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LOCALLY CONFORMAL HIGHER ORDER LAGRANGIAN

DYNAMICS

SERDAR ÇİTE AND OĞUL ESEN

Abstract. This work presents higher order Lagrangian dynamics pos-
sessing locally conformal character. More concretely, locally conformal
higher order Euler-Lagrange equations are written with particular focus
on the second- and the third-order cases.

1. Introduction

The existence of global Hamiltonian dynamics defined on a whole (symplectic
or Poisson) manifold reads local Hamiltonian dynamics in each local chart [1, 2,
26]. However, the inverse of this assertion does not generally hold; having local
Hamiltonian dynamics in each chart does not guarantee the existence of global
Hamiltonian dynamics. An example of this is provided by locally conformally
symplectic (abbreviated as LCS) manifolds and the dynamics on this manifold
that is locally conformal Hamiltonian dynamics [4, 24, 34, 35, 36].

Locally conformal analysis has been extensively studied through various ap-
proaches in recent literature. We refer to [10, 33] for foundational work on LCS
geometry in the context of cotangent bundles, which underpins the rationale of
the present work, given that cotangent bundles can be considered generic for LCS
manifolds. In [34], reduction theories have been applied to LCS dynamics. For
a discussion on Hamilton-Jacobi theory within an LCS framework, see [18]. In
the context of field theories, see [16, 17], and for time-dependent Hamiltonian
dynamics, refer to [3].

An obvious question is to investigate the Lagrangian counterpart of locally con-
formal dynamics. This is established in [19, 20] by computing locally conformal
Euler-Lagrange equations.

In the present work, we extend locally conformal Lagrangian dynamics to
higher order tangent bundles. This includes dynamical equations governed by
Lagrangian functions that depend on higher order terms beyond just position
and velocity. More concretely, we present the locally conformal higher order
Euler-Lagrange equations.

In Section 2, we provide a concise yet explicit presentation of locally con-
formal Hamiltonian dynamics, whereas in Section 3, we review locally conformal
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Lagrangian dynamics. Section 4 summarizes the fundamentals of higher order La-
grangian theory. Before proceeding to the n-th order theories, we derive our first
novel result—the locally conformal second order Euler-Lagrange equations—in
Section 5. In Section 6, we examine locally conformal n-th order Lagrangian
functions, while Section 7 introduces a compact notation for the terms required
in n-th order Lagrangian dynamics within the locally conformal framework. Sub-
sequently, in Section 8, we present our novel result: the locally conformal n-th
order Euler-Lagrange equations. Finally, Section 9 provides an example that ap-
plies the theories we have developed—a locally conformal analysis of the chiral
oscillator.

2. Locally Conformally Symplectic Geometry

There are alternative ways to define locally conformally symplectic (LCS) man-
ifolds. We begin with the one involving the Lichnerowicz-deRham (LdR) differ-
ential then we shall elaborate what we call the local-to-global approach.

Locally Conformally Symplectic Manifolds. An LCS manifold (M,Ω, φ)
consists of an even dimensional manifold M and an almost symplectic two-form
Ω (non-degenerate but not closed) satisfying

dφΩ := dΩ− φ ∧ Ω = 0 (2.1)

for a closed (called as Lee) one-form φ, [5, 24, 25, 35]. Here, dφ stands for the
Lichnerowicz-deRham differential. For a Hamiltonian function H, the locally
conformal Hamiltonian dynamics is determined through the locally conformal
Hamilton’s equation:

ιξHΩ = dφH, (2.2)

where ξH called locally conformal Hamiltonian vector field.
If, in (2.1), the Lee-form is identically zero then Ω turns out to be a symplectic

two-form hence we arrive at a symplectic manifold (M,Ω). In this case, the
locally conformal dynamics in (2.2) becomes the Hamiltonian equation in its
very classical form:

ιXH
Ω = dH. (2.3)

The generic example of a symplectic manifold is the cotangent bundle T ∗Q of
a manifold Q [1, 26, 31]. In this case, the canonical symplectic two-form on T ∗Q
is given by the negative exterior derivative

ΩQ = −dΘQ (2.4)

of the canonical (Liouville) one-form ΘQ.
Generic examples of LCS manifolds are cotangent bundles as well [10]. Con-

sider a closed one-form ϑ on a manifold Q. Pull this one-form back to the cotan-
gent bundle using the cotangent bundle projection πQ : T ∗Q 7→ Q, then obtain a
closed and semi-basic one-form

φ = (πQ)
∗ϑ. (2.5)

The negative LdR differential with respect to φ of the canonical one-form ΘQ is
an LCS two-form

Ωφ = −dφΘQ = −dΘQ + φ ∧ΘQ = ΩQ + φ ∧ΘQ. (2.6)
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Therefore, the triple (T ∗Q,Ωφ, φ) is an LCS manifold.

