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KHOVANOV HOMOLOGY, UNCOUPLING OPERATION AND
SOME CLASSIFICATION OF ORIENTED GRAPH-LINKS

DENIS P. ILYUTKO AND IGOR M. NIKONOV

Abstract. In [Nikonov, Khovanov homology of graph-links, Sb. Math.
203 (2012), no. 8], the second author of the current paper constructed
Khovanov homology of graph-knots (graph-links with one component) in
the case of the ground field of characteristic two. To generalize this con-
struction for the case of graph-links with many components one has to
define additional structure (orientability) on graph-links. This was done
by the first named author in [Ilyutko, Maslennikova, Linking number for
graph-links and some classification of graph-links, J. Knot Theory Ram-
ifications 34 (2025), no. 14]. In the present paper we summarize all the
results together, define Khovanov homology for oriented graph-links and
construct a new invariant. In the end of the paper we calculate invariants
for graph-links with less than 5 vertices and get the full classification of
such graph-links.

1. Introduction

The aim of the present paper is to define Khovanov homology for graph-links
with many components. Recall that graph-links [6, 7] are a generalization of
virtual links considered up to mutation (a piece of a virtual link diagram inside a
box is cut, then it is turned by a half-twist and returned to the initial position):
we consider graphs instead of chord diagrams of virtual diagrams and moves
on graphs originated from the Reidemeister moves rewritten in the language of
intersection graphs of chord graphs.

More precisely, a diagram-representative of a graph-link is a simple unoriented
labelled graph, and graph-links themselves are equivalence classes of such graphs
modulo some moves. If we want to associate a graph-link with a (connected)
virtual link diagram, we have to consider any rotating circuit (an Euler tour ro-
tating at any classical crossing) on the virtual diagram, the corresponding chord
diagram with some labels, see below, and its intersection graph. It is known that
the intersection graph determines a chord diagram up to mutations [3, 4]. There-
fore, any link invariant which is preserved under mutations may be considered as
a candidate for the role of an invariant of graph-links. It may turn out that some
link invariants cannot be extended to graph-links, as some links with the same
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intersection graph may be non-transformable into each other by Reidemeister
moves and mutations. It is not known whether such links exist. Therefore, it is
a non-trivial problem to extend a given link invariant which is preserved under
mutations to an invariant of graph-links. In the case of the Jones polynomial this
problem was solved in [6, 7, 18].

Khovanov’s discovery of a homological knot invariant in the 1990s [12] led to
a number of new invariants, known as the categorifications of polynomial knot
invariants. It is worth to note that in the case of classical knots Khovanov ho-
mology detects the unknot but in the case of virtual knots it does not do since
Khovanov homology does not feel Z-move (or, another name, virtualization).
Later odd Khovanov homology was defined in the work in [15] and was shown
that it is preserved under mutations [1], so one can expect that this invariant
can be extended to graph-links. Let us note that in the case of a field of char-
acteristic 2 the odd Khovanov homology coincides with Khovanov homology and
the integral Khovanov homology of links with many components is not preserved
under mutations [1] (in the case of knots the problem is still unsolved). The con-
struction of odd Khovanov homology modulo 2 used in [1] is transferred to the
case of graph-knots. As a result Khovanov homology of graph-knots was defined
in [13]. In the case of links Khovanov homology is defined for oriented links.
Therefore, for the case of graph-links with many components we have to define
any additional structure on them, which is analogous to the orientation in the
case of links. It was done in [9, 11].

The paper is organized as follows. In the next section we give the main defini-
tions concerning oriented graph-links. In Section 3 we define Khovanov homology
for oriented graph-links by using the construction from [13]. Section 4 is dedi-
cated to a new operation for graph-links with many components. By using the
last operation and the other invariants in Section 5 we classify all graph-links
with representative-diagrams on < 4 vertices.

2. Graph-links and oriented graph-links

2.1. Graph-links. Let G be a simple finite graph (a graph without loops and
multiple edges), and let V' = V(G) be its vertex set.

Definition 2.1. A graph is called labeled if every chord is endowed with a label
from the cartesian product {0, 1} x{+, —}, where the first argument is the framing
of the vertex, and the second one is the sign of the vertex. We denote fr(v) and
sgn(v) the framing and the sign of the vertex v, respectively. All labeled graphs
are considered up to label-preserving isomorphism.

We define the moves on labeled graphs below. This definition is essentially a
reformulation of the definition of the usual Reidemeister moves on link diagrams:
we look at how the intersection graphs of chord diagrams of rotating circuits
are transformed when the moves are applied to the original link diagrams. The
resulting graph surgeries turn out to be local, which allows us to apply them to
arbitrary graphs, including those that do not correspond to any link diagrams,
since there are simple graphs which are not intersection graphs of chord diagrams,
see [2]. A simple graph H is called realizable if there is a chord diagram D such
that H is the intersection graph of D. Otherwise, a graph is called non-realizable.
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FIGURE 1. The third graph-move

Before describing moves on labeled graphs we define two operations on simple
unlabeled graphs.

Definition 2.2 (Local complementation). Let G be a graph. The local comple-
mentation of G at v € V(G) is the operation which toggles adjacencies between
u, w € N(v), u # w, and does not change the rest of G. Denote the graph
obtained from G by the local complementation at a vertex v by LC(G;v).

Definition 2.3 (Pivot operation). Let G be a graph with distinct adjacent ver-
tices u and v. The pivoting operation of G at v and v or at the edge uv is the
composition of three local complementations: the first one at u, then at v and
at last at u. Denote the graph obtained from G by the pivoting operation at the
vertices u and v by piv(G;u,v) = LC(LC(LC(G;u);v); u).

Now we are ready to define graph-moves, i.e. moves on labeled graphs.

Definition 2.4. Qg1. The first graph-move is an addition/removal of an isolated
vertex with the framing 0.

Q¢2. The second graph-move is an addition/removal of two non-adjacent (re-
spectively, adjacent) vertices labeled (0,4) and (0, —) (respectively, (1,4) and
(1,—)) and having the same adjacencies with the other vertices.

Q43. The third graph-move is defined as follows. Let u, v, w be three vertices
of G all having the label (0, —) so that u is adjacent only to v and w in G, and v
and w are not adjacent to each other. Then we only change the adjacencies of u
with the vertices v, w and t € (N (v)\ N(w)) U (N(w)\ N(v)) (for the other pairs
of vertices we do not change their adjacencies). In addition, we switch sgn(v) and
sgn(w), see Fig. 1 (we depict only a part of G where the changes occur). The
inverse operation is also called the third Reidemeister graph-move.

Q4. The fourth graph-move for G is defined as follows. We take two adjacent
vertices u and v with fr(u) = fr(v) = 0, respectively. Replace G with piv(G;u,v)
and switch sgn(u) and sgn(v).

Q44'. In this fourth graph-move we take a vertex v with fr(v) = 1. Replace G
with LC(G;v) and switch sgn(v) and fr(u) for each u € N(v).

Remark 2.1. The third graph-move 233 does not exhaust all the possibilities
for representing the third Reidemeister move on labels graphs. It can be shown
that all the other versions of the third Reidemeister move, see Figs. 2 and 3 for
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FIGURE 2. The other versions of third graph-move

some possibilities, are combinations of the second, third and fourth graph-moves,
see [14] for details.

The fourth graph-moves Q44 and Q44" in the realizable case correspond to a
rotating circuit change on a virtual diagram. Sometimes, applying these graph-
moves we simply say that we change the circuit.

