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ESTIMATING THE UNIFORM EQUICONVERGENCE RATE
FOR THE SCHRODINGER OPERATOR WITH SUMMABLE
POTENTIAL ON A COMPACT SET

VALI M. KURBANOV AND LEYLA Z. BUKSAYEVA

Abstract. One-dimensional Schrodinger operator is considered on the
interval G = (0,1). It is assumed that the potential is a complex-valued
function of the class L, (G), r > 1. Uniform equiconvergence estimates
are obtained depending on r and p, where p > 1 is the order of summa-
bility of the expanded function f (z).

1. Introduction and statement of results

Consider the one-dimensional Schrodinger operator
Lu=—u"+q(z)u

with a complex-valued potential ¢ (x) € L, (G), r > 1, on the interval G = (0, 1).
Root functions (eigen- and associated functions) of the operator L are understood
in a generalized sense, i.e. irrespective of boundary conditions (see [1,2]).

In [1,2], a constructive necessary and sufficient condition is obtained for the
uniform equiconvergence of expansion in eigen- and associated functions of a
differential operator of arbitrary order (with smooth coefficients) with a trigono-
metric Fourier series on a compact K C G. In [5,6] (see also the references
therein), for the expanded function f (x) € L, (G), 1 < p < oo, the equiconver-
gence rate is studied in Lg— metrics, 1 < s < oo (in case s = oo, it is about
a uniform equiconvergence) on a compact, for a differential operator with sum-
mable coefficients. The order of summability of the expanded function does not
appear in some of the obtained equiconvergence rate estimates, i.e. the estimate
stays the same for every value of p, 1 < p < oo.

The rate of convergence in metrics L, 1 < p < oo, under certain additional
conditions regarding the decreasing order of biorthogonal coefficients and the
norms of eigenfunctions and associated functions, has been studied in [9] and [10].
The rate of uniform convergence on a compact set for an nth-order differential
operator with non-zero coefficients of the (n — 1)-th derivative and two-point
regular boundary conditions is investigated in [11-13]. Estimates of uniform
convergence have been obtained in terms of the integral moduli of continuity of
the expanded function and the coefficient of the (n — 1)-th derivative.
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We will deal with the uniform equiconvergence rate of spectral (biorthogonal)
expansion of the function f(x) € L, (G), p € [1,00], in root functions of the
operator L with trigonometric Fourier series on the compact K C G. More pre-
cisely, we will study the impact of summability order p of the expanded function
and summability order r of the potential on the uniform equiconvergence rate.

Let {ux (z)},-, be an arbitrary system consisting of eigen- and associated
functions (root functions) of the operator L and {A;},-; be the correspond-
ing system of eigenvalues. We require that, together with each associated func-
tion of order s,s > 1, the system {uy (z)};—, also contains the corresponding
eigenfunctions and all associated functions of order less than s. This means
that each element of the system {uy, (x)},-, is identically non-zero, is absolutely
continuous together with its first order derivative on G, and satisfies the equa-
tion Lup + Apup = Opur_1 almost everywhere in GG, where 0; equals either 0
(in this case uy (z) is an eigenfunction) or 1 (in this case ug (z) is an associ-
ated function of order I > 1, and ug_1 (z) is an associated function of order
=1, Ak =Xp1=...= X, O, =01 = Hk,lﬂ =1 with 6,_; = 0).

Let the system {uy (z)};-, and the system of eigenvalues {\;};-; of the op-
erator L satisfy the conditions A, (II'in conditions):

1) {uk (x)} 4, is closed and minimal in L, (G) for some fixed p, p > 1.