Local to Global Analysis. For an LCS manifold (M,Ω, φ), each local chart
of the manifold M is a symplectic space (Uα,Ωα) where Ωα is a local symplectic
two-form. On the intersection Uα ∩ Uβ of two local symplectic charts (Uα,Ωα)
and (Uβ,Ωβ) of M , we have the equality

eσαΩα = eσβΩβ, (2.7)

where {eσα}’s are called conformal factors. The existences of the conformal fac-
tors read that local symplectic two-forms {Ωα} cannot be glued up to a (real-
valued) two-form on the whole manifold M . On the other hand, we can define
local two-forms

Ω|α = eσαΩα, (2.8)

which fail to be symplectic since they are not closed. But one can glue up local
two-forms {Ω|α} define a global two-form which we denote by Ω. This two-form
is the one in the definition of the LCS manifold (M,Ω, φ). The exterior derivative

dΩ|α = dσα ∧ Ω|α, (2.9)

determines the Lee one-form φ|α = dσα in the local picture.
For the dynamics, we start with the local symplectic Hamiltonian flow on a

local symplectic space (Uα,Ωα) given by

ιXαΩα = dHα, (2.10)

where Xα is the local Hamiltonian vector field. On the intersection Uα ∩ Uβ, we
assume the local equality

eσαHα = eσβHβ. (2.11)

This leads us to determine a global function H on M so that its local picture is

H|α = eσαHα. (2.12)

In accordance with, we glue the local Hamilton’s equation (2.10) to the LCS
Hamilton’s equation (2.2).

Coordinate Realizations. Consider the cotangent bundle LCS manifold given
by (T ∗Q,Ωφ, φ). Assume an open covering for a manifold Q with dimension r:

Q =
⊔
α

Vα. (2.13)

This induces manifold structures on the tangent and the cotangent bundles as

TQ =
⊔
α

TVα =
⊔
α

Vα × Rr, T ∗Q =
⊔
α

T ∗Vα =
⊔
α

Vα × (Rr)∗, (2.14)

respectively. The Darboux coordinates (qi, pi) on T ∗Vα reads the global canonical
one-form ΘQ and the global symplectic two-form ΩQ as

ΘQ|α = pidq
i, ΩQ|α = dqi ∧ dpi, (2.15)

respectively. On the other hand, there exist Darboux coordinates (qi, ri) that
yield the local canonical one-form Θα (which is not global) and the local canonical
symplectic two-form Ωα (which is also not global) as

Θα = ridq
i, Ωα = dqi ∧ dri, (2.16)
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respectively. The relationship between local momentum coordinates is

ri = e−σαpi. (2.17)

Without loss of generalization, we take the conformal factors σα = σα(q) depend
only on the coordinates of the base manifold Q. Then, the local symplectic
two-form Ωα in (2.15), in terms of the coordinates (qi, pi), is computed to be

Ωα = −dΘα = dqi ∧ dri = e−σα

(
dqi ∧ dpi +

1

2
Aijdq

i ∧ dqj
)
, (2.18)

where we define the following tensorial object:

Aij := φipj − φjpi, φi :=
∂σα
∂qi

. (2.19)

Thus LCS two-form Ωφ defined in (2.6) is written in terms of the coordinates
(qi, pi) as

Ωφ|α = dqi ∧ dpi +
1

2
Aijdq

i ∧ dqj . (2.20)

In terms of the Darboux coordinates (qi, pi), writing H instead of Hα, we arrive
at the following proposition which states the Hamiltonian motion possessing local
conformal character.

Proposition 2.1. In Darboux’ coordinates (qi, pi), the LCS Hamilton’s equation
generated by a Hamiltonian function H = H(q, p) is

dqi

dt
=

∂H

∂pi
,

dpi
dt

= −∂H

∂qi
−Aij

∂H

∂pj
+Hφi, (2.21)

where the quantities Aij and φi are those given in (2.19).

3. Locally Conformally Lagrangian Dynamics

Consider the tangent bundle TQ covered by local charts TVα (as defined in
(2.14)), each equipped with a local Lagrangian function Lα = Lα(q

i, q̇i). It
is assumed that these local Lagrangian functions satisfy conformal relations on
intersections, say TVα ∩ TVβ, as

eσα(q)Lα(q, q̇) = eσβ(q)Lβ(q, q̇), (3.1)

where {σα}’s represent a family of smooth functions. Once again, the conformal
factor does not permit us to glue the local Lagrangian functions {Lα} into a real-
valued Lagrangian function on the tangent bundle TQ. However, local functions

L|α = eσα(q)Lα. (3.2)

determine a global real-valued function L on TQ. Notice that, without loss of
generality, we choose the conformal factor to depend only on the position (qi).
See the discussion done in the previous section, or [20] for the reasoning behind
this choice.