Definition 2.5. A graph-link is an equivalence class of labeled simple graphs
modulo Q41 — Q44" graph-moves. Any graph from a graph-link {G} is called a
representative for {G}.
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FiGURE 3. The other versions of third graph-move

We call an equivalence class of labeled simple graphs modulo Q44 and Q.4
moves a diagram of the corresponding graph-link. In this case we denote {G}4
the equivalence class of G.

Remark 2.2. The free loop is also considered as a labeled graph. The graph-link
generated by the free loop is called trivial. When we apply a first or second
graph-move to the free loop, we delete the free loop and get the graph with one
or two vertices. Conversely, applying the decreasing first (second) graph-move to
a labeled graph with one vertex (two vertices) we get the free loop rather than
empty graph.
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Definition 2.6. The adjacency matriz A(G) = (a;j) of a labeled graph G is the
matrix over Zo defined as follows: a;; = fr(v;), and a;; = 1, @ # j, if and only if
v; is adjacent to v; and a;; = 0 otherwise.

Proposition 2.1 ([6]). The number corank (A(G) + E) is an invariant of the
graph-link {G?}, i.e. corank (A(G1) + E) = corank (A(G2) + E) for any G1, Ga €
{G}, and corank A is the corank or nullity of the matriz A, i.e. the difference
between the size of the matriz and its rank vk (the rank is calculated over Zs).

Definition 2.7. Define the number of components of a graph-link {G} to be
equal to corank (A(G) + E) + 1, where E is the identity matrix. A graph-knot is
a graph-link with one component.

A graph-link is called non-realizable, if each of its representative is non-realizable
graph.

Note that in the realizable case the number of components of a graph-link
coincides with the number of components of the corresponding links.

2.2. Oriented graph-links. To define an orientation of graph-links we first
partition the vertices of a labeled graph into classes, see [9, 11]. In the realizable
case, the classes correspond to crossings where one component or two different
components intersect. Recall that this partition relies on the Circuit-Nullity
Formula, see [16, 17].

Let B(G) = A(G) + E and B;(G) = A(G) + E + E;;, where Ej; is the matrix
with the only one non-zero element equal to 1 in the ith column and ¢th row.

Definition 2.8. We say that a vertex v; € V(G) lies on one component of G or
is a pure vertex of G if

corank B;(G) # corank B(G \ {v;}).

Otherwise, we say that v; belongs to different components of G or is a mized vertex
of G. Denote MV (G) the set of mixed vertices of G.

Let v; and v; be two mixed vertices of G. We say that two components meet
at these vertices or these vertices have the same component type if either v; = vj,
or v; is a pure vertex of the labeled graph G\ {v;}, i.e. either

corank B;(G \ {v;}) # corank B(G \ {v;,v;})
ifi < g, or
corank B;_1(G \ {v;}) # corank B(G \ {vj;, v;})
if 4 > j. Otherwise, we say that different components meet at these vertices or

these vertices have a different component type.

Remark 2.3. If two vertices have the same component type, in common case we
cannot say what these components are.

From [11] we have that if the labeled graph G is obtained from a labeled graph
G'1 by a graph-move () then
(1) the relation “to have the same component type” preserves for the cor-
responding vertices of the graphs GG; and Ga, not participating in 2 or
participating in Q = 943, Q44 or Q,4’;
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(2) the mixed vertices participating in = €42 have the same component
type.

Let G be a labeled graph with k components. There exists a set of kK — 1
mixed vertices such that the labeled graph obtained from G by deleting these
k — 1 vertices has only one component. We call this set a binding set of G,
i.e. a binding set is a set U of k — 1 vertices such that corank B(G \ U) = 0.
For any sequence A = (a,...,ax_1) € {+,—}*~! and any enumerated binding
set U = {uy,...,ur—1} there exists a labeled graph G(U,A) in the diagram G
of G such that the vertices of G(U,A) corresponding to uq,...,u,_1 have the
prescribed signs aji,...,ar_1. Note that a graph G(U, A) is not unique, and by
deleting the vertices corresponding to u1,...,u;_1 from any graph in G we get a
labeled graph with one component. We call the pair (U, A) a signed binding set
of G.

From [11] it follows that for any pure vertex v; we can define the writhe number

at it by setting

wr; = Sgn(vi)(_1)corankBi(G’)—corankB(G)’

and this formula is invariant under a deletion of m vertices if the resulting graph
has the number of components being equal to the number of components of G
minus m. To define the writhe number at a mixed vertex of G we need to
construct a graph G(y,a) = G(U,A) \ U with one component.

Definition 2.9. The writhe number wr;j(G,U,A) at a vertex v; € V(G) with
respect to a signed binding set (U, A) is the writhe number at the corresponding
vertex of G (), i-e.

wr;(G,U,A) = Sgn(vj)(—1)°°rankBj(G(U,A))’
if vj #u; fori=1,...,k—1, and wr;(G, U, A) = a; otherwise.

Definition 2.10. We say that two signed binding sets (U1, A1) and (Us, Ag),
where Uy = {v,,...,v;_, }, are equivalent if wr; (G,Ur, A1) = wry, (G, Uz, A2)
forallp=1,...,k—1.

The relation from Def. 2.10 on signed binding sets is an equivalence relation,
see [9].

Definition 2.11. We call the equivalence class O = [(U, A)] of a signed binding
set (U, A) of a labeled graph G an orientation of G. We say that a labeled graph
G is oriented if any orientation O is fixed (we denote the oriented labeled graph

(G,0)).

Let G’ be a labeled graph obtained from a labeled graph G by a graph-move
Q, and O is an orientation of G. We can choose (U, A) € O such that in the case
2 = Q42 none of the vertices of U takes part in the move. Then the pair (U, A)
is a signed binding set of G’.

Definition 2.12. We say that the oriented labeled graph (G’, 0'), where O' =
[(U’, A")], is obtained from the oriented labeled graph (G, O), where O = [(U, A)],
by the oriented graph move Q.

An oriented diagram of a graph-link is an equivalence class of oriented labeled
graphs modulo oriented 4,4 and Q44" graph-moves
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An oriented graph-link is an equivalence class of oriented labeled graphs modulo
oriented Q41 — Q44" graph-moves.

Let G be a labeled graph and Vi, ..., V), be the equivalence classes of vertices
of G modulo the relation “to have the same component type”. Let us consider
any orientation O = [(U,A)] on G. For each V; = {v;,...,v;, }, i =1,...,7, we
define the linking number of this class:

1
(Vi) = 3 > wri, (G, U,A).

j=1
Definition 2.13. The oriented linking multiset of an oriented labeled graph
(G,0) is
k(G, 0) = {Ik(Vy),...,lk(V,)}.
The linking multiset of a labeled graph G is
k(G) = {[IkOW)l,..., [k(V,)[}.

Theorem 2.1 (see [9]). The (oriented) linking multiset is an invariant of (ori-
ented) graph-links up to addition/removal of 0.

It is not difficult to prove the following result.

Proposition 2.2. We have
H{((Gl, 01) L (GQ, 02)) = H{(Gl, 01) L 1k(G2, 02)

Let us recall the definition of the Kauffman bracket polynomial and the Jones
polynomial which is an invariant of oriented graph-links.

Definition 2.14 ([6, 7]). We call a subset of V(G) a state of G.
The Kauffman bracket polynomial of G is

<G> (a) _ Z aa(s)—ﬁ(s)(_QZ o a—2)corankA(G(s))’

where the sum is taken over all states s of G, a(s) is equal to the number of
the vertices labeled (a,—) from s and the vertices labeled (b,+) from V(G) \ s,

Bs) = [V(G)| = afs).
Theorem 2.2 ([6, 7]). The Kauffman bracket polynomial of a labeled graph is
invariant under Q42 — Qg4" and gets multiplied by (—a™>) under Q1.

