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GLOBAL STABILIZATION OF HYPERBOLIC
FITZHUGH-NAGUMO EQUATIONS

JAMILA V. KALANTAROVA AND VARGA K. KALANTAROV

Abstract. The present paper is concerned with the internal stabiliza-
tion of the zero steady-state solutions to hyperbolic FitzHugh-Nagumo
equations via internal finite-dimensional feedback controllers involving
finitely many Fourier modes and finitely many volume elements.

1. Introduction

We consider the problem of global stabilization of the hyperbolic FitzHugh-
Nagumo equations
T70?u + Opu — Opu + f(u) +v=w, x € (0,L),t >0,
O +dv—bu=0, z€(0,L),t>0,
u(z,0) = up(z), du(z,0) = ui (x),v(z,0) = vo(x), = € (0, L),
u(xz,t) =0, x € 9G,t > 0,
where u and v are unknown functions, w is the control input, f : R — R is a
given continuously differentiable function that satisfies the conditions

f(0)=0, f(s)s—F(s)>—rs% Vs €R, (1.2)
a1|s[PT? — ros? < F(s) < ag|s|PT? + r35%, Vs € R, (1.3)

S
where ay,as, 71,792,713 are given positive numbers, p > 2 and F(s) = / f(y)dy.

(1.1)

0
Our aim is to stabilize the zero equilibrium {0,0} with finite dimensional con-
trollers w.
The original FitzHugh-Nagumo system

{&tu — 2u+ f(u)+v =0,

(1.4)
O +dv —bu =0,

where u and v are unknown functions, a,b,d, o, 5 are positive parameters and
f(u) = u(ae — u)(B — u), introduced by FitzHugh [8] and Nagumo et al. [18] is
a simplification of the Hodjgin-Huxley model [10] in neurobiology describing the
process of transmission of an impulse along an axon.

The FitzHugh-Nagumo model has been widely adopted not only in neuroscience
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but also in the study of other systems, such as cardiac rhythms and chemical
reactions.

There are many works devoted to mathematical analysis of FitzHugh-Nagumo
equations where the authors discussed the questions of global solvability and long
time behavior of solutions of the Cauchy problem and initial boundary value
problems for the system (1.4) and its generalizations (see, e.g., [12], [16], [20], [2]
and references therein).

Some papers are devoted to the problem of stabilization of FitzHugh-Nagumo
equations. The authors of [6] used the backstepping method to establish local
exponential stabilization of the FitzHugh-Nagumo equations by boundary feed-
back. In [22], the authors proved that the FitzHugh-Nagumo system can be
exponentially stabilized by a feedback controller acting on the subdomain in the
reaction-diffusion equation.

Several papers are devoted to mathematical analysis of the hyperbolic FitzHug-
Nagumo equations (i.e. the equations taking into account the effects of relaxation)
(see, e.g., [21], [14], [19],[4], [7], [11], [9], [13], [17], [23]). In these papers the au-
thors studied the problems of existence of solitary waves, existence and uniqueness
of solution to the Cauchy problem and initial boundary value problems, existence
of bounded solutions of considered systems, the asymptotic spatial behavior of
solutions and some other qualitative properties of the system.

Few works are devoted to the problem of stabilization hyperbolic FitzHugh-
Nagumo equations. In [1] it is shown that the hyperbolic FitzHugh-Nagumo
system can be exponentially stabilized by a feedback controller acting on subdo-
main.

Our main goal in this short note is to show that the hyperbolic FitzHugh-
Nagumo system also can be exponentially stabilized by a feedback controller
depending on finitely many Fourier modes and controllers depending on finitely
many volume elements.

Throughout this paper, we will use the following notations:

Qr =G x(0,T); LP(G),1 <p < o0, and H*(G), s > 0, are the usual Lebesgue
and Sobolev spaces, respectively. With (-, -) and || - || we denote the inner product
and norm of L%(G) .

We will need below the following inequalities.

Young’s inequality:

€ o 1

= 1 r—1) q 1 pr— J—
=5 + qgl/(p_l)b , for all a,b,e >0, with g =p/(p—1),1 <p < oco. (1.5)

Interpolation inequality:
lual® < llulllussll, Vu € H*(0,L) N Hg(0, L). (1.6)
Poincaré type inequality:

2
< ANV, Yo e H2(0,L) NHE(0,L),  (1.7)

N
U= Z(Ua wk)2
k=1

where wy, are eigenfunctions of the problem




GLOBAL STABILIZATION OF HYPERBOLIC FITZHUGH-NAGUMO EQUATIONS 3

{w”(z) = \w(z), z € G, (1.8)
w(0,t) =w(L,t) =0, t >0,
corresponding to eigenvalues
D<A < A< o< A, < v e
Sobolev inequality:
lull zo(cy < erlld’ll, Yu € H(0, L), (1.9)

where p > 0 is arbitrary number, ¢;, that depends on L.
Finally let us give the definition of a weak solution of the problem (1.1).

