the authors showed that In (v,71) and Jy (7v,71,72) have the following

relation:
1 N 71
IN (7791, 7a) = (7) In (7, .
N(’V’Yl ’)’2) v+ 1 N(’Y 72+1>

Therefore, it is enough to consider the integral (5.10). Introduce the following
notations:

b= (G &) = (0 - Zw) i=N-LL.

Then we can rewrite (5.10) as follows:
In ('7 'Yl = fRN b’yl - 5% ’ydg = fRN—l dOn_1 fR(X’Jy\}_11_ %1)1di

fivos A1 [0 (R — €0V = [en = xnazy

1
T 2 Jan- 1XWl+ld9 —1f0 T AN 1’2117 dzy = 2B<7+1 )IN_l (74_711)
v+

=...=1( ) B( )

— Y [”( T+ )] plHm Lkl b (lr <L))N,

" r(y+1425) r(y142) A1 Am

s

(5.12)
Given that b = bl',y1 = ”717;2%, v2 = ny and put that to (5.12), then we have
the following equation:

N(p—1)
_ b2 T T (y41)

N
E _ 1 0 —
FO =J(7,7,72) = (724_1) In <'Ya ’yzi—l) = F(7+1+N((p—1)(1+n1)))

N (p—ng+ny)
2(p— 1) —1)(1+4n4)
p— n2+n1 p na+ny) :
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Hence 1
(p=1)(A+nq) NOG—1)
b=0b(Ep) = Eor<7+1+NE (P*;zﬂll) )) p—n2+ni N] p1j511;+1721 +
- — | B T'(y+1 (p=1)(A4nq) :
i 20-0r ()

6. Conclusion

In this paper, we have studied the global existence and blow-up phenomena of a
double nonlinear parabolic equation with a source in an inhomogeneous medium.
By using the energy method, we have proved that the solution of the problem
blows up in a finite time. We have also shown the global existence of the solu-
tions and provided lower and upper estimates of the life span. In addition, we
have constructed a self-similar Barenblatt-type solution and obtained an upper
estimate of the solution to the problem. Using the Beta function, we have cal-
culated the exact value of the Barenblatt-type solution parameter b, when the
initial energy is given.
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