The writhe number of an oriented labeled graph (G, O), where O = [(U, A)], is

wi(G,0) =Y _wri(G,U,A).
i=1
Definition 2.15. Let & be an oriented graph-link. Define the Jones polynomial
as

X(G,0)(q) = (=a)"@G)(a)

a:q—1/4’

where (G, O) is any representative of &.

The following two propositions are not difficult to prove.
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Proposition 2.3. Let O;, i = 1, 2, be two orientations of a labeled graph G.
Then
X(G,05)(q) = ¢32IGO)I=IKGON x (7, 01)(q),
where |[Ik(G, O;)|| is the sum of elements of Ik(G, O;).
Proposition 2.4. Let (G;,0;), i =1, 2, be two oriented labeled graphs. Then

X((G1,01) U (G2, 02))(q) = X(G1,01)(q) - X(Ga, O2)(q)-

3. Khovanov homology

Let G be a simple labeled graph with n vertices, and A(G) = (a;;) its adjacency
matrix. Given a state s C V(G), let us consider the vector space

V(G, S) = ZQ<$1, e, Ip | TEG’S)’ o ’T1(1G,s)>7

where the relations rgG’S), e ,r%G’S) are given by the formula
zi+ > ajjzy, ifv €s,
(G,s) {jlvjes}
"i - Z ;T j, if v; € s. (31)
{71 v €s}
Note that if G is realized by a chord diagram and, therefore, by a virtual link
diagram then the relations T§G’S), e ,r,gG’S) generate the cycle space of the graph

of circles (the touch-graph) for a resolution of the link diagram, i.e. at each
crossing we perform a smoothing, see [1, 10, 17]. It is not difficult to show that
the dimension of V(G, s) is equal to corank A(G(s)), where G(s) is the induced
subgraph of G on s, see [10, 17].

The next step is to construct the state cube. We have a natural bijection
between states s C V(G) and vertices of the hypercube {0,1}": the state s
corresponds to the vertex o(s), where the i-th coordinate is equal to 1 if and only
if either v; € s and sgn(v;) = + or v; € s and sgn(v;) = —. Every edge of the
hypercube is of the type s — s @ i, where s ®i = sA{v;}. We orient the edge so
that ||o(s @ 1)|| = ||o(s)|| + 1, where ||o(s)] is the sum of coordinates of o(s).

We assign to every oriented edge s — s @ ¢ the map

O \ V(G.s) = N V(G s@i)
of exterior algebras defined by the formula

5 _J xiAu ifz; =0€eV(G,s),
8s®i(u) - { u if x; #0 € V(G, s).

Consider the chain complex

ca)= @ N\ VG.s)

sCV(Q)

(3.2)

with differential

o= Y o).

{s5,8'CV(G)|s—s"}

Definition 3.1. The homology Kh(G) of the complex (C(G),0) are called the
reduced (odd) Khovanov homology of the labeled simple graph G.
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Let (G, O) be an oriented labeled graph with n vertices and u € A" V(G, s).

Definition 3.2. The homological grading of u is equal to
wr(G,0) —n
M(w) = |lo(s) | + H

The quantum grading of u is equal to
3wr(G,0) —n
—
From [9, 11, 13] it follows that the differential increases the grading M and
leaves the grading @) unchanged. Let Kh,, (G, O) be the homogenous part of

Kh(G) having the gradings M = m and @ = q. As a result we have the following
theorems.

Q(u) = dim V(G, s) — 2r + ||o(s)]| +

Theorem 3.1. The groups Khy, (G, O), m,q € Z, are invariants of (G, O).

Proof. For an element u € A" V(G, s) C C(G) of the Khovanov complex, consider
the unshifted gradings

Mo(u) = [lo(s)ll,  Qo(u) = dimV(G,s) = 2r + [lo(s)]|

The differential increases the grading My by 1 and does not change ()9. Hence,
the homology group Kh(G) is bigraded.

Reidemeister moves shift the gradings My, Qo of the Khovanov complex as
shown in the following table [8, 13].

My | Qo
Q17 0 | -1
Q17| 1| 2
Q2 | 1|1
Q3| 0|0
Q4| 0|0
Q4 | 0 | 0

Here §41¢, € = £, denotes the adding an isolated vertex with the label (0, €) and
242 denotes the increasing second Reidemeister move.

On the other hand, the moves Q42,€,3,Q44,Q,4" do not change the writhe
number wr(G,O), and the moves ,1¢ change it by €. Hence, the corrected
gradings M and @ are invariant under Reidemeister moves. 0

By the definition of Khovanov complex we have

Theorem 3.2. Let (G;,0;), i =1, 2, be two oriented labeled graphs. Then

Kh,p, o(G1UG2, 01 U0O0,) = P Khyn, 4, (G1,01) @Khypy 4, (Ga, O).
mi+ma=m, q1+q2=¢q

Theorem 3.3. The bigraded Khovanov homology Kh,, (G, O) categorifies the

Jones polynomial in the sense that

Z (—1)"dimz,Kh,, (G, 0) -t = X(G, O)(it_1/2).

m,q€Z
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FI1GURE 4. Uncoupling operation in the realizable case

Definition 3.3. The Laurent polynomial
Kh(G,0)(x,y) = Y dimg,Khp,4(G,0)az™y?
m, qEL

is called a Poincaré polynomial.
From the definitions we immediately obtain the following facts.

Proposition 3.1. Let O;, i = 1, 2, be two orientations of a labeled graph G.
Then

Kh(G,0)(z,y) = lek(G»Oz)H*Hlk(G,Ol)Hy3(Hlk(G702)Hflllk(G,Ol)ll)Kh(G, O1)(x,y).
Proposition 3.2. Let (G;,0;), i =1, 2, be two oriented labeled graphs. Then
Kh(G1 UG, 01U 02)(z,y) = Kh(G1,01)(2,y) - Kh(G2, 02)(z,y).

4. Uncoupling operation

Let G be a labeled graph with more than 1 component and v be its mixed
vertex. We define the labeled graph G, to be the graph obtained from G by
changing the framing of v and adding a new vertex v which is adjacent only to
v and has the label (0,sgn(v)). We say that the graph G ,(,) is obtained from G
by uncoupling operation at the mized vertex v (see Fig 4 for the realizable case).

Lemma 4.1. The graphs G and G () have the same number of components and

Proof. Let us enumerate the vertices of G and G,(,) such that the number of v
in G is 1, the number of v in G, is 1 and the numbers of the other vertices of
Guc(v) are 1 more the numbers of the corresponding vertices of G.

We have

11 o’
corank B(G () = corank | 1 fr(v) al
0 B(G\ {v})
1 0 0"
=corank [ 0 fr(v)+1 T = corank B(G),
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0 1 o'
corank B1(Ge(y)) = corank | 1 fr(v) a'
0 a B(G\{v}
0 1 0"
=corank [ 1 0 0" = corank B(G \ {v})
0 0 B(G\{v})

= corank By (G) = corank B(G ) \ {7}),

1 1 0’
corank By (Gye(y)) = corank | 1 fr(v) +1 al
0 a  B(G\{v})
1 0 o'
=corank [ 0 fr(v) al = corank B (G)
0 a B(G\{v})

= corank B(G \ {v}) = corank ( (1) B(GO\T{U}) > = corank B(G e \ {v})

and for any vertex w with the number i > 2

1 o'
corank B;(Gye(y)) = corank | 1 fr(v) al
0 a Bi_l(G \ {U})
1 0 o'
=corank [ 0 fr(v)+1 T = corank B;_1(G),

0 a Bi_1(G\ {v})

11 o'
corank B(G ye(v) \ {w}) = corank | 1 fr(v) a'
0 a B(G\{v,w})
1 0 o'
=corank [ 0 fr(v)+1 T = corank B(G \ {w}).