Definition 1.1. A pair of functions [u,v] is called a weak solution of the prob-
lem(1.1) if uw € C(0,T; H}(0, L), 8yu € C(0,T; L*(0, L)), v € C(0,T; L*(0, L)),
Ow € L2(0,T; L*(Q), VT > 0, and the equations (1.1) are satisfied in the sense
of distributions.

2. Stabilization employing Fourier modes

To study the stabilization of the system, following [3], we apply the feedback
controller involving the first N Fourier modes of the function u(z,t)

N
w = —uZ(u,wk)wk (2.1)
k=1

where p > 0 is the control parameter,

TOMu + Opu — OPu+ f(u) +v=—p > (u,wp)wy, € (0,L),t>0, (2.2)

WE

k=1
ov+dv—bu=0, x€(0,L),t>0, 3)
u(z,0) = up(z), du(x,0) = ui(x),v(x,0) = vo(x), = € (0,L), 4)
u(0,t) = u(L,t) =0, t > 0. (2.5)

First, we multiply the equation (2.2) by Oyu + u, where € > 0 is a parameter
to be chosen below. Integrate the obtained relation over the interval (0, L) and
after some operations obtain the equality

(2.
(2.

N
% Ec(t) + g (u(t), wi)?| + (1 en)l|0eu(t) | + ellOsu(t)|* + e(f (u), u)
k=1 N
+e(v,u) — (O, u) = —pe Y _(u(t),wp)?, (2.6)
k=1
where

Bo(t) = 2 0l + 5 10eu(t) |+ (Fu), 1)+ 5 [(t) |+ (@, w) + (). (27)
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Next we multiply the equation (2.3) by dv + %v and obtain the equality

d

ed
[0w]| + +(5 B> = b(dw, u) + ;HUII2 —e(u,v) =0 (2.8)

+ o) L)
Adding (2.6) and (2.8) then using the inequality

1 1
(1+0)(, w)| < SOl + 5 (1 +b)*Jull*

we get
d
—®e(t)+ (1) [Ou(®)|*+ellau(t) | +e(f (u), u)+ *Hatv\l L& H = (1+b) [
N
Z ’U}k 27 2 9)
where
,u N d €
2
D (1) := +3 kz 5 o) lv@l
Employing the inequalities
.
eT(Oyu,u) > szatuHQ — 7e%|Jul|?,
d 1
(u,v) = = llol* = EIIUII2
and the the condition (1.3) we get
T 1
e (t) > - llopul® + *Ilam I” + (* —7"2—762—*)|IUH2 ( )|| 12+ *IIPNUHQ
(2.10)
Next we utilize the Poincaré type inequality (1.7) and get
€ 1 € 1
(5—7“2—762—3)|IUII2 (5—7“2—762—8)HPNUIIQ+I*—T2—T€ |)‘N+1”8€EUH2'
By using the last estimate we deduce form (2.10) that if
1 1 2
%—TQ—T&J—g)\Z_V{HSZ and ,u22r2+2752+g—5, (2.11)
then
T 2, 2, d 2
Dc(t) = —[|Opull *Ilﬁx 17+ (3 + 2b)llvll (2.12)

Adding to the left-hand side of (2.9), 6®.(t) — 6@5( ) with some ¢ € (0,¢) and
utilising the inequalities

o)
Ser|(Bhu, u)| < 7H6t ||2+ﬁ||ax 12

Ha ull? + Hsz-
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we can rewrite it in the following form.

d

0
2o+ 02e(0) + (1= o7 = S0l + (e = 5 = 5 — 5 [Ghul

+e[(f(u),u) = (F(u), D] + (e = 8)(F(u), 1) = 5 (1+b)*||ul?

2
de ) d £ 9 1 9 5 )
= d e 1 ) o
[ MGt 2b)] loll® + 5 10e0]* + e = DIl Pyul® < 0. (2.13)

1
If ¢ = min { b} and 6 > 0 is small enough we obtain from (2.13) that

27’ 2d
d

1 1
S (1) + 00.(8) + —sul® + 5 [(f(w), w) — (F(w), 1)]

2T
¥ = D) (F), 1) — (0402l +uly- 3

According to the conditions (1.2) and (1.3)
o (7). ) = (Fu), D] + (5 = 8)(Fw), 1) >~ (ra + o)l

2T
Thus we have

) Prvul|* < 0.

