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NODAL SOLUTIONS OF SOME NONLINEAR PROBLEMS FOR

ORDINARY DIFFERENTIAL EQUATIONS OF FOURTH
ORDER WITH COMPLETELY REGULAR BOUNDARY
CONDITIONS

ZIYATKHAN S. ALIYEV AND ELCHIN A. MAMMADOV

Abstract. In this paper, we consider a nonlinear problem for ordinary
differential equations of fourth order with completely regular boundary
conditions. We establish sufficient conditions for the existence of nodal
(sign-changing) solutions to this problem.

1. Introduction

We consider the following nonlinear fourth order ordinary differential equation

Uu)(@) = (p (@) (2))" — (a(@)d (@) = (@) (u (@), @ € 0,1,
subject to the completely regular boundary conditions
u(0) cos a — (pu”)(0) sina = 0,
u (0)cos B+ Tu(0)sin g =0,
u (1) cosy + (pu”) (1) siny = 0,
u(l)cosd + Tu(l)sind =0,

where p is a twice positive continuously differentiable function on [0, ], ¢ is a

(1.1)

= e e
N SUN )

(1.2)
(1.3)
(1.4)
(1.5)

non-

negative continuously differentiable function on [0,!], 7 is a positive continuous
function on [0, 1], r is a real parameter, o, 3, v and ¢ are real constants such that
0<a,pB,v,6 <m/2 (except for the case § = 6 = 7/2). The function h has the
form f + g, where f and g are real-valued continuous functions on R that satisfy

the following conditions:

(H;) there exist positive constants Cy and Cs, a sufficiently small positive

constant yg and a sufficiently large positive constant ., such that

f(s) < (Cp forany s € R, 0 < |s| < xo,
s

@ < Cx for any s € R, [s| > Xoo;
s
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(1.6)

(1.7)
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(Hg) there exist real constants gy and go, such that gogeo > 0 and

lim @ = go, (1.8)
|s|=0+ S
lim @ = Joo- (1.9)

[s|>+o00 S

The study of the existence of nodal solutions to nonlinear problems of the type
(1.1)-(1.5) for the Sturm-Liouville operator has been the goal of many authors
(see [4, 8, 10, 12, 13, 16] and the references therein). Using various methods,
these authors determine the intervals of the parameter r, in which there exist
nodal solutions of the boundary value problems considered by them. Similar
results on the existence of nodal solutions to the nonlinear problem (1.1)-(1.5)
were obtained in [2, 5, 9, 11, 14]. It should be noted that in all the listed papers,
with the exception of [4] and [8], the nonlinear term g satisfies the conditions
sg(s) > 0 for s € R, s # 0, and go, goo € (0, + 00).

The purpose of this paper is to determine the values of the parameter r, for
which there exist nodal solutions of the nonlinear problem (1.1)-(1.5).

The rest of this paper is organized as follows. Section 2 first presents the
oscillatory properties of eigenfunctions of a completely regular Sturmian system of
fourth order established in [1], and then presents classes of functions constructed
in [1] that have oscillatory properties of eigenfunctions of this system and their
derivatives. Nonlinear eigenvalue problem is also introduced, from which problem
(1.1)-(1.5) is obtained by equating the spectral parameter to unity. In Section
3, we study the global bifurcation of solutions from zero and infinity of this
nonlinear eigenvalue problem. Here, we show that the global components of the
set of solutions of this nonlinear eigenvalue problem, contained in the classes
presented in Section 2 and emanating from the bifurcation intervals of the line of
trivial solutions and the line R x {oo} coincide. In Section 4, using this result,
we find the values of the parameter r, for which there exist nodal solutions of
problem (1.1)-(1.5).