2) Carleman’s condition and the “sum of units” condition are satisfied:

|[Im pg| < const, k=1,2,...; (1.1)
Z 1 <const, V1 >0, (1.2)
T<pp<T+1

where pi7 = A, pr = Re py > 0;
3) for every compact K C G there exists a constant Cy (K) such that

[urll, & lvrlly < Co (K), k=1,2,..., (1.3)
where p~1+¢71 =1, {vg (z)}72, is a biorthogonally conjugate system to {uy, (z)} e,
consisting of root functions of the formally conjugate operator L* = —% +q(z)
(le. L'u = Ae Uk — Ok Vir1, O = 0 or O = 1); ||'Hp7K = ||'HLP(K)> ||||p =
Mo,

1
7@ f) = 3 (@), v>0, fi=(fo) = [ F(2) (o) da
PV

Ay (f, K) = [low (- f) = Su (-, f)HC(K) )
where S, (z, f) is a partial sum of the trigonometric Fourier series of the function
f(x)e L, (G), ie.

Sy (x, f) = % + Z (ak cos 2mkx + by sin 27kx) ,
2nk<v

1
ak:2/ f () cos 2rkxdx, k=0,1,2,...;
0

1
bk:2/ f(z) sin 2wkxdz, k =1,2,....
0
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Let us introduce some notations to be used in the sequel:

A 1-h .
fe=frlluell,ts wp (f,6) = sup {/0 |f(:c+h)—f(x)|pdx} :

0<h<d
v _ A
Q(f.5.8)=v X 0l |A]. 8> 0
1<p<v/2
V _ _ /\
G (f5)=v" > atmalf
1<pp<v/2
p(f) = max |l +on (f077).
_ 1 -1
o1 (f,v)=v Hprergf/(Q fk +wi (f, v,

Q(fa%al_%)v 1§7"<OO,

v =
w(f, 2’ 7‘) 04 (f, %), T = 00.

Definition 1.1. If A, (f, K) — 0 as v — +o00, then we will say that the ex-
pansions of the function f (x) into biorthogonal series with respect to the system
{uk (z)}5, and into the trigonometric Fourier series are uniformly equiconver-
gent on the compact K C G.

Definition 1.2. The system {¢y (2)},—; C Lq (G), ¢ > 2, is said to be a Riesz
system (or to satisfy the Riesz inequality) if there exists a constant M = M (p)
such that for every function f (z) € L, (G), 1 < p <2, the inequality

o0
ool < MG
k=1

holds, where p~t 4+ ¢~ ! = 1.
We have two theorems to prove in this work:

Theorem 1.1. Let ¢ (z) € L, (G), r > 1, and the system {uy (x)};— satisfy the
conditions A, for some fized p > 1. Then the expansions of an arbitrary function
f(z) € L, (G) into biorthogonal series with respect to the system {uy (x)}re,
and into the trigonometric Fourier series are uniformly equiconvergent on every

compact K C G and the following estimates are true for v > 2:
L Ifp>1, then

p—1 ||f||p + wq (f, V—l) , T = 00,
A (f, K)<C(K){ vrma blfll, +w (v, o/ (1-1)#1,  (14)

v e v | fll, +wn (Frh), ol (1-1) =1,

T

where o = max {2,q}, o =min{2,p}, a ! + o/t =1;



4 VALI M. KURBANOV AND LEYLA Z. BUKSAYEVA

1. If p=1, then

v Py | flly +wr (fvTh), r=o
Hf“1+wl(f77/_1), 1<r <o

III. If p > 1, q(z) =0, then

A, (f, K) <CE) {v=" |flly +wi (£, v 1)}, (1.6)

where the constant C (K) does not depend on v and f(x); and wy (f, 0) is a
modulus of continuity of the function f (z) in L1 (G).

The next theorem does not require that {vy, (x)} ;< -, must be a system of root
=~z Ta(@)

Theorem 1.2. Let the conditions 1), 2) and the inequality (1.3) be satisfied, and
o0
in case 1 < p < 2 the system {Uk (x) Hka;l}k . satisfy the Riesz inequality in

functions of the formally conjugate operator L*

L, (@), pt + ¢t = 1. Then the expansions of an arbitrary function f(z) €
L,(G), p > 1, into biorthogonal series with respect to the system {uy (z)}pe,
and into the trigonometric Fourier series are uniformly equiconvergent on every
compact K C G and the following estimates are true for v > 2:

a) If 1 <p <2, then

V_1Hf||p+80(f7’/)a r=00,
A (f, K)<CK) { vrma ISl + ¢ (fv), p(1-1)£1,  (L7)