L0 (0)+00 () + 0l o= [+ vz + 7(1+ b)) Pl P> < 0.

Finally employing the inequality (1.7) we obtain

d 1
—®_(t) + 6D (t) + | — — 1+ 03| [|0pul?
004000+ | - = (ot 7(140)| 02
1
+ [M — —(r+ra+7(1+ b)2)} | Pyvull® < 0.
47 27
Thus, if N and p are so large that
ANt1 > 2(r1 + 12+ 7(1+ b)), (2.14)
and
p>2(ry + 7o+ 7(14+0)?), (2.15)
then J
Z.(t) + 6D (t) < 0. (2.16)

dt
This inequality (2.16) implies that
D(t) < e °'®.(0).

Thanks to uniform estimates of |u¢()||?, ||uz(t)||?, |v(t)||> we can use the
standard Faedo-Galerkin method to prove global existence and uniqueness of
solution of the problem (see, e.g., [12], [16]). So we proved the following theorem.

Theorem 2.1. If i and N are so large that the conditions (2.14) and (2.15) are
satisfied then for given ug € Hg(0,L) and uy € L*(0, L) then the problem has a
unique weak solution for which the following estimate holds true

1 b
ZNdcu()? + < osu()|? + —o()]? < ®-(0)e™, ¢ > 0. (2.17)
4 4 81b
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2.1. Stabilization of strong solutions. In this section we prove stabilization
to the zero stationary state of the strong solution of the problem.

Definition 2.1. A pair of functions [u, v] is called a strong solution of the problem
(2.2) -(2.5) ifu € C(0,T; H*(0, L)NHZ (0, L)) such that v, dyu € C(0,T; H (05 L)),
O € L*(0,T; HY(0,1)), VT € (0,00) and the system (2.2),(2.3) is satisfied the
sense of distributions.

The main result of this section is the following theorem.
Theorem 2.2. Suppose the initial data satisfy the conditions
ug € H*(0,L) N H}(0,L), u1,vo € H}(0,L), (2.18)

and the nonlinear term f(u) satisfies the conditions of the Theorem 2.1. Then

19z¢u(®) 1 + 187u(®)||? + |0:0(t)[|* < Coe™ ™", t > to. (2.19)
where Cy > 0 depends on ||ugl|, |u] ||, [|[vf]] and the parameters of the system.
Proof. First we multiply the equation (2.2) by 9;0?u(t) and integrate over the
interval (0, L)

N
ﬁ T 2 1 2 2 M 2
S0P+ SO + 5 37 M (utt) )

+ (f'(u(t)Bpu(t), Buru(t)) + [[Ozeu(t) || + (9pv(t), upu(t)) =0 (2.20)
Utilizing the inequalities

|(f"(u(t)Bzu(t), Ozru(t))] < %H@xtU(t)HQ + ([ (u(t)Bpul(®) ||
and
(D (1), Optu(t))| < i\laam:U(t)H2 + [[00()]?

we obtain form (2.20) the estimate

d
7 [TIIO‘%tU(t)II2 +|0Zu@)]” + MZ)\k + [|0zeu()]”

< 2|/ (w(®)deul)|* + 2[00 (). (2.21)

Next we multiply the equation (2.2) by —ed?u(t) with some ¢ > 0 that will be
determined below:

d
- |~em(@u(t), Ou(t)) + gnaxu(t)u? — e7l|Ouu(t) | + €| Zu(t)|?

+ e(f'(u(t)), |0xu(t)|?) + e(dpv(t), D = —ep Z Me(u(t), wp)? (2.22)

O
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Adding (2.21) and (2.22) we obtin

%Ls(t) + (1= ) [ Qaru(t)|? + el D2u(t) | < 2| (w(t)Dpu(®)[|* + 2[|00(8) ||
— e(f"(u(®)), 0zu(t)]?) — e(zu(t), —Ep Z Ne(u(t), we)?, (2.23)
where

N
Le(t) := ]| 0seu(t)|* + 103u(t)|* + 1) Aw(u(t), w

5 0.u(t)|? ~ er(@put), O2u(t)).