2. Preliminaries

For the study of existence of nodal solutions of problem (1.1)-(1.5) we consider
the following linear eigenvalue problem

L(u)(z) = A71(x)u(x), z € (0,1),
e 21)

where B.C. is the set of functions satisfying the boundary conditions (1.2)-(1.5).
Note that the linear eigenvalue problem (2.1) is called a completely regular Stur-
mian system of fourth order, as defined by S. A. Janczewsky [7]. It follows from
[6, Theorems 5.4 and 5.5] that the eigenvalues of problem (2.1) are positive and
simple and form an infinitely increasing sequence {\;}7° ;. Moreover, for each
k € N the eigenfunction yi(x) corresponding to the eigenvalue A\ has exactly k—1
simple nodal zeros in (0,7). In [1] the oscillatory properties of the derivatives of
eigenfunctions of problem (2.1) were also studied.
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Let E be the Banach space C3[0,1] N B.C. with the usual norm ||u|[3 =

max |u (z)| + max |u' (z)| + max |u” (z)| + max |u" (z)].
z€[0,1] z€[0,]] z€[0,1] z€[0,1]
By S we denote the subset of F defined as follows:

S={ucE : |ul)|+|u(@)]| + [ (z)]+|u"(x)] >0, xec]|0,]}

In [1, §3.1], the classes S} of functions u € S that satisfy the oscillatory prop-
erties of eigenfunctions of problem (2.1) and their derivatives were constructed.
Note that for each £ € N and each v € {4, —} the sets S} are open subsets of E.

By (1.8) and (1.9) we get

9(5) = gos + ¢o(s) and g(s) = goos + doo(s), s € R, s#0, (2.2)

where
oo(s) = o(|s]) as |s| = 0, and ¢ (s) = o(]s|) as |s| = + cc. (2.3)
By the first relation of (2.3) for any € > 0 there exists p. > 0 such that
¢OS(S) <eforany s e R, 0 <|s| < ge. (2.4)

By the second relation of (2.3) there exists o, > 0 such that
Poo(s)

S

It follows from (1.8) that

< e for any s € R, |s| > o-. (2.5)

g(s) >0 as |s|—0,

whence, by g € C(R), we get g(0) = 0, and consequently, by (2.2) we obtain
¢0(0) = 0. Then, by relation ¢¢ € C(R), there exists a positive constant M, such
that

|po(s)] < M, for any s € R, |s| < o.. (2.6)
By (2.2) we have
Doo(8) = (g0 — goo) S + d0(s), s € R, (2.7)
which implies that
000 ()] < |90 — goo| 0c + Me, s €R, |s] < o.. (2.8)
Let
N, = |90_goo‘0'£+ M, (2'9)
and let p. > o. be a sufficiently large positive number such that
N,
—<e. (2.10)
Pe

Remark 2.1. Since the eigenvalues of problem (2.1) are positive, problem (1.1)-
(1.5) for 7 = 0 has no nontrivial solutions.

In what follows we will assume that r is a real fixed non-zero number.

To study the existence of nodal solutions to problem (1.1)-(1.5) we consider
the following nonlinear eigenvalue problem

{ i(Z)EéiT(x) gou +r7(x)f (u) +r7(x)do(u), z € (0,1), (2.11)
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which by (2.7) can be rewritten in the form:

l(u) =(Ago +goo —go)r7(x)u +77(x)f (u)+
r7(x) poo(u), x € (0,1), (2.12)
u € B.C.

3. Global bifurcation from zero and infinity of solutions of
problem (2.11)

Since the eigenvalues of problem (2.1) are positive, then A = 0 is not eigenvalue
of the linear problem

{ i(let)(g)cz ArgoT(x)u (x), = € (0,1), (3.1)

Then nonlinear eigenvalue problems (2.11) and (2.12) are equivalent to the fol-
lowing nonlinear integral equations

u(z) = Argo bfl K(x,t)T(t)u (t)dt + r be(:z:, t)r(t) f(u(t))dt +

l (3.2)
r ({K(:v, t)7(t) do (u(t))dt,
and l
u(z) = (Ago + goo — go)r [ K (,t)7(t)u (t)dt +
0 (3.3)

l l
r be(:v,t)T(t)f(u (t))dt +r be(a:,t)T(t) boo (u (t))dt,

respectively, where K (z,t), (z,t) € [0,1;0,], is the Green’s function for the dif-
ferential expression ¢(u) with boundary conditions (1.2)-(1.5).
Let

l

Lu(z) = /K(m,t)T(t)u(t)dt, (3.4)
Ol

F()(@) = [ Ko tr(o)f(u )t (3.5)
Ol

Go(u)(z) = / K (e, £)7(t) o () . (3.6)
Ol

Goolt)(z) = / K (e £yt oo (u (£) ), (3.7)