In the induced coordinates (qi, q̇i) on the tangent bundle TQ, we arrive at
the following proposition [20, 19] writing by using the notation presented in this
subsection.
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Proposition 3.1. For a given Lagrangian function L = L(q, q̇), the locally con-
formal Euler-Lagrange equations of first order is

∂L

∂qi
− d

dt

∂L

∂q̇i
= Ai[L], (3.3)

where the quantity on the right hand side is

Ai[L] = φiL− φj q̇
j ∂L

∂q̇i
. (3.4)

The locally conformal Hamilton’s equations in (2.21) and the locally conformal
Euler-Lagrange equations in (3.4) are related with the Legendre transformation:

FLα : TVα −→ T ∗Vα, (qi, q̇i) 7→ (qi, ri) =
(
qi,

∂Lα

∂q̇i
)
. (3.5)

See that when the conformal factor is zero, we have φα = 0 hence Ai = 0 then
from the locally conformal Euler-Lagrange equations (of the first order) (3.3), we
obtain the Euler-Lagrange equation in its very classical form:

∂L

∂qi
− d

dt

∂L

∂q̇i
= 0. (3.6)

4. Higher Order Lagrangian Dynamics

In the classical picture (3.6), the Lagrangian function is defined on the tangent
bundle TQ hence it depends on position and velocity, that is, L = L(q, q̇). The
variation of the action integral yields the Euler-Lagrange equations (3.6). To gen-
eralize this, we may define higher order Lagrangian functions on the higher order
tangent bundles, [1, 12, 13]. In this subsection, we briefly recall the higher order
Euler-Lagrange equations, with particular interest in the second order theory.

We denote the n-th order tangent bundle by TnQ with induced coordinates
(qi, q̇i, q̈i, . . . , qi(n)). In this case, the Lagrangian L depends on the base coordi-

nates and their derivatives up to the n-th order, that is, L = L(q, q̇, q̈, . . . , q(n)),

where qi(n) denotes the n-th time derivative of the position qi. Consequently, the

variation of the action integral yields the higher order Euler-Lagrange equations,
given by

n∑
s=0

(−1)s
ds

dts
∂L

∂qi(s)
= 0. (4.1)

A second order Lagrangian function is defined on the second order tangent
bundle T 2Q, so it depends on the acceleration in addition to position and velocity.
That is, L = L(q, q̇, q̈). If Q is an r-dimensional manifold then T 2Q is a 3r
dimensional. For a second order Lagrangian function, we have the second order
Euler-Lagrange equations as

∂L

∂qi
− d

dt

∂L

∂q̇i
+

d2

dt2
∂L

∂q̈i
= 0. (4.2)
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5. Locally Conformal Second Order Lagrangian Dynamics

We begin with the locally conformal analysis of the second order Lagrangian
dynamics (4.2) on the second order tangent bundle T 2Q. Consider the local
charts {Vα}, as given in (2.13), for Q. We then define the local chart for the
second order tangent bundle as

T 2Q =
⊔
α

T 2Vα =
⊔
α

Vα × Rr × Rr. (5.1)

We consider a local Lagrangian on T 2Vα as

Lα = Lα(q, q̇, q̈). (5.2)

The extreme values of the local action integral defined by Lα are computed
through its variation:

δ

∫ b

a
Lα(q, q̇, q̈)dt = 0. (5.3)

In this picture, we have the local second order Euler-Lagrange equations:

∂Lα

∂qi
− d

dt

∂Lα

∂q̇i
+

d2

dt2
∂Lα

∂q̈i
= 0. (5.4)

Assume that on the (non-trivial) intersection of two local charts, say T 2Vα∩T 2Vβ,
the two local Lagrangians are related as follows

eσα(q)Lα(q, q̇, q̈) = eσβ(q)Lβ(q, q̇, q̈). (5.5)

The locally conformal character in (5.5) does not allow us to glue the set {Lα}
of local second order Lagrangians or the local Euler-Lagrange equations (5.4)
in global pictures. To define a global picture, we introduce the following local
second order Lagrangian function:

L|α(q, q̇, q̈) = eσα(q)Lα(q, q̇, q̈). (5.6)