0 a B(G\ {v,w})

Denote G, the graph obtained from G by uncoupling operations at all the
mixed vertices of G. From the definition it follows that G, does not depend on
a sequence of the mixed vertices when we apply the uncoupling operation.

Before proving the main theorem of this section we justify the following lemma.

Lemma 4.2. The number of mized vertices taking part in €43 is equal to either
0, or 2, or 3. Moreover, if this number is equal to 2 then these two mized vertices

have the same component type, and if it equals 3 then each pair of these vertices
have different component type.
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Proof. Let G be alabeled graph and vertices v1, vo, v3 take part in £43. From [11,
Lemma 3.4] it suffices to consider the right part of Fig. 1. We have

1 0 0 al
0 1 0 b’
00 1 (a+b)T
a b a+b C

To check or disprove the equality corank B;(G) = corank B(G \ {v;}), i =
1, 2, 3, we will use [11, Lemma 3.1].

Sincea’ A+b"A = (a+b)TA, where A is a column-vector consisting of 0 and
1, we get that either none of the first three columns of B(G) or the sum of two
of them is a linear combination of columns of the matrix

al

bT
(a+b)"
C

We immediately get the validity of the first part of the lemma.

The validity of the second part of the lemma follows from [11, Lemma 3.6].
Indeed, if two vertices from v, vo, v3 are mixed, then the sum of columns is a
linear combination of columns of the matrix

al

bT
(a+b)"
C

and each column separately from these two columns is not a linear combination
of the columns of B(G) except these two columns. If vy, ve, v3 are mixed, then
we have three linear combinations for three sums of two columns, and, therefore,
each column of the first three columns of B(G) is a linear combination of the
columns of B(G) except the two columns. O

Theorem 4.1. If {G} = {G'} then {Gu.} = {Gl.}.

Proof. Let G’ be obtained from G by a one graph-move. We will show that G/,
is obtained from G, by graph-moves. The validity of this assertion is obvious if
there is no mixed vertex in the graph-move, so it is obvious for the first graph-
move, see [11, Lemma 3.2].

Let G’ be obtained from G by ,2 by adding vertices u and v. Then u and
v are mixed vertices in G’. Let 4 and ¥ be the additional vertices of G, being
adjacent only to u and v, respectively. Then we apply Q44" to G, at v and v if
fr(u) = fr(v) = 0 in G’ or Q44 to G, at u and v if fr(u) = fr(v) = 1 in G’ and
then two times 2,2 for the pairs (u, @) and (v,0). As a result we get Gue.

Let G’ be obtained from G by 43, see Fig. 1. By Lemma 4.1 and [11,
Lemma 3.4] we have four cases: (1) u,v € MV(G) and u, w € MV (G'); (2)
u, w € MV(G) and u, v € MV (G'); (3) v, w € MV (G) and v, w € MV (G’); (4)
u, v, w € MV (G) and u, v, w € MV (G’). In each case we apply Q,4’ to G, and
G, at the mixed vertices of G and G’ from w, v, w and then 42 to the pairs of
(u, ), (v,0) and (w,w) if they exist.

B(G) =
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Let G’ be obtained from G by Q44 at vertices u and v where sgn(u) = «
and sgn(v) = . By [11, Lemma 3.5 we have three cases: (1) u € MV (G
and u € MV (G); (2) v € MV(G) and v € MV (G"); (3) u, v € MV (G) and
u, v € MV (G'). In the first two cases we apply 244’ to Gy, and G, at the one
mixed vertex of G and G’ from u, v and then €42 to the pair of (u, @), (v,?) if it
exists. In the third case we apply to G, the following sequence of graph-moves:
Qg4" at u; Q42 to the pair (u,); Q42 which adds two adjacent vertices w; and
wy with framing 1 and signs 8 and —pf, respectively, being adjacent only to v
and each vertex from N(v) \ {0} in the new graph; Q44" at w;; Q44" at v; Q42
to the pair (v, 7). As a result we get the labeled graph isomorphic to the graph
obtained from G/, by applying Q,4’ at u and Q42 to the pair (u, @)

Let G’ be obtained from G by Q44" at vertex u with sign o. To get the labeled
graph being isomorphic G/, from G, we have to perform the following sequence
of graph-moves to Gy, €242 which adds two adjacent vertices w; and wo with
framing 1 and signs a and —«, respectively, being adjacent only to u and each
vertex from N(u) \ {a}; Q44" at wi; Qg4" at u; Q42 to the pair (u,a). O

5. Classification of graph-links with diagrams on 4 vertices

In [9] the authors classified all graph-links having representatives with less
than 4 vertices, where for each diagram representing a graph-link with more than
one component they considered all orientations on it and found the linking sets
and the Jones polynomials. In this section we do the same for graph-links with
representatives on 4 vertices. Let us note that this classification was started by
Ilyutko and Maslennikova and continued in Maslennikova’s coursework, but was
not completed.

First, let us introduce some notations. In our tables we will rename the ver-
tex labels by putting Ao = (0,+), A1 = (1,+), Bo = (0,—), B = (1,—) (in
fact this vertex designation is natural, since the sings correspond to A- and
B-smoothings). Let us denote K(C1,...,C,) the complete graph with labels
Cy,...,Cp € {Ag, A1, By, B1}, and the graphs P(Cy,...,Cy), C(Cy,...,Ch),
S(C,...,Cy), T(Cy,Cq,C5,Cy) and F(C1, Co, Cs,Cy) are depicted in Fig. 5.

By Theorem 3.3, the Jones polynomial is expressed through a Poincaré poly-
nomial. Therefore below we calculate only Poincaré polynomials. Now, we re-
call the results from [9] with specifying only the Poincaré polynomials for the
first oriented linking multiset in the case of graph-links with many components
(see Propositions 2.3, 3.1) and denoting GrLk(n,m); graph-links with n vertices
and m components. Also we will not write the oriented linking multiset and
Poincaré polynomials for disjoint unions of graph-links (see Propositions 2.2 and
3.2). We recall that the empty graph we denote (.

Let us consider labeled graphs on four vertices. There are 996 of such graphs
and they are partitioned into 228 diagrams. Among them, 102 diagrams cannot
be reduced by a decreasing first or second Reidemeister move.

Let us first consider graph-knots. We have 34 diagrams out of 102 and 18
new values of Poincaré polynomials. We show that 9 diagrams are equivalent to
diagrams on < 3 vertices, and there are 7 pairs of diagrams on 4 vertices. As a
result we have 18 different graph-knots with representatives on 4 vertices but no
on < 4 vertices.
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Cl CZ C3 Cn—l Cn
P(C,,....C,)

C4 C3 C4 C3
T(C,,C,,C5,Cy ) F(C,,C,,C5,Cy)

FiGURE 5. Graphs

Equivalences of {S(Bl, A(), A(), Al), S(BQ, Ao, AO, Bl), K(Al, Al, A[), Al)}4 and
{S(A(), Al, B(), Bo), S(Al, Bl, B[), Bo), K(Bo, Bl, Bl, Bl)}4 to diagrams on 3 ver-
tices are shown in Fig. 6 (here we use third graph-moves from Figs. 2 and 3).

Applying a third graph-move and then a first graph-move to
{T(A1, Ao, A1, Ao), F (A1, A1, Br, Ag), P(Ao, B1, Bo, Ao) }4,

{T(Bl, BO’ Bl’ BO), F(Bl, Bl, Al, BO)7 ];)(BO7 Al, AO, BO)}4,
{P(Ao, By, By, Ao), C(Ao, Ag, Ao, Ao) }4
and {P(Bo, Ao, Ao, By), C(Bo, By, Bo, By) }4 we get the diagrams on 3 vertices.