1
vl e v ||fll,+e(f,v),  p(1-1)=1;
b) Ifp=1 orp>2, then
v v fll, + ¢ (fiv), =0

Ay (f, K) < C(K) (1.8)

vl e (fv), 1< <o

c)Ifp>1, q(x) =0, then

A (f K) < CE) {7 m2v |fll,+ o (£ 0} (1.9)
where C (K) does not depend on v and f (x).

o
Note that in Theorem 1.2, the Riesz property for the system {Uk () [Jug H;l }k .
is required only in case f (z) € L, (G), 1 < p < 2. There is no such requirement

in the rest of cases, i.e. in cases p =1, p > 2.

2. Some auxiliary facts

To prove our theorems, we need the following lemmas.
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Lemma 2.1. Let the system {uvy, (x)} 5o, consist of root functions of the formally

conjugate operator L* = —% + g (z). Then, under the condition 2), the Riesz

o0

inequality holds in L, (G), p~! + ¢! = 1, for the system {vk (x) Hka;l}k X
2 < q< oo. a

Lemma 2.1 is a special case of the result obtained in [7] for a second order
differential operator.

Lemma 2.2. (see [5, 6]) Let the system {vy, (x)}p—, consist of root functions of

the formally conjugate operator L* = —% + q(x), the numbers py satisfy the
condition (1.1) and py = Re uy, > 2. Then the estimate

A

Tl < const {1 (£, ") + 2 151} (2.1)

holds for every function f (z) € L, (G), p > 1, where const does not depend on
f (@) and p.

Let the system {uy (z)}7 satisfy the conditions A, without the requirement
that the biorthogonal system {vj (z)};2; is a system of root functions of the

formally conjugate operator L* = —% + ¢ (x). Under these conditions, the
estimate

A, (f. K) < G (i) {llal, v (£.5.7) + 1 (f )} (22)

has been obtained for the difference A, (f, K) in [5],[6], where Cy (K) is a positive
constant independent of v and the function f (z), f (z) € L, (G) , p>1.

3. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Let us estimate the expressions ¢1 (f, v) and
Y (f, 5 r). By the estimate (2.1) of Lemma 2.2, we have

A

Jr

<

_ 1 -1
o1 (f,v)=v Hf‘|p+w1(f,v )+p$?}/{2|

<Ml + o (Fv) +eonst max fen (F.0c") + ot 11,

pR>v/2
Hence, taking into account the monotonicity of the function wy (f,t), we obtain
o1 (f,v) < const {v M Ifll, 4w (£} P21 (3.1)

Let p > 1 and r = co. Then, by the definition of v (f, 5 r), for r = co we have

w(ﬁ g, OO) = (f,%) =t Z P Inpy

1<p<v/2

A
Tk

Let us first apply the Holder inequality, and then the Riesz inequality for 1 <
p < 2, which holds by virtue of Lemma 2.1:

,Qb <f7 %7 OO) S V_l Z p];p hlp Pk Z

1<p<v/2 1<pp<v/2

AR

Tk

IN
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1
q\ ¢
<

A

Jr

P/
<vTHdD " P oy @j

1<pr<v/2 k=1

3=

<M HIfl, L DD et I
1<pp<v/2

Since the sum on the right-hand side is estimated from above by the convergent
(by condition (1.2)) numerical series

o0
> P In® prp > 1,
k=1

we have

) (f, %, oo) < const ™1 £l - (3.2)

For p > 2 the estimate (3.2) remains true, because L, (G), p > 2, is embedded
into Ly (G). Consequently, for p > 1, r = oo, from (2.2), (3,1), (3.2) we get the
validity of the first part of (1.4).