In light of (5.5), the local Lagrangian functions defined through (5.6) can be
glued up to a global Lagrangian function, which we denote by L, on T 2Q. That,
we now have a global Lagrangian function L with local realization L|α on T 2Vα.
We apply variational analysis to arrive at the equations of motion governed by
this Lagrangian L. To this end, we replace Lα in the action (5.3) with L then we
compute

δ

∫ b

a
e−σαLdt =

∫ b

a

(
− e−σα

∂σα
∂qi

Lδqi + e−σα
∂L

∂qi
δqi

+ e−σα
∂L

∂q̇i
δq̇i + e−σα

∂L

∂q̈i
δq̈i

)
dt

(5.7)

for fixed endpoints. By applying the method of integration by parts iteratively,
and omitting the boundary terms, one arrives at the following:

δ

∫ b

a
e−σαLdt =

∫ b

a

(
− e−σα

∂σα
∂qi

L+ e−σα
∂L

∂qi

− d

dt

(
e−σα

∂L

∂q̇i
)
+

d2

dt2
(
e−σα

∂L

∂q̈i
))

δqidt.

(5.8)
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We assume the arbitrariness of δqi and we take the variation to be zero, the result
reads

e−σα
∂L

∂qi
− d

dt

(
e−σα

∂L

∂q̇i

)
+

d2

dt2

(
e−σα

∂L

∂q̈i

)
− e−σα

∂σα
∂qi

L = 0. (5.9)

We expand each term in (5.9) using the Leibnitz rule, and then arrive at a
more explicit formulation of the locally conformal second order Euler-Lagrange
equations. We record this in the following proposition which is the first novel
result in this work.

Proposition 5.1. The locally conformal Lagrangian dynamics generated by a
second order Lagrangian function L with the set of conformal factors {σα} is

∂L

∂qi
− d

dt

∂L

∂q̇i
+

d2

dt2
∂L

∂q̈i
= A2

i [L] (5.10)

where the quantity on the right-hand side is given by

A2
i [L] = φiL− φkq̇

k ∂L

∂q̇i
+

(
φkq̈

k + φklq̇
kq̇l + 2φkq̇

k d

dt
− φkφlq̇

kq̇l
) ∂L

∂q̈i
, (5.11)

with the following notation:

φk =
∂σα
∂qk

, φkl =
∂2σα
∂qk∂ql

. (5.12)

Notice that if the conformal relation is trivial, then we have A2
i (L) = 0, hence

(5.10) turns out to be the second order Euler-Lagrange equations (4.2). On the
other hand, if the Lagrangian L does not depend on the acceleration, then the
third term in (5.10) drops, and the quantities A2

i [L] in (5.11) reduce to Ai[L]
in (3.4), and thus the locally conformal second order Euler-Lagrange equations
(5.10) become the locally conformal Euler-Lagrange equations (3.3) of first order.

6. Locally Conformal Higher Order Lagrangian Functions

In this and the following two sections, we generalize the locally conformal
second order Lagrangian theory developed in the previous section to the n-th
order. To this end, at first, we consider the local charts {Vα} in (2.13) for a
manifold Q then assume the induced local chart for the n-th order tangent bundle
TnQ as follows

TnQ =
⊔
α

TnVα =
⊔
α

Vα × Rr × Rr × · · · × Rr. (6.1)

Notice that if Q is an r dimensional manifold, then TnQ is (n+1)r-dimensional.
Assume a local n-th order Lagrangian function that depends up to n-th time

derivative of position q:

Lα = Lα(q, q̇, q̈, . . . , q(n)). (6.2)

The extreme values of the local action are computed through the variation as
follows:

δ

∫ b

a
Lα(q, q̇, q̈, . . . , q(n))dt = 0. (6.3)
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This yields the local Euler-Lagrange equations for Lα as

n∑
k=0

(−1)k
dk

dtk
∂Lα

∂qi(k)
= 0. (6.4)

We further assume that on the intersections of the local charts, the local La-
grangian functions do not coincide but are related by conformal factors. For
example, on TnVα ∩ TnVβ, we have that

eσα(q)Lα(q, q̇, q̈, . . . , q(n)) = eσβ(q)Lβ(q, q̇, q̈, . . . , q(n)). (6.5)

The conformal relations on local Lagrangian functions, given in (6.5), do not
allow us to glue local higher order Lagrangians into a global one. Accordingly,
we define the following local n-th order Lagrangian function:

L|α(q, q̇, q̈, . . . , q(n)) = eσα(q)Lα(q, q̇, q̈, . . . , q(n)). (6.6)

See that, the local Lagrangian functions defined through (6.6) can be glued up
to a global Lagrangian function L on TnQ. In this case, the local picture of the
global Lagrangian function L on TnQ is L|α. To get the equation of motion for
the Lagrangian function L, we substitute the local Lagrangian functions Lα in
the action (6.3) with L in (6.6). Accordingly, we have