Applying a third graph-move and then a second-graph move to

{T(A07 A07 A17 A1)7 C(Ao, Ala Blv A0)> F(A17 AOv Bl7 Al)a T(Ala Blv BO7 AO))

P(A17 Blv BO) Al)’ F(Ala AO) BOv Bl)7 F(B(], Al: Bla Bl)7 P(B17 307 BOv Al)a

P(A17 Bla 317 Bl)) F(B()7 A17 B(]’ A1)7 P(Bb B(]7 Bla Bl)}47

{T (Ao, Ao, B1, A1), C(Ag, A1, B, Bo),F(A1, Ao, A1, A1), T(A1, By, Bo, By),
P(Ay, B, Ao, A1), F(Ay, Ay, Ao, B1), F(Bo, By, B, B1), P(By, By, Ao, A1),

and {T(Ao, Al, Bl, Bo), C(Bl, Al, Bo, Bo), F(AQ, Bl, Al, Al), T(BQ, Bl, Bl, Bo),
P(Al, Al, AO, Al), F(AO, Bl, AO, Bl), F(BO, Bl, Al, Bl), P(Bl, AO, AO, Al),

P(Al, Al, Al, Bl), F(Bo, Bl, A[), Al), P(Bl, Ao, Al, Bl)}4 we get the diagrams on
2 vertices.

The diagrams of GrLk(4,1);, 10 < i < 15, form two 4-equivalence classes
which are connected by a third graph-move, see Figs. 2 and 3.
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(0,00) 0,00)

Qg2

0-0)  — (0,-0)

(1,-&)

(1,-0) (L-o)  (0,00)

(o) 0w 00

FIGURE 6. Equivalence of the labeled graphs (we use marks 1, 2
and 3 for vertices the third-graph move is applied to)

The diagrams of GrLk(4,1)17 form two Q4-equivalence classes. To show that
those classes are connected by graph-moves, we use the map y from [5]. We get
two looped graphs and their equivalence is shown in Fig. 7 (we use moves from [5]
and we use marks 1, 2 and 3 for vertices the third move from [5, Fig. 9] is applied
to).

Remark 5.1. We have obtained that graph-knots with a representative on < 4
vertices are classified by the Jones polynomial.

Let us first consider graph-links with two components. This condition distin-
guishes 39 diagrams out of 68. They give 27 new values of Poincaré polynomials,
and 4 values which coincide with that of diagrams on 3 vertices. We show that
8 diagrams are equivalent to diagrams on < 3 vertices, and there are 31 new
graph-links with 2 components.

It is not difficult to find third graph-moves from Figs. 2 and 3 after per-
forming which to the diagrams {P(Ay, By, B1), P(Ag, B1, A1), C(Ap, A1, A1)} U
{P(A1),P(B1)}4, {P(A1, Ao, By),P(B1, A1, By), C(Bo, B, B1) }4L{P (A1), P(B1) }4,
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O—O_}g_,@
Q Q Q

Mo N

l

N D%

|

M-

FI1GURE 7. Equivalence of two labeled graphs

{T(A17A07A17 1)7C<A0>AO)BlaA0)>F(A17AOaBbAO)aP(Al:BlaBO’AO)a
P(BlaBO’B(]vAO)}47 {T(BlaAOaBl>A1)7C(AoaBOaBl>B0)7F(A17A07A1aBO)a
P(A1, By, Ao, Bo), P(B1, Bo, Ao, Bo) }4, {T(A1, Ao, A1, B1), C(Ao, Ao, A1, Ag),
F(A17B(]aBlaAO)vP(BlaBl7B(JaA0)7P(AlaBO7BOaAO)}47 {T(AlvAOaBlaBl)v
C(Ao, Ao, A1, Bo), F (A1, By, B1, Bo), F(A1, Bo, A1, Ao), P(B1, B1, Bo, Bo),
P(BlaB17A07A0)aP(AlaBOaBOvBO)ap(AlvBmAO’AO)}‘l? {T(BlaAlaBbBU)’
C(B1, By, Bo, Bo), F(Ao, B1, A1, Bo), P(A1, A1, Ao, Bo), P(B1, Ao, Ao, Bo) }4,

{T(Ay, By, A1, B1),C(Bo, Ao, A1, Ag), F(B1, By, By, Ag), P(B1, A1, By, Ao),
P(A1, Ay, By, Ao) }4 we can apply a first or second graph-move in every case.
We have the following tables for graph-links with 2 components (recall that we
specify only the Poincaré polynomials for the first oriented linking multiset).
From Tables 2 and 6 we see that the diagrams GrLk(3,2); and GrLk(4,2);5
have the same invariants. The same is true for the pairs (GrLk(3, 2)2, GrLk(4, 2)12),
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(GrLk(3,2)4, GrLk(4,2)16) and (GrLk(3,2)s,GrLk(4,2)11). To show that the
each pair gives two non-equivalent diagrams we consider the uncoupling opera-
tion. It is easy to see that each diagram GrLk(3,2)1,,., GrLk(3,2)s,,., GrLk(3,2)4,,.,
and GrLk(3,2)s,,. is equivalent to GrLk(2,2);, and the diagrams GrLk(4, 2);s,,.,
GrLk(4, 2)12,,., GrLk(4,2)16,,. and GrLk(4,2)11,,. are equivalent to GrLk(4,2)a4,
GrLk(4,2)96, GrLk(4,2)94 and GrLk(4, 2)96, respectively.

Let us finally consider 29 remaining diagrams. We get 29 new values of Poincaré
polynomials, therefore all of them give new graph-links.

As a result we get 78 graph-links with minimal representatives on 4 vertices
and Tables 1- 8.

Graph-link | Representative graphs

GrLk(0,1) | O

GI‘Lk(l, 2) (Al) (Bl)

GrLk(2, 1)1 (Al, A ), P(Ao, Bl)

GI‘Lk(2, 1)2 P(BhBl), P(Al,Bo)

GrLk(2,2); | P(Ao, Ao), P(Bo, Bo)

GI‘Lk(?,Q)Q P(Ao,B()), P(B(),Bo)

GrLk(2,3) | GrLk(1,2) U GrLk(1,2)

GI‘Lk(?}, 1)1 (Ao, Bo, Ao)

GI‘Lk(B, 1)2 ((Bo,Ao,Bo))

GrLk(3,1)3 | P(Ao, Bo, A1), P(Ao, By, B1), C(A1, A1, Bo)

GI‘Lk(?), 1) P(Al, Al, Bo), P(Bl, Ao, BQ), C(Ao, Bl, Bl)

GI‘Lk(3,2)1 P(Al,A(), ), P(BhAl, ), C(BQ,Bl,AQ), P(BhAo,Bl)

GI‘Lk(?), 2)2 P(Al, Bo, Al), P(Bl, Bl7 Al), C(BQ7 Al, Ao), P(Bl, BO7 Bl)

GI‘Lk(3,2)3 P(Ao,Bl,Ao), C(Al,AhAl)

GI‘Lk(3, 2) P(Al, Ao, Bl), P(Bl7 Al, Bl) P(/ll7 Al, Al), C(Bo, Bl, Bo),
C(AOa Bla AO)

GI‘Lk(S, 2)5 P(Al, B()7 Bl), P(Bl, Bl, Bl), P(Al, Bl, A1)7 C(B()7 Al, 30)7
C(Ag, A1, Ap)

GI‘Lk(?},Q)G (Bo,Al,Bo) C(Bl,Bl,Bl)