0

Since 7(t) € C|0,1] it follows from the properties of the Green’s function K (x,t)
that the operator acts in £ and is completely continuous. The operator F' can be
represented as the composition of the operator L and the superposition operator
f(u)(t) = f(u(t)). Since f is continuous and bounded on R it follows that f :
E — C]0,l] is continuous and bounded. Hence the operator F' acts in E and
is completely continuous. Similarly, the operators Gg and G, act in E and are
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completely continuous. Moreover, by (2.4), for any u € E such that ||ul|; < o-
we get
l

IGo(u) 1 = e / K (ar, t)7(£) do (u (1))dt | +
0

z€(0,

l

l
max /K;(:C,t)T(t) oo (u (t))dt | + max} /K;’m(a:?t)T(t) oo (u (t))dt |+
0

z€[0,]] z€[0,l
0
e / K, 0)7(0) o (u ()it | < < iillJulloe < = milluls,
z€|
where
k=max{ max |K(z,t)|, max |K.(z,t)], max |K (x,t),
(z,t)€0,1;0,1] (z,t)€[0,1;0,1] (z,t)€[0,1;0,1]
K/// .
o | K (2, 0) 1}
This relation show that
Go(u) = o([[ull3) as [lullz — 0. (3.8)
Next, by (2.5), for any u € F such that ||u||s > p. we get
l
Goo = 0
1Goo(u) [I3 = Hel[%}i]of t) Poo (u (t))dt
!
o0 K} t) oo (u (t))dt |+
s [ LG, 7(0) 6 0 (0)d | + 1 | KL (2. )7(0) 6 (0 0)
l
max Ké’ém( DT (t) Poo (u (t))dt | < K7y [ b (u(t)ldt+
wel0] Ju(®) < A
] ¢ (u (t))ldt} < wTl{Ne +elfullo} <
lu(t)] > Ae
< knl{epe +ellulls} < kril{e||ulls + ¢||ul|s} =
= 2ermil ||ul|s.
The last relation shows that
Goo(u) =0 (||ull3) as ||ullz = + oo. (3.9)
According to (3.4)-(3.7), equations (3.2) and (3.3) can be rewritten as follows:
u = ArgoLu+r F(u) +r Go(u), (3.10)
and
u=(Ago + goo — go) TLu + 1 F(u) + r G (u), (3.11)

respectively.
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It follows from (2.1) and (3.1) that for each k € N the kth eigenvalue \; of the

linear problem (3.1) is defined by the formula
N A

Ap = 2 (3.12)

rgo

Moreover, by (2.1), for each k € N the kth eigenvalue A, of the linear problem

L(u) () = (Ago + goo — g0) T 7(z) u (z) x € (0,1), (3.13)
u € B.C. )
is determined by the relation
- A -
Moo= 2B pp e (3.14)
rgo 90

Remark 3.1. As a norm in the space R x E, we take ||(A, u)|| = {|A\]> + ||u\|§}%

Remark 3.2. We add the points at infinity (A, 00), A € R, to our space R x E
and define an appropriate topology on the resulting set.

In view of [15, Theorem 3.3|, by [1, Theorem 1.1] and [3, Theorem 3.1] for
equations (3.10) and (3.11) in the case f = 0 we get the following results.

Theorem 3.1. Let f = 0. Then for every k € N and every v € {+, —} there
exists a continuum CY , of solutions of equation (3.10), which contains (\,0), is

contained in (R x S})U {(M,0)} and either meets (A, 00) or its projection onto
R x {0} is unbounded.

Theorem 3.2. Let f = 0. Then for every k € N and every v € {+, —}
there exists a continuum CY  of solutions of equation (3.10) (or (3.11)), which

contains (A, 00), is contained in (R x Sy)u {( M, 00)}, and either meets (A, 0)
or its projection onto R x {0} is unbounded.