δ

∫ b

a
e−σαLdt =

∫ b

a

(
− e−σα

∂σα
∂qi

Lδqi + e−σα
∂L

∂qi
δqi

+ e−σα
∂L

∂q̇i
δq̇i + · · ·+ e−σα

∂L

∂qi(n)
δqi(n)

)
dt

(6.7)

for fixed endpoints. After applying the method of integration by parts, then
omitting the boundary terms, the variation turns out to be

δ

∫ b

a
e−σαLdt =

∫ b

a

(
− e−σα

∂σα
∂qi

L+ e−σα
∂L

∂qi

− d

dt

(
e−σα

∂L

∂q̇i
)
+ · · ·+ (−1)n

dn

dtn
(
e−σα

∂L

∂qi(n)

))
δqidt.

(6.8)

We set the variation (6.8) to zero and get

n∑
s=0

(−1)s
ds

dts

(
e−σα

∂L

∂qi(s)

)
− e−σα

∂σα
∂qi

L = 0. (6.9)

To obtain a more explicit expression for the dynamical equations (6.9), we expand
each term individually. This requires a substantial study of the Leibnitz and chain
rules in combinatorial notation, which will be addressed in the upcoming section.

7. Some Combinatorial Notations and Bell’s Polynomials

This section examines the terms in (6.9). This leads us to get rid of the
exponential functions and permits us to write the dynamical equations in a more
compact form. The combinatorial properties of the chain rule for composition of
functions are studied in [23].
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We begin with the k-th time derivative term (for n ≥ k > 1) in (6.9) as follows

ds

dts

(
e−σα

∂L

∂qi(s)

)
=

s∑
a=0

(
s

a

)
ds−a

dts−a
(e−σα)

da

dta
∂L

∂qi(s)
. (7.1)

Observe that, in (7.1), there appear the higher order derivatives of the conformal
factor e−σα . A straightforward but tedious calculation using repeated applica-
tions of the chain rule yields

ds

dts
(e−σα) = e−σαBs, (7.2)

where the second term on the right-hand side is

Bs =
s∑

m=1

[
Φm ·Bs,m(q̇, q̈, . . . , q(s))

]
. (7.3)

Let us precisely define the terms in (7.3) one by one.
The first term Φm in (7.3) refers to the combinatorial product

Φm :=
∑
p∈P

(−1)|p|
∏
S∈p

∂|S|σα∏
u∈S ∂qu

(7.4)

determining the partial derivatives of the conformal factor σα. To define Φm

more explicitly and show its relation to m, we consider the index set M =
{i1, i2, . . . , im}. The set P consists of all partitions of M . We denote by p a
partition in P and by S a block of the partition p. Here, |S| denotes the number
of elements in the block S, while |p| denotes the number of blocks in the partition
p.

Example 7.1. In the first-order theory, where n = 1, we have k = 1 in (6.9), and
m is also equal to 1. In this case, the partition set is a singleton, i.e., P = {i},
hence M = {i}. Therefore, we have only one block, and the combinatorial
notation is

Φ1 =
∑
p∈P

(−1)|p|
∏
S∈p

∂|S|σα∏
u∈S ∂qu

=
∑
p∈{i}

(−1)1
∂σα

∂q(p)
= −∂σα

∂qi
= −φi, (7.5)

where ∂σα/∂q
i = φi.

Example 7.2. For the second order theory (n = 2), we have k = 1 and k = 2.
The former case was examined in the previous paragraph, so we now study k = 2.
In this case, P = {i, j}. The set P has two partitions:

{
{i}, {j}

}
and

{
{i, j}

}
.
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We get:

Φ2 =
∑
p∈P

(−1)|p|
∏
S∈p

∂|S|σα∏
u∈S ∂qu

= (−1)|{{i},{j}}|
∏

S∈{{i},{j}}

∂|S|σα∏
u∈S ∂qu

+ (−1)|{{i,j}}|
∏

S∈{{i,j}}

∂|S|σα∏
u∈S ∂qu

=
∂|{i}|σα∏
u∈{i} ∂q

u

∂|{j}|σα∏
u∈{j} ∂q

u
− ∂|{{i},{j}}|σα∏

u∈{{i},{j}} ∂q
u

=
∂σα
∂qi

∂σα
∂qj

− ∂2σα
∂qi∂qj

= φiφj − φij ,
∂2σα
∂qi∂qj

= φij .