Utilizing the inequality
T e2r
e7|@u(®), Gpu(®))] < Sl 0mu(®)]] + TMH@%U(??)H

and choosing

e < ﬁ (2.24)
T
we deduce that
T 1
Le(t) > §H<9M(t)\l2 + 5!!82 o> +MZ>\k *Ha u(t)|?. (2.25)

By using the fact that f’(s) is continuous on R, the Sobolev inequality
[ull oo 0,2y < Colldsull, w e Hy(0; L), (2.26)

and the estimate (2.17), we can find ¢; > 0 and My > 0 such that

£ ()l o0,y < Mo, ¥t > t1. Therefore by choosing ¢ = &g := min {217’ /\71}

we can get from (2.23) the following inequality

N
d 1
Ly () + 5102 + ol 2u(t) 2 + 2on > Me(u(t), we)?
< (20 + 2Mo) [ 0,u(t) |2 + |90 (0)2. (2.27)

Next, taking the inner product of (2.3) with —02v(t) in L?(0, L) we get

2
5 L) + d. (1) = b@eu(t), r0(t)) < S100(1)I + o ld.u(r)

Hence

d 2 2 b2 2
_ < .
Z10s0(t) | + v < 0|
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2
Finally we multiply the last inequality by p and add to (2.27):

d 2 1
{L@(t) + ||axv<t>||2} + 210t + ol2u(d)?

dt
+5OMZ)\k 2+ 0:0(1)]1* < (2MG + eoMo + )||8 u(t)l”. (2:28)

Utilizing the inequality (1.7) we have
202 2 252 5
(203 + 20Mo -+ ) [0,u(1) | < (M3 + oy + oy S Auult) )
k=1

202
+ /\NH(QMO + oM + = )Ha2 )% (2.29)

Due to the last inequality we can choose
2 5 2b2 2 202
> —(2Mg+eo Mo+ ﬁ) and N so large that Ay41 > —(QMO +eoMo+ —- ¥ )
€0
(2.30)
and deduce from (2.28) the inequality

d 2 1 €0
— | L =0, 2 ~ 110, 2 <0192 2
o | Lo (0 + 100017 | + S loseu(®)* + F0%u(?)]

N
1
+ [|0zv(®)||* + SE0H E A (u(t), wg)? < 0.
=1

Adding to the left hand side of the last inequality the expression
v [LEO (t) + %H&Ev(t)HQ] — [LEO (t) + %H@Iv(t)HQ] with some v > 0 and using the
inequality

0T 1
1207](Buu(t), 2u(t)] < Gy [Zu(DI + 5reorldu(t)]
we get
d 2 2
& B+ 2100012 ] + 7 |at) + 10200002
o1 2 (50 %0 E0T\ia2 yio
+(G = = 3reom) 0uu()|P + (2 T o2u(o)|
+(1——)||8 v(t) || + u( Z/\k 2<0. (2.31)
By choosing v = min _1 d= c0A1(2\1 + 0 + c07) "L} we infer form
y g7 = 7(2—1—50)’2’2’01 1 0 0

(2.31) the inequality

& B0+ 210001 + 7 | L) + S10m00l2] <0

which implies the desired estimate (2.19).
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3. Stabilization employing finite volume elements feedback
control
In this section we consider the following feedback control problem
N
TOPu — O2u+ O+ flu) +v=—p Y Urxy(z), =€ (0,L), t>0,

k=1
Oov+dv—bu=0, x€(0,L), t>0, (3.1)

0,u(0,t) = Oyu(L,t) =0, t > 0,
U(l‘, 0= UO(‘T)a atu(l'v 0) = Ul(l'), LS (07 L)
 Here Jy, = [(k = 1), kg), for k=1,2,---N =1 and Jy = [FF L, L],
O 1= ﬁ [ ¢(x)dz, and x, (x) is the characteristic function of the interval Jj.
Ji

In what follows we will need the following lemma.

Lemma 3.1. (see [3]) Let ¢ € H'(0,L). Then

N
6~ 3 B Oll < Allgel, (3:2)
k=1
and
S h\2 9
ol <S5t + (50 ) ol (3.3
k=1
where h 1= %

By employing this lemma, we proved the following theorem:

Theorem 3.1. Suppose that the nonlinear term f(-) satisfies the conditions (1.2)
and (1.3), the parameter p is large enough and h is small enough such that

1 h?
uw>4rB(T)  and yP > B(T)m (3.4)
where ( Db
1 1+ T
B(r) = — —.
(1) 5y (r1+79) + 1 + P
Then each solution of the problem (3.1) satisfies the following decay estimate:
|9ru(t) | + [[0xu(®)]* < K (ul|? + | Bsuol2)e 3, (3.5)

where K 1is some positive constant depending on parameters of the system.