Using Theorems 3.1 and 3.2, and by following the arguments in Lemmas 5.3,
5.4, Corollaries 5.3, 5.4 and Theorem 1.3 of [1], and in Lemmas 5.1, 5.2, 5.4-5.6,
Corollary 5.7 and Theorem 5.9 of [3] for problem (3.10) in the case f # 0 we have
the following global bifurcation results.

Lemma 3.1. For every k € N and every v € {+, —} the set of bifurcation points
of equation (3.10) with respect to the set R x S{ is nonempty. Furthermore,
if (A,0) is a bifurcation point of equation (3.10) with respect to R x S}, then

7|2 _ Co e 4 Co
AEIk—[gor o]’ gor T Taol |-

For every k € N and every v € {4+, —}, let DZ o be the union of all components

of the set of solutions of equation (3.10) that meet the bifurcation interval I, x {0}
with respect to the set R x S7. This set may not be connected in R x £, but the
set Dy o = 13%70 U (I x {0}) is connected in R x E.

Theorem 3.3. For every k € N and every v € {+, —} the component Dy o
of the set of solutions of equation (3.10) lies in (R x S¥) U (I x {0}) and ei-
ther meets I, x {o0} or its projection onto R x {0} is unbounded, where I}, =

Ak _ 9 _ Coo Ak _ 9 Coo
[90T+1 90 |90|’g07’—|_1 90 + lgol | -
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Lemma 3.2. For every k € N and every v € {+, —} the set of asymptotic
bifurcation points of equation (3.10) (or (3.11)) with respect to the set R x S} is
nonempty. Furthermore, if (A, 00) is an asymptotic bifurcation point of equation
(3.10) (or (3.11)) with respect to R x S{, then A € Iy.

For every k € N and every v € {+, —}, let DZOO be the union of all compo-
nents of the set of solutions of equation (3.10) (or (3.11)) which meet asymptotic
bifurcation interval I, x {co} with respect to the set R x S} This set may not
be connected in R x E, but the set Dy = D,‘;,oo U (I;; x {o0}) is connected in
R x E.

Theorem 3.4. For every k € N and every v € {+, —} the component Dy __ of
the set of solutions of equation (3.10) (or (3.11)) lies in (R x SY) U (I x {o0})
and either meets I, x {0} or its projection onto R x {0} is unbounded.

Remark 3.3. From the definitions of the sets Dy ; and Dy it follows that if
their projections onto R x {0} are bounded, then they coincide.

Theorem 3.5. For every k € N and every v € {+, —} the projections of the
sets Dy o and Dy . onto R x {0} are bounded.

Proof. Let (\*,u*) € Dy for some k € N and v € {+, —}. Then (A\*,u") is a
solution of the following linear problem

{ Lu) 4+ r7(z)d*(z)u + rr(z)Y*(x)u = Ar7(z)gou, z € (0,1),

u € B.C, (3.15)
where (o)
_ flur (= . *
¢ (x) = wiy AW (@) 20, (3.16)
0 if w*(z)=0,
_ $o(u*(x)) if u* 0
() = v i w(@) £0, 3.17
v5(=) { 0 if w*(z)=0. (3:17)
In view of (1.7), by (3.16), we get
9" (2)| < Cj 0, 7 €10,1], (3.18)
where
C{ oo = max {CO, Coo, max fs) }
’ x0< |5| < Xoo S
It follows from (2.7) that
‘POS) — oo — g0 + 90"?8(8), SER, s#£0, (3.19)
whence, by (2.5), we get
‘900;8) < |goo — go| + 1 for any s € R, |s| > o71. (3.20)
Since ¢°S(S) € Clo1,01] it follows that there exists a positive constant My such
that

’(,O()(S) < My for any s € R, g1 < |s| < 01. (3.21)

S
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Then by (2.4), (3.20) and (3.21) we get
po(s)

S

< Mg for any s € R, s # 0, (3.22)

where
Mg = max {|goc — go| + 1, Mo}.
Hence, by (3.22), from (3.17) we obtain
[¥0 ()| < Mg, 2 € [0,1]. (3.23)

Therefore, by relations (3.12), (3.18) and (3.23), it follows from [1, formula (4.2)]
that
M Coat M _ M, it M
790 |90l - T9 |90
which implies that the projection of the set D} ; onto R x {0} is bounded.
In a similar way we can show that the projection of the set Dy ., onto R x {0}

is bounded. The proof of this theorem is complete.