(7.6)

Example 7.3. For the third-order theory (n = 3), k runs from 1 to 3. The cases
k = 1 and k = 2 are the same as those computed in the previous examples. Now,
we take k = 3. In this case, we get the set M = {i, j, k}, which has five partitions:{

{i}, {j}, {k}
}
,
{
{i}, {j, k}

}
,
{
{j}, {k, i}

}
,
{
{k}, {i, j}

}
,
{
{i, j, k}

}
. (7.7)

Therefore, Φ3 has five terms calculated as follows:

Φ3 =
∑
p∈P

(−1)|p|
∏
S∈p

∂|S|σα∏
u∈S ∂qu

= (−1)|{{i},{j},{k}}|
∏

S∈{{i},{j},{k}}

∂|S|σα∏
u∈S ∂qu

+ (−1)|{i},{j,k}}|
∏

S∈{{i},{j,k}}

∂|S|σα∏
u∈S ∂qu

+ (−1)|{{j},{i,k}}|
∏

S∈{{j},{i,k}}

∂|S|σα∏
u∈S ∂qu

+ (−1)|{{k},{i,j}}|
∏

S∈{{{k},{i,j}}

∂|S|σα∏
u∈S ∂qu

+ (−1)|{{i,j,k}}|
∏

S∈{{i,j,k}}

∂|S|σα∏
u∈S ∂qu

.

We count the number of elements in the partition, and run the multiplication
in the denominators according to the partitions. These lead us to the following
calculation:

Φ3 = − ∂|{i}|σα∏
u∈{i} ∂q

u

∂|{j}|σα∏
u∈{j} ∂q

u

∂|{k}|σα∏
u∈{k} ∂q

u
+

∂|{i}|σα∏
u∈{i} ∂q

u

∂|{j,k}|σα∏
u∈{j,k} ∂qu

+
∂|{j}|σα∏
u∈{j} ∂q

u

∂|{i,k}|σα∏
u∈{i,k} ∂qu

+
∂|{k}|σα∏
u∈{k} ∂q

u

∂|{i,j}|σα∏
u∈{i,j} ∂qu

− ∂|{{i,j,k}}|σα∏
{{i,j,k}}∈S ∂qu

= −∂σα
∂qi

∂σα
∂qj

∂σα
∂qk

+
∂σα
∂qi

∂2σα
∂qj∂qk

+
∂σα
∂qj

∂2σα
∂qk∂qi

+
∂σα
∂qk

∂2σα
∂qi∂qj

− ∂3σα
∂qi∂qj∂qk

= φiφjk + φjφki + φkφij − φiφjφk − φijk,
∂3σα

∂qi∂qj∂qj
= φijk.

(7.8)

We have defined the combinatorial quantities Φm in (7.3) and have examined
particular cases m = 1, 2 and 3. Now, we define the second term Bs,m in the
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notation (7.3). They are the partial exponential Bell polynomials [6] with its
variables being the time derivatives of q [11]:

Bs,m(q̇, q̈, . . . , q(s−m+1)) =
∑ s!

c1!c2! . . . cs!

q̇c1 q̈c2 . . . qcs(s)

(1!)c1(2!)c2 . . . (s!)cs
, (7.9)

where the sum is taken over all non-negative integers ci such that the following
two equations

c1 + 2c2 + · · ·+ scs = s,

c1 + c2 + · · ·+ cs = m
(7.10)

hold. In Equation (7.9), q̇c1 denotes the c1’th power of q̇. Its meaning in index
notation will be clear in the examples given below.

Let us present some examples of these polynomials and calculate Ba terms.
These will be useful for the corollaries that will be recorded in the upcoming
section.

Example 7.4. If v = 1 for Bv,m, then m can only take the value 1. In this
case, we have the Bell’s polynomial B1,1(q̇) = q̇i. Then, to multiply the Bell’s
polynomial B1,1 with the combinatorial quantity Φ1 in (7.5) leads us to arrive at
B1 appearing in (7.3):

B1 = B1,1(q̇) · Φ1 = −∂σα
∂qi

q̇i = −φiq̇
i. (7.11)

Example 7.5. If v = 2 for Bv,m then m can take the values 1 and 2. These give
the following Bell’s polynomials

B2,1(q̇, q̈) = q̈i, B2,2(q̇, q̈) = q̇iq̇j . (7.12)

Multiplying the Bell’s polynomials with the combinatorial quantities Φ1 in (7.5)
and Φ2 in (7.6), we determine B2 (in (7.3)) as

B2 =
2∑

m=1

[
B2,m(q̇, q̈) · Φm

]
= B2,1(q̇, q̈) · Φ1 +B2,2(q̇, q̈) · Φ2

= −∂σα
∂qi

q̈i +
(∂σα
∂qi

∂σα
∂qj

− ∂2σα
∂qi∂qj

)
q̇iq̇j = −φiq̈

i + (φiφj − φij)q̇
iq̇j .