Proof. Taking the L?(0, L) inner product of first equation in (3.1) with dyu + eu
obtain the equality

N
d 1 _92 2 2
. Ee(t)+2hu;uk + (1 —e7)[|0ul]” + €| Opul|” + e(f (), u) — (u, Ov)
N
+eph W =0, (3.6)
k=1

where E,(t) is defined in (2.7).
Adding to (3.6) the equality (2.8) we obtain the relation:
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N
Yo(t) + 0Ye(t) + (1 — e7) | Opul® + el|Opul)® + e(f(u), w) + eph > 5 + ||0pv]>
k=1

4
dt

ed o o
(U D)@, w) + o (a0 — Bl — 3 Drul® — 5(F (w), 1)
de d e U
_oE e (&€ 2 _ _ _ 9 2 _
5 |w|l* + <2 + 2b> lo(®)||* — deT(Opu, u) — d(u, v) 2uh;uk 0. (3.7
Here
d € R
Vo) = Bt)+ (5 + 53 ) oI+ Y a0
k=1

First, by using the condition (1.3), the inequalities

b
e7|(Opu, )| < gl\@tUII2 +e7|ul|* and |(u, v)| < 2bllvl\2 + 2*{_:HUII2
and remembering that ¢ = 2—1T we obtain
T 1
Yo(t) 2 2l0wl® + S100ul® = (ra + 7H)[[ull* + | 2] + &2 Z

Then we utilize the inequality (3.3) to get the following lower bound for Y.(¢) :

2 N
T 2, |1 h o dy o [H 2
> - —— = - = —ry— :
V)2 o+ |5 - (52 ) G2t 7| Tl glol+[4 v ] ek

Hence if
2 w?
> 2 d h* < , 3.8
p22r2+7) an T ro+7b (38)
then
T 9 1 9 d 2
Yo(t) > ZH@UH + 1||8xu|| + §||U|| , VE>0. (3.9)
Next employing the inequalities
ET (5+s)
eT|Ou, u)| < leatUHQJréTIIUHQ, (6+e)|(u,v)| < || |12+ [ul?, (3.10)

ET 1 1
deT|Opu, u)| < ?||8tu|]2+§52€7'||u|]2, (1+0)[(Opv,u)| < Hatv|!2+1(1+b)2HUH2a
(3.11)
and the inequality

e(f(u),u) = 6(F(u), 1) > [ery + (¢ — 8)ra] |Jul®
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which follows from (1.2) and (1.3), we derive from (3.7) the following inequality

d 0 1) o 4 1)
Vioprovio(1-er - - ”) ol +( 5o oy ) lesulP+
1 1

dt 2 22X 2\
(1+b) 2, d ¢ 0 9
) S P+ |5 -0(5 + 55 - 5 o
S N
—2
—i—,uh(s—Q)kZlukSO

By choosing € = % and § < € small enough we obtain from the last inequality

that

N
1 2 2, Hh —2
Y0+ 000+ el — B+ G2 S <0, (3.12)
where
1 1+b)?% b
B(r) = o _(ri+r2) + ( z " 5 (3.13)
According to the inequality (3.3)

2
B(r)|lul? < B(r hZawB (h) 0],

we get from the inequality (3.13) :

iy()wn(t)jt(;—B(T)(z’;)z) 19wull? + <4 >§:ui 0

(3.14)
1 h?
We choose here yi > 47B(7) and — > B(7T)-—; to obtain:
47 472
y )+ Lv.) <0 (3.15)
dt © dr N = '
Integrating the last inequality we get
t
18 ()[|* + 1|0z u(t)]* < K ([fual® + [[ug)|*)e ™, (3.16)
where K is a positive constant, depending on parameters of the system. O

Remark 3.1. Let us note that the estimates obtained above suffice to guarantee
the existence and uniqueness of a unique solution to the problems (1.1) and (3.1)
(see, e.g., [15]).

Remark 3.2. It is not difficult to see that the analog of the Theorem 2.1 and
Theorem 2.2 hold true also for the system
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M=

702U+ Opu — Au+ f(u) +v=—p > (u, wp)wy, © € Q,t >0,

k=1
Ov+bv—bu=0, z€G,t>0, (3.17)
U(.’L’,O) = UO('r)aatu(x?O) = ul(a:),v(x,()) = UO($)7 T e Qa
u(z,t) =0, x € 0Q,t > 0,

where Q C RY(N < 3) is a bounded domain with sufficiently smooth boundary

09,

the nonlinear term satisfies conditions (1.2),(1.3) with arbitrary p > 2 for

G CR? and p € [2,3] for Q C R3.
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