Now let p > 1, 1 <r < co. In this case, by definition, we have

V(5= Q5 1-Y e v (L5 )= v X

1<p<¥

1
p

fi

To estimate ( s 7“) for 1 < p < 2, we first apply the Holder inequality,
and then the Riesz inequality (Lemma 2.2):

v _ 1 41 |A
¢(fa§7 T‘)ZVl :012 fk <
1<pp<v/2
L () RE
v Z Py Z Jr <
1<pp<v/2 1<p<v/2
1
p
-1 (+-1)p
< M||fll,v >
1<pp<v/2
And, due to condition (1.2),
L\ 5] ’
1-= 1
S o) <eonst [ Y0P ] <
1<pp<v/2 i=1

Vii% for (1—%)p7$1,

< const

=

In? v for (1—l)p:1.

T
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Consequently, for 1 < p < 2,1 <r < oo, the estimate
1_1_4 1
) vra for (1=3)p#1,
P (f, > 7") < const ||f||, ) (3.3)
v 1In’ v for (1—%) p=1
holds.
Now let us estimate the expression ¥ (f, 55 r) for p > 2. By the estimate (see
[3])
lorlly < lloklly < const [lugll,, 1<q<2,
we have

i

for

A
Jr
As the space L, (G) is embedded into Ly (G) when p > 2, applying Bessel in-
equality we obtain

¢

1
2\ 2 o0
2 —1
) < const <Z|fk| [[okl ) < M [ flly < M,
k=1 k=1

for f (z) € L, (G), p > 2.
Consequently, for f (z) € L, (G), p > 2, the estimate

= |fil lloell, ! < const |fel uklly" -

A

Tk

1_1_4

vr-2 for 2(1—%)]9751,
) r) < const Hpr , (3.4)
v*In*v  for 2( —1)p:1

T

v (1,

-

holds.
Combining the estimates (3.3) and (3.4), we obtain
1

yr-al for o (-1) £1,

r

v (f. 50 7) < const || £, (3.5)

1

v Im® v for o (% —-1) =1,

where o = max {2, ¢}, o =min {2,p}, pl+q¢gl=1
Considering the estimates (3.1) and (3.5) in (2.2), we obtain the second and the
third parts of (1.4).

Let p =1, r = co. In this case,

@D(f,%,oo):ﬁl(f, g)zv_l Z pp’ In pi

1<p<v/2

A
T

A
Tl = |(f, ve)l ||’Uk||;ol < ||fll;, by the condition (1.2) we have

Since

1% _ _ —
o (£ 5000) = v AL DD At < constv iy ),
1<pr<v/2

Hence, from (3.1), (3.2) it follows that
Ay (f, K) < CE) {v™ v |Ifly +wn (fv77) )
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Incasep=1, 1 <r < oo, we have

A

T

v _ —141
w(f’g"r):yl pk !

1<p<v/2

< const vi||f|l,

and, consequently, due to (3.1), (2.2), the estimate

A (f ) < CE) {1l +en (£v7Y)

holds. The estimate (1.5) is proved.

The estimate (1.6) is a corollary of (2.2) and (3.1), because ¢ (z) = 0. Theorem
1.1 is proved.

Proof of Theorem 1.2. Let us prove the estimate (1.7). By definition of

®1 (f7 I/)
pr(fsv) =v I fll, e (f, v +
A —1
+ max | fp| =v |[fll, +¢(fiv), 1 <p< oo (3.6)
pr>v/2
Let 1 <p <2
A
In case r = 0o, from the equality ¥ (f, o oo) = y! > pgl In pr | fxl,
1<pp<v/2
due to the Riesz inequality, we obtain
1
p
v _ — _
o (£ 500) =v Al | D AW e | < constyT|If],.

1<p<v/2

Consequently, from (3.6) and (2.2), taking into account the last inequality, we
obtain the first part of (1.7).

In case 1 < r < oo, as in the proof of Theorem 1.1, we first apply the Holder
inequality, and then the Riesz inequality to prove the estimate

1_1_4

5 vroa for (1—%)]9751,
v (f. 50 7) < const |If], .
vl v for (1—%)]9:1.
Hence, from (3.6), (2.2) we get the second and the third parts of (1.7). The
estimate (1.7) is proved.