(7.13)

Example 7.6. For v = 3 for Bv,m, m can take three values, namely 1, 2 and 3.
Hence, we have three polynomials:

B3,1(q̇, q̈, q(3)) = qi(3), B3,2(q̇, q̈, q(3)) = 3q̈iq̇j , B3,3(q̇, q̈, q(3)) = q̇iq̇j q̇k. (7.14)

By multiplying the Bell’s polynomials with the combinatorial quantities Φ1 in
(7.5), Φ2 in (7.6), and Φ3 in (7.8), we compute B3 in (7.3) as

B3 =
3∑

m=1

[
B3,m(q̇, q̈, q(3)) · Φm

]
= B3,1(q̇, q̈, q(3)) · Φ1 +B3,2(q̇, q̈, q(3)) · Φ2 +B3,3(q̇, q̈, q(3)) · Φ3

= −φiq
i
(3) + 3

(
φiφj − φij

)
q̈iq̇j

+
(
− φiφjφk + φiφjk + φjφki + φkφij − φikj

)
q̇iq̇j q̇k.

(7.15)
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After examining the tensorial quantities and the Bell’s polynomials, we are
ready to arrive at the locally conformal n-th order Euler-Lagrange equations.

8. Locally Conformal Higher Order Euler-Lagrange Equations

In this section, we start with the dynamical equations in (6.9) then substitute
the combinatorial notation and Bell’s polynomials into them. This gives our main
result, locally conformal higher order Lagrangian dynamics.

Accordingly, we consider (6.9) and write it as

n∑
s=0

(−1)s
ds

dts

(
e−σα

∂L

∂qi(s)

)
− e−σα(q)φiL = 0. (8.1)

For the s-th derivative terms, we substitute the binomial expansion given in (7.1),
hence arrive at

n∑
s=0

(−1)s
s∑

a=0

(
s

a

)
ds−a

dts−a
(e−σα)

da

dta
∂L

∂qi(s)
− e−σα(q)φiL = 0. (8.2)

Then for the derivatives of e−σα , we substitute (7.2). So, we get the following
expression

n∑
s=0

(−1)s
s∑

a=0

(
s

a

)
e−σαBs−a

da

dta
∂L

∂qi(s)
− e−σαφiL = 0. (8.3)

It is now possible to cancel out the exponential terms e−σα . Later, we collect the
terms involving the partial derivatives to the right hand side as

n∑
s=0

(−1)s
ds

dts
∂L

∂qi(s)
= φiL+

n∑
s=1

(−1)s+1
s−1∑
a=0

(
s

a

)
Bs−a

da

dta
∂L

∂qi(s)
. (8.4)

Thus, we arrive at the following proposition, which encapsulates the primary goal
of this work: locally conformal n-th order Euler-Lagrange equations.

Proposition 8.1. The locally conformal Lagrangian dynamics generated by an
n-th order Lagrangian function L with the set of conformal factors {σα} is

n∑
s=0

(−1)s
ds

dts
∂L

∂qi(s)
= An

i [L] (8.5)

where the quantity on the right-hand side is given by

An
i [L] = φiL+

n∑
s=1

(−1)s+1
s−1∑
a=0

(
s

a

)
Bs−a

da

dta
∂L

∂qi(s)
. (8.6)

Here, {Bs−a}’s are the quantities in (7.3) and φi = ∂σα/∂q
i.

We refer to the system (8.5) as the locally conformal n-th order Euler-Lagrange
equations. Let us examine Proposition 8.1 for the case n = 1, n = 2 and n = 3,
one by one. We start with the case n = 1.
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Example 8.1. For n = 1, we have locally conformal Euler-Lagrange equations
(of the first order) as

1∑
s=0

(−1)s
ds

dts
∂L

∂qi(s)
= A1

i [L] (8.7)

where

A1
i [L] = φiL+ B1

∂L

∂q̇i
. (8.8)

Here, B1 is in (7.11). The dynamics in (8.7) is exactly as described in Section 3
and explicitly stated in Proposition 3.1.

Example 8.2. For n = 2, we have locally conformal second order Euler-Lagrange
equations

2∑
s=0

(−1)s
ds

dts
∂L

∂qi(s)
= A2

i [L] (8.9)

where

A2
i [L] = φiL+ B1

∂L

∂q̇i
−
(
B2 + 2B1

d

dt

) ∂L

∂q̈i
. (8.10)

Here B1 is in (7.11), and B2 is in (7.13). The dynamics (8.9) is is identical to
that outlined in Proposition 5.1 of Section 5.