GrLk(3,2); | GrLk(1,2) U GrLk(2,1),

GrLk(3,2)s | GrLk(1,2) U GrLk(2, 1),

GI‘Lk(g,?))l C(Ao,Ao,Ao), C(Bo,Bo,Ao)

GrLk(3,3)2 C(Ao,Ao,B()), C(BQ,B(),B())

GrLk(3,3); | GrLk(1,2) U GrLk(2,2),

GrLk(3,3) | GrLk(1,2) U GrLk(2,2),

GrLk(3,4) | GrLk(1,2) U GrLk(1,2) U GrLk(1,2)

TABLE 1. Graph-links with < 3 vertices
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Graph-link | linking multiset Poincaré polynomial
GrLk(0, 1) 1

GrLk(1,2) | {1/2}, {-1/2} Y+ xy?
GrLk(2,1); y? +zyd + 22y
GrLk(2,1) T e T
GrLk(2,2), | {0} y 'ty
GrLk(2,2)s | {1}, {-1} y + 2%y°
GrLk(3,1); y? + 2295 + 2398
GrLk(3,1) T T T
GrLk(3,1)3 v 2yt oy 2oy +y i1
GrLk(3,1)4 1+ 2z 'y 4y + ay? + 22y*
GrLk(3,2); | {0} 2y + xy? + 2%y
GrLk(3,2)2 | {0} 73yt Ty T2 2yt
GrLk(3,2)s | {3/2}, {—3/2} v+ oyt + 22y5 + 23y®
GrLk(3,2)4 | {1}, {-1} Y3 + xy* + 2%y° + 2%y
GrLk(3,2)s | {1}, {-1} 1+y+xy? + 2293
GrLk(3,2)s | {3/2}, {-3/2} Y+ zy® + 22y® + 23y"
GrLk(3,3); | {~1/2,1/2,1/2}, 2+ y% 4+ 2%y!

GrLk(3,3),

{~1/2,-1/2,-1/2}
{1/2,1/2,1/2},
(~1/2,-1/2,1/2}

y2 +x2y4 +2x2y6

TABLE 2. Invariants of graph-links with < 3 vertices

19
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Graph-link Representative graphs

GI’Lk<4 1) S(Bl,Ao,Ao,A()) (A]_,Al,AhAl)

GI‘Lk(4, 1)2 S(Bo,Ao,Ao, ) (Bl,Ao,Ao,Bl), K(Al,Al,Bo,Al)

GI‘Lk(4,1)4 S(Al,Bo,B(hBo), (Bl,Bl,Bl,Bl)

GI‘Lk(4, 1)5 T(Bl,A(],BhA()), F(Al,Al,AhBO R P(A(),Bl,A(hBo)

GI‘Lk(4, 1)6 T(Al,Bo,Al, 0), F(BhBl,Bl,Ao), P(Bo,Al,B(),Ao)

GrLk(4,1)7 | P(Ao, Bo, Ao, Bo), C(Ao, Bo, Ao, Bo)

GrLk(4,1)s | T(Bo, Ao, B1, Ao), F(Ay, A1, Ay, By), P(Ao, By, Ao, B1),
F(AhAlaAOa )7 P(A07B17A17A1) (A07B17307A0)

GrLk(4,1)9 | T(Ao, Bo, A1, Bo), F(B1, By, B, A1), P(Bo, A1, Bo, A1),
F(By, By, By, B1), P(Bo, A1, B1, B1), F(By, A1, Ag, By)

GI‘Lk(4, 1)10 T(AQ,Ao,Al,Ao), (AlyAlaBlaAl) P(Ao,Bl,Bo,Al),
F(A17A17BO7B1)’ (AO,Bl,Bl’Bl)7 F(BO7A17BO,AO)7
T(BO,AO’B:[7A1)7 (AO,Bl,Bl, 0)’ F(A17A07A1’Bl)7
T(Ay, Ay, By, By), P(Ay, By, Ao, By), F(Ay, Ag, Ao, A1),
F(Ay, By, B1, B1), P(Bi, By, Ao, B1), P(A1, By, A1, Aq),
F(A07Bl,BO,A1), P(Bl,BQ,Al,Al)

GI‘Lk(4, 1)11 T(Ao,Ao,Bl,Ao), (Al,Al,Al,Al), P(Ao,Bl,Ao, ),
F(A17A17A0’Bl)7 (A07BI’A17B1)’ F(BO,Bl,BO,AO)7
T(Bo, A1, By, Bo), C(By, B1, By, By), F(Ao, B, A1, By),
P(Ay, Ay, Ao, By), F(Ao, B1, Ao, A1), P(B1, Ao, Ao, B1),
P(Ay, A1, Ay, Ay),

GrLk(4, 1)12 | T(A1, Ao, Bo, Ao), F(A1, A1, By, By), P(Ao, B1, Bo, B1),
F(A17A17BO7 )7 P(AO’Bl7B1’A1), F(A17AO7BO,AO)7
T(A17A07B()a )7 C(AOaAO;B17B1)7 F(A13A07BlaBl)7
P(A1, By, Bo, B1), F(A1, Ao, By, A1), P(B1, By, By, B1),
P(Ay,B1, By, A1)

GI‘Lk(4, 1)13 ’I‘(AQ,140,141,B1)7 C(AQ,Al,Al,Ao), F(141,Bo,Bl,A]_>7
P(Bi, By, Bo, A1), F(A1, By, By, B1), P(A1, By, Bo, A1),
P(Bi, By, By, By), T(Ay, By, By, By), F(B1, By, By, By),
P(BOaAlaBmBl)a F(BlvBlaB07Al)a P(BO’AlvBla )7
F(A1, Ao, Ao, Bo)

GI‘Lk(4,1)14 T(AQ,A(),Bl,Bl), C(A07A1,A1,Bo>, F(A17B0,A1,A1>7
T(Al,Bl,Ao, 0), P(Bl,Bl,Ao,Al), F(Al,Bo,Ao,Bl),
F(By, By, B1, A1), P(A1, By, Ag, A1), P(Bi, By, 41, By),
F(BﬂaBlyBOaBl)a P(AlvBOaAlaBl)a T(B()vBO,BlaBO))
F(B1, By, A1, By), P(By, A1, Ao, B1), F(B1, By, Ao, A1),
P<B07.A1,.A17A1)’ F(AO’BI’A()’BO)

GrLk(4,1)15 | T(Ao, Bo, B1, Bo), F(By, B, A1, Ay), P(Bo, A1, Ao, Av),
F(Bl’Bl7A07Bl), (BO,A17A17Bl), F(BO’B17AO’BO)7
T (Ao, By, By, B1), C(Bo, A1, A1, By), F(B1, By, A1, A1),
P(BlaAlaAO’ )7 (BlvBOaAO’Bl)a P(AlvAOaAOaAl)v

P(By, Ay, Ay, By)

GrLk(4,1)16 | GrLk(2,1); U GrLk(2,1),

GI‘Lk( ,1) 17 GI‘Lk(2,1)1 (] GI‘Lk(Q,l)Q, T‘(Bo,AA(),Bl,Bl)7 C(Ao,Bl,Al,Bo)7
F(AhBo,Al,Bl), T(Al,Al,A(),Bo), P(Bl,Bl,Ao,Bl)7
F(A1, By, Ao, A1), F(Ao, B1, By, A1), P(A1, Bo, Ao, B1),
P(By, By, Av, A1), F(Ao, By, Bo, B1), P(A1, B, A1, Ay)

GI‘Lk(4, 1)18 GI‘Lk(2, 1)2 L GI’Lk(?, 1)2

Table 3: Graph-knots with 4 vertices
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Graph-link Poincaré polynomial