Corollary 3.1. For every k € N and every v € {4+, —} the following relation
holds:

v v
Dk,() - Dk,oo'

4. Existence of nodal solutions of problem (1.1)-(1.5)

In this section, using Theorems 3.3, 3.5, relations (3.12), (3.18) and Corol-
lary 3.1, we establish sufficient conditions for the existence of nodal solutions to
problem (1.1)-(1.5).

Remark 4.1. By Corollary 3.1 for every £ € N and every v € {+, —} the
component Dy, of the set of solutions of problem (3.10) meets the intervals
I, x {0} and Iy x {oo}. Moreover, the set DY \{(I x {0}) U (I} x {oo})} lies
in R x 5. Since Dy, is connected it follows ‘that if for some k € N the right
end of the interval I, lies to the left of 1 and the left end of the interval I, lies
to the right of 1 or if the right end of the interval I}, lies to the left of 1 and the
left end of the interval Ij, lies to the right of 1 on the real axis, then the set Dy o
intersects the hyperplane {1} x E. In this case for every v € {4+, —} there exists
a solution (1,y) € R x S} of problem (3.10), which implies that there exists a
solution y € S} of problem (1.1)-(1.5).

Let go > 0. Then it follows from the condition gg goo > 0 that goo > 0. If the
right end of the interval I lies to the left of 1 and the left end of the interval I &
lies to the right of 1 on the real axis, then we have

A C A o Cwo
LA S LN (4.1)

Due to the right-hand side of relation (4.1), we obtain

Joo + Coo < ﬁ
90 gor’
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whence we get r > 0, and consequently, the following relation holds:

A
< —. 4.2
" goo + Co ( )
By the left-hand side of relation (4.1), we get
A
2k < go — 007
,
which implies that gy > Cy and
Ak
<r. 4.3
90 — Co (4.3)
Then it follows from (4.2) and (4.3) that
Ak Ak
<r < ——. 44
go — CO oo T+ Coo ( )

Now the right end of the interval I}, lies to the left of 1 and the left end of the
interval I lies to the right of 1 on the real axis. Then we have

A o Cso A C
Sk ey T oo 2k 0 (4.5)
gor 9o 9o gor 9o
By the right hand-side of (4.5) we get
A
go + CO < Tka
and consequently, 7 > 0 and
Ak
r < . 4.6
90 + Co (4.6)
By the left hand-side of (4.5), we have
A
Tk < Joo — Ooo (47)
It follows from (4.7) that goo > Co and
Ak
— < 4.8
goo — Cso (4.8)
Then, by (4.6) and (4.8), we obtain
A A
i r< —28 (4.9)

— < .

Joo — Coo 90 + Co

Thus, we have established the conditions under which problem (1.1)-(1.5) has
nodal solutions.

Theorem 4.1. Let go > Cy and for some k € N condition (4.4) holds. Then
there are solutions y,j and y,  of problem (1.1)-(1.5) such that y,j € S,j and
Y, €S . In this case the function y,j has exactly k — 1 simple nodal zeros in
(0,1) and is positive near x = 0, and the function y, has also exactly k—1 simple
nodal zeros in (0,1) and is negative near x = 0.

Theorem 4.2. Let goo > C and for some k € N condition (4.9) holds. Then
there are solutions y,j and y,  of problem (1.1)-(1.5) such that y,j € S,j and
Y, €5 -
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Similarly, we can show that the following results hold.

Theorem 4.3. Let g9 < —Cp and for some k € N condition (4.9) holds. Then
there are solutions y;* and y, of problem (1.1)-(1.5) such that y;" € S and
Y, €5 -

Theorem 4.4. Let goo < —Cs and for some k € N condition (4.4) holds.
Then there are solutions y,': and y,. of problem (1.1)-(1.5) such that y,j € S,j
and y, €5 .

1]
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