Example 8.3. For n = 3, we have locally conformal third order Euler-Lagrange
equations:

3∑
s=0

(−1)s
ds

dts
∂L

∂qi(s)
= A3

i [L]. (8.11)

where

A3
i [L] = φiL+B1

∂L

∂q̇i
−
(
B2+2B1

d

dt

) ∂L

∂q̈i
+
(
B3+3B2

d

dt
+3B1

d2

dt2

) ∂L

∂qi(3)
. (8.12)

Here B1 is in (7.11), B2 is in (7.13), amd B3 is in (7.15).

9. A Locally Conformal Chiral Oscillator

As the base manifold, consider two dimensional punctured Euclidean space
Q = R2 − {0} where 0 stands for the origin, then present the closed one-form

ϑ = 2
xdy − ydx

x2 + y2
(9.1)

which fails to be exact on the whole Q. After a cut in Q, we determine polar
coordinates x = r cosϕ, y = r sinϕ. In this local chart, the closed one-form ϑ
becomes the exact one-form 2dϕ, so σα = 2ϕ.

The Lagrangian function for the chiral oscillator [28] in Cartesian coordinates
is

L(qi, q̇i, q̈i) = −λ

2
ϵij q̇

iq̈j +
m

2
q̇iq̇

i (9.2)
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Here, λ and m are nonzero constants, qi = (x, y) and ϵij is the skew-symmetric
Levi-Civita symbol with ϵ12 = 1 such that i, j runs from 1 to 2. Euler-Lagrange
equations for the chiral oscillator are

λϵijq
j
(3) −mq̈i = 0. (9.3)

We cite [9] for the Dirac analysis of this formalism.
In the locally conformal picture, we take the following Lagrangian function:

Lα(q
i, q̇i, q̈i) = −λ

2
e−σα(q)ϵij q̇

iq̈j +
m

2
e−σα(q)q̇iq̇

i (9.4)

Then we plug this local Lagrangian into Equation (5.4). The resulting expansion
is of the form in (5.9). Direct calculation gives the following locally conformal
Euler-Lagrange equations

λϵijq
j
(3) −mq̈i = φi(−

λ

2
ϵkj q̇

kq̈j +
m

2
q̇kq̇

k)− φlq̇
l(−λ

2
ϵij q̈

j +
m

2
q̇i)

+ (φlq̈
l + φlmq̇lq̇m − φlφmq̇lq̇m)

λ

2
ϵij q̇

j + λφlq̇
lϵij q̈

j .

(9.5)

Notice that this has exactly the same form with Equation (5.11) if we set

∂L

∂q̇i
= −λ

2
ϵij q̈

j +mq̇i,
∂L

∂q̈i
=

λ

2
ϵij q̇

j . (9.6)

10. Conclusion and Future Work

In this work, we have explored the locally conformal analysis of higher order
Lagrangian dynamics. Following a brief review of the fundamental structures of
LCS manifolds, we revisited the locally conformal Euler-Lagrange equations, as
outlined in Proposition 3.1. We then reviewed higher order Lagrangian dynamics
and presented, as the first novel result, the locally conformal second order Euler-
Lagrange equations in Proposition 5.1. Subsequently, we extended the analysis to
an arbitrary n-th order, deriving the locally conformal n-th order Euler-Lagrange
equations in Proposition 8.1.

We list two open questions for further investigation:

• LCS manifolds are specific examples of Jacobi manifolds [27]. More pre-
cisely, a Jacobi manifold is integrable, with its even-dimensional leaves
being LCS manifolds and its odd-dimensional leaves being contact mani-
folds. A geometric Hamilton-Jacobi theory for contact dynamics has been
studied in the continuous framework [14] and the discrete framework [21].
Similarly, a geometric Hamilton-Jacobi theory for LCS dynamics is pre-
sented in [18], and for higher order Lagrangian dynamics in [15]. We plan
to develop a geometric Hamilton-Jacobi theory for the locally conformal
higher order Euler-Lagrange equations derived herein.

• Another approach for discussing locally conformal higher order Lagrangian
dynamics is discrete framework. The discretization of Lagrangian dynam-
ics (of the first order) is available in the literature, see [32]. We refer to
[8, 30] for discrete Lagrangian dynamics from a reduction perspective,
and to [22, 29] for discrete dynamics within the Lie groupoid setting.
The study of discrete Lagrangian dynamics for higher order Lagrangian
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dynamics is given in [7]. Additionally, the discretization of locally con-
formal Lagrangian dynamics in the first-order case is established in [19].
In an upcoming work, we aim to study the locally conformal higher order
Euler-Lagrange equations within a discrete framework.
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