GrLk(4,1); oty + 23y + 2%y + ay® + oy
GrLk(4,1)y | o™ty +a 3y T+a 2y S ta 2y vty oty P 4y 2
GrLk(4,1)s 2y + 23y" + 2%y + 2P + gyt + 2y + P
GI'Lk(4, 1)4 ;L'_4y_11 + x_3y_9 + IL‘_Qy_? + $_1y_5 + y—4
GI’Lk(4, 1)5 1‘74y79 + x*?’y*S + x*3y*7 + 21.*21/76 4 x*lyfél + y72
GI’Lk(éL, 1)6 xy4 + 2.%'2y6 + x3y7 + x3y8 + x4y9 + y2
GrLk(4,1)7 e 2y b o ly 2 pay? 4+ a2yt + 1
GrLk(4,1)s 23y7 + 22295 + 2yt + 2yd + 242
GrLk(4,1)g a3y~ T 4+ 20 2y~0 4 o ly=4 4 o1y 4 2y 2
GrLk(4, 1)10 w22y’ + a?yt 4 22 + 2 +y

GrLk(4, 1)11 23y® + 22yT + 225 + g + yt

GI‘Lk(4, 1)12 l‘_2y_3 + ny 4 SU_ly_l +2

GI‘Lk(4, 1)13 ;L'_3y_8 + 33_2y_7 + .’E_Qy_ﬁ + $—1y—5 + y—4
GrLk(4,1)14 ey by by b 2y Ty 4y
GI‘Lk(4, 1)15 x_ly—Q + :L,2y3 +xy + )

TABLE 4. Invariants of graph-knots with 4 vertices
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Graph-link Representative graphs

GrLk(472)1 S(BO7A0,A07A0)
K(A17B0aAOaA )

GI‘Lk(4,2)3 S(BlaA(JaAla ), S(BOaAO,BlaAl), K(AlaAO,AOaAl)a
S(By, Ay, B, B1), K(A1, By, By, Ay)

GrLk(4,2)s | S(Ao, A1, A1,By),  S(A1,B1,A1,By),  S(Ao, Bi, B1, By),
K(By, Ao, B1, B1)

GrLk(4,2)s | S(A1,A1,A1,By), S(Ao,Bi, A1, By), K(Ag, Ao, B1,By),
S(Ay, By, By, By), K(Bo, By, B1, By)

GI‘Lk(472)6 S(Ao,BQ,Bo, 0)

GrLk(4,2)7 Ay, Ao, Ao, Ao), F(By, Ao, By, Ao), T(Bo, Ao, By, Ao)

GrLk(4,2)s Ao, Ao, By, Ao), F(By, By, By, Ao), F(Ao, Ao, Bo, Ao)

GI‘Lk(4,2)9 Ao,Ao,A(),Al), C(A(),Al,Bl,Al) T(Al,Bl,B(),Al),

GI‘Lk(4, 2)11

GrLk(4, 2)12

(}I‘Lk(47 2)13

GrLk(4,2) 14

GI‘Lk(4, 2)15

GrLk(4, 2)16

GrLk(4,2)17

GILk(47 2)18

(_;I‘Lk(47 2)19
(}I‘Lk(él7 2)20
GrLk(47 2)21
GrLk(4, 2)22
(}I‘Lk(47 2)23
GI‘Lk(4, 2)24
GI‘Lk(4, 2)25
GrLk(47 2)26
GrLk(4, 2)27
(}I‘Lk(47 2)28
GI‘Lk(4, 2)29
GI‘Lk(4, 2)30
GrLk(4 2)31

(

(

(
(Bo, Ao, By, By)
(BOaA07BOa )
(AO,AO,BO,Al),
(Al,Al,Bo,Al),
(Bo, Bo, Bo, A1), F(Ag, Ag, By, A1)
(Ao, Ao, Ao, B1)
(B07A07317 )
(Bo, Ao, By, B1
(AO’AO,BO7Bl)7
(A1, Ay, Ag, Ay)
(Bo, Bo, By, B1), F(Ao, Ao, Bo, B1)
(Bi1, Ao, By, By),
(Bl,Bl,A(),Bo), P(Al,Bo,Ao,Bo)
(Ao, A1, B1, Ar),
(Ao, By, B1, By
(Bo, Bo, A1, A1), F(Bo, Bo, Ao, B1)
(Bo, A1,By, A
(Bo, By, By, By),
(Bo, By, A1, B1), F(By, By, Ao, A1)
(Ao, Ay, Ao, By)
(Bo, Ao, A1, By)
(Bo, A1, By, B
(AlaAhAl)BO);
(AlvAlvBOaA0)7 P(BlvA()vBOaAO)
((AO,A1,B17B1))7
(Ao, By, Ay, B1)
(Ao, Bo, Ao, Bo), F(Bo, Ao, Ao, Bo), T
( BOvBO;AO, 0)s F
( F
(

)

A03B07BO; 0)7 )
.Al, A17A07 BO),
)

)

F

F

Ao,Bl,Al, 0),F
), F

F

Rl Rl i Rl e D e D D D e e D D D B D D e e D e D e B

Ay, A1, By, Ao
Bl7BlaAO7B0

(Bo, Al, Al, Bo)
GrLk(2,1); U GrLk(2,
GrLk(2,1); U GrLk(2,
GrLk(2, 1), U GrLk(
GrLk(2, 1), U GrLk(

(3,1) (
(3,1) (
(3,1) (

1
2
1
2

2,1
2,1 ,
2,1
GrLk(3,1); U GrLk
GrLk(3,1)s LI GrLk
GrLk(3,1)3 U GrLk

GrLk(3,1)4 U GrLk(

)

)

(
(
(
(
(
2
2
2
2
1
1
1
1

2
2
2

2
2
2
2
2

NN N N s N Nl

)
Y
)

) C(A07B17B1aBl)7

C(A()vAh Bla Bl)7
F(By, By, B1, B1),

) C(A07A17A17A1)a
; C(AoaBlaAhBl)a

C(A07 Al; A17Bl)7
. F(Bo, By, B1, A1),

C(Ao, Bo, A1, By),

)
)

C(Bla A17 Ala BO)7
)? T(BO7B17AO7BO);
)
)

1),  C(B1,B1, A1, Bo),
(BO7A1aA07 BO)?

3 C(BlaA17BO7A1)a
) C(BlaBlvBOaBl)v

C(B17A07 BOa A0)7

C(Bu1, A1, B, Bo),
5 T(BOaBl7B07BO)a

F(BovAOa BO7A1)7

T(Alu Bl7 BOa Bl)7
F(A07A07 Bla Bl)a

T(A17 Bl7A07A1)a
F(.B(),AAO7 Bo, Bl),

T (A1, B1, Ao, B1),
F(AO7A0a BlvAl)a

F(AlaBOa Ala BO),

F(Ap, Ao, A1, Av),
F<A07 AOa AO) Bl)a

F(onAOa Ala B1)7
F(AOa AO’AOaAl)a

T(BO>BI7 Bl7Al)a
F(BO7 A07A07A1)a

F(A07 Bla BlaAO)a

C(Ala A17 Ala BO)a
T(AOaBla AO) BO)a

(Bo, Bo, Bo, Bo)
(A()vAOv AOv BO)
(Bla Bl7 BOu AO)

Table 5: Graph-links with 4 vertices and 2 components
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Graph-link | linking multiset | Poincaré polynomial

Grlk(4,2); | {2}, {2} 22y + 2%y0 + 2yt + 48

GrLk(4,2)s | {1}, {-1} 2y Bty 22y + 2ty Yy + 2
GrLk(4,2); | {0} e 2y P2yt ey ey 2y 242y
GrLk(4,2), | {1}, {-1} 22yt + 22y5 + 22298 + 23y" + 2%y° + 43
Grlk(4,2)s | {0} xy? + oy + 2%yt 4+ 2%y o 2+ 2y
GrLk(4,2)s | {2}, {-2} zyd + 2%y + a2ty +y