A
Let p=1 or p > 2. In case r = co, due to the inequality |f5| < ||f||p and the

condition (1.2), we have

%D(f,g,w):fh(f,g):y_l Z ppt Inpy

1<p<v/2

A
T

<

VAl Y et ok < constyT Ity ],
1<pr<v/2

Hence, from (3.6), (2.2) we get the first part of (1.8).
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A
And, in case 1 <7 < oo, due to the inequality |fx| < [|f||, and the condition
(1.2), we have
v 1 112
w(f7§7r) =V Py fk <
1<pp<v/2
- 11 1_
<vUIfl, D e <constvil|f]l,.

1<p<v/2

Consequently, due to the last inequality, (3.6) and (2.2), the second part of the
estimate (1.8) also holds. And the estimate (1.9) is a corollary of (3.6) and (2.2),
because ¢ (z) = 0. Theorem 1.2 is proved.

Example 3.1 (see [3]). Consider the spectral problem

—u" = M, z € (0,1)
u(l)=0
(a—A) v (0) +Abu(0) =0, a,b>0.
As is known, this problem has only the following eigenfunctions:
we () = V2 sin (\/ﬁ (1—$)) k=0,1,2,....

The eigenvalues \; > 0 are the roots of the equation tg v\ = EZ)_\’}; We consider

any one of these eigenfunctions as an eigenfunction with zero index, and we
enumerate the rest of them in ascending order of corresponding eigenvalues.

For the eigenvalues, starting from some number Ng, the following estimate
holds:

T i b
§+7r(k—1)<\//\7k<§+”(/lc_1)4r (F4+7(k—1))

Biorthogonal (biorthonormal) system {vy (z)} e of {ug (x)}p, is:

Uk (m):\@(sin <\/)\>k(1_$)))_
. mcosmsm(\/ro(lx>))/<1+C052m+acos2\/E>. (3.8)

(3.7)

Vi cos Vg b b Ak

As the system {uy, (x)} -, forms a basis for L, (0, 1), 1 < p < oo (a Riesz basis in
case p = 2), this system is complete and minimal in L, (0, 1), 1 < p < oo. Conse-
quently, it is complete in L, (0, 1), 1 < p < co. We have {vy (z)}72; C Lo (0,1).
Therefore, the system {uy (z)};2, is complete and minimal in L, (0,1), 1 <p <
0. By (3.7), up = VA, k = 1,2,..., satisfy the condition 2). Due to the
uniform boundedness of the systems {uy, (z)}r-; and {v (z)}r, the conditions
(1.3) hold. Therefore, by Theorem 1.2, the estimate (1.9) (¢ (z) = 0) holds for
an arbitrary function f(x) € L, (0,1), p > 1.

Note that the system {vj (z)};-; is not a system of eigenfunctions of the
d2

formally conjugate operator L* = —--.

A
Let us estimate the coefficients fr, = (f,vg) ||’Uk”;01, f(x) € L1(0,1). As
{vk (2)}72, also forms a Riesz basis for Ly (0, 1) there exist constants aq, ag > 0
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such that oy < [lug|ly < a9, B = 1,2,.... Therefore, the following two-sided
estimate holds:

A
Tk

1
<|(fo0)l folly" < LR
Due to (3.8),
(.00l < eonst [| (£ sin Vw1 =) |+ 17| <

<const [wi (f, ") +ppt 1FIl +pet 1£1 ] < const [wi (s ) + i 11N ] -

A
Consequently, the estimate ma); fi| < const {wi (f,v™h) + vt f]l;} holds.
pE=>v/2
Taking this into account in (1.9), we obtain
Ay (f, ) < C(E) {wr (fv™h) +v 0 IfIL} (39)

where f (z) € L; (0,1).
From (3.9) we obtain, in particular, the following estimates:

Ay (f,K) <CE) v~ | fllgag» « € (0,1),
if f(z) € H{ (G), where H{ (G) is a Nikolski class, and
A (f ) < CUR) v [ fllps ey 0 € (0.1). 0 € [Loc].
if f(z) € BYy (G), where BY, (G) is a Besov class.
Example 3.2 [4]. Consider the spectral problem
u (z) 4+ Au (z) =0,
u(0) =pBu(