GrLk(4,2); | {0} 22y° + 23y" + 2y

Grlk(4,2)s | {1}, {-1} 2?yS + 22y" + 23y + o3

GrLk(4,2)9 | {1}, {-1} xy? + 2%yt + 2%y° + 23y5 + 2y
GrLk(4,2)10 | {0} e 2y B ey Pyt y 41
GrLk(4,2)1; | {1}, {-1} vy + 2% +y+1

GrLk(4,2)12 | {0} T T o T

GrLk(4,2)15 | {1/2}, {-1/2} |z2y * 4227y 2 +ay® + 2% +y L +ay +1
GrLk(4,2)14 | {0} x4y oy +y+ 1
GrLk(4,2)15 | {0} ry? + 2yt + 2y

GrLk(4,2)16 | {1}, {-1} oyt + 2%y + 2%y0 + 42

GrLk(4,2)17 | {1/2}, {=1/2} |2y +ayt + 22205 + 23y + 271+ +y
GrLk(4,2)1s | {1}, {-1} zyd +22%0 + a7t Pty

GrLk(4,2)19 | {0} 3y T+ %y 42yt

GrLk(4,2)50 | {1}, {-1} ey Pty Hy Tty

GrLk(4,2)21 | {2}, {—2} oyt + 202y + 239® + 2ty® + 42
GrLk(4,2)9 | {0} 2y B T ly T 20y + Pyt 2y + 1
GrLk(4,2)23 | {0} e 2yt 2y 2 a2 2y P ay + 1

TABLE 6. Invariants of graph-links with 4 vertices and 2 components




24

DENIS P. ILYUTKO AND IGOR M. NIKONOV

Graph-link Representative graphs

GI‘Lk(473)1 S(AO;A1>A17A1)7 S(AlthAlaAl)a S(AO,BhBhAl)a
K(B03A07A0)B1)3 S(AlaBlaBl7B1)a K(BOaB()yBOaBl)

GrLk(473)2 S(A17A17A17A1)7 S(A07B15A17A1)7 K(A()?AOaAOaBl)?
S(AlaBlthAl)a S<A03BlaBlaBl)7 K(B()vBO,AOaBl)

GrLk(473)3 8(307A17A17A1)7 S(BlvBhAlaAl)v S(B()vBlvBlvA1)7
K(BO?A07AO)A1)7 S(BlaBlaB17Bl)7 K(BO7BO7BO)A1)

GrLk(4,3)s | S(B1,A1,A1, A1),  S(Bo,B1,A1, A1), K(Ag, Ao, Ao, A1),

(Bl7BlaB17A1)a S(B07B17BlaBl)7 K(B()?BOaAOaAl)

T(BOwBlaAOa )7 C(BlvBlaAlvBl)a T(B07A17-B()7A1)7
T(Bo, B1, Bo, B1)

GrLk(4,3)s | T(Ao, A1, Bo, A1), C(By, A1, Ay, By), T(Ao, By, By, By)

GrLk(4,3)7 | T(A1, A1, A1, Ay, C(B1, Ao, A1, Ao),  F(Ag, Ao, Bi, Ao),
T(A1, B1, A1, B1), F(Bo, Bo, B1, Ao)

GrLk(473)8 T(BlaAlvBla )7 C(BlvBOaAlvBO)a F(A07A03A13B0)7
T(BlaBlaBl7Bl)7 F(B07B()7A17BO)

GrLk(4,3)9 | T(Ao,A1,A0,B1), C(B1,A1,B1,A1), C(A1,A1,A1A),
T(BO7BlaBO7A1)a C(BlvBlaBl7Bl)

GrLk(4,3)10 | T(A1, A1, A1, By), C(By,Ag, Bi,Ap), C(A1,Ag, Ay, A),
F(Ay, By, B1, Ao)

GrLk(4,3)11 | T(B1, A1, B1,B1), C(By,Bo, B1,By), C(A1, By, A1, By),

F(Ay, By, A1, By)

GrLk(1,2) U GrLk(3,2),

GrLk(1,2) U GrLk(3,2)»

GrLk(1,2) U GrLk(3,2)s

GrLk(1,2) U GrLk(3,2)4

GrLk(1,2) U GrLk(3,2)5

GrLk(1,2) U GrLk(3,2)g

GrLk(2,2); U GrLk(2,2),
GrLk(2,2); U GrLk(2,2),
GrLk(2,2), U GrLk(2, 2)2

GrLk(1,2) U GrLk(1,2) U GrLk(2,1);
GrLk(1,2) U GrLk(1,2) U GrLk(2,1),

K(Aop, Ao, Ao, Ao),

K(Aop, Ao, Ao, By),

1
1
K(Bm By, Ao, Ao)
K(By, By, By, Ao)

GrLk(1,2) U GrLk(3,3);

GrLk(1,2) U GrLk(3, 3)2

GrLk(1,2) U GrLk(1,2) U GrLk(2,2);
GrLk(1,2) U GrLk(1,2) U GrLk(2, 2),
GrLk(1,2) U GrLk(1,2) U GrLk(1, 2

5 K(BO7 BO7 BO; BO)

) U GrLk(1,2)

> 3 components
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Graph-link | linking multiset Poincaré polynomial
GrLk(4,3)1 |{-1/2,1/2,1/2}, 223 + 22y + 22%y° + 3y?
{—1/2,—1/2,—1/2}
GrLk(4,3)2 | {1/2,1/2,1/2}, wy® + 322y + 22y" + 23y7 + 2ty + ¢
{-1/2,-1/2,1/2}
GrLk(4,3)s | {—1/2,1/2,1/2}, 2y B o ly L 4 2%yl by oy + 3
{~1/2,—1/2,—1/2}
GrLk(4,3)s | {1/2,1/2,1/2}, 2zy® + 322yt + 42 + 2y
{—1/2,-1/2,1/2}
GrLk(4,3)s | {0,1}, {0,—1} 27y + 222yt + 225 + 2% + y
GrLk(4,3)s | {0,0} 2y Bty a2ty tay +4
GrLk(4,3)7 | {1/2,1/2,1}, oy’ + 2%y® + 2%y" + 23y" + 23y + ot
{_1/27 1/27 _1}>
{~1/2,-1/2,1}
GrLk(4,3)s | {-1/2,1/2,1}, zy? + xy? + 2%yt + 23y +y? + 1
{1/2a 1/2’ _l}a
{~1/2,—1/2,—1}
GrLk(4,3)9 | {1,1}, {=1,1}, {=1, =1} | 2y®+22y® + 22295 +22y" + 23y" + a4y +y*
GrLk(4,3)10 | {—1/2,1/2,1}, 2zy3 + 22y5 + 23y" + 2y°
{1/25 1/2v _1}5
{-1/2,-1/2,—1}
GrLk(4,3)11 | {1/2,1/2,1}, oyt 4 222y5 + 223y7 + 42
{-1/2,-1/2,1},
{~1/2,1/2, -1}
GrLk(4,4); | {-1/2,1/2,1/2,1/2}, 22y + 32%y° + v + 3y
{—1/2,-1/2,-1/2,1/2}
GrLk(4,4)y | {1/2,1/2,1/2,1/2}, 3x2y5 + 32%y" + xty® + o3
{—1/2,-1/2,1/2,1/2},
{—1/2,—1/2,—1/2,—1/2}
TABLE 8. Invariants of graph-links with 4 vertices and > 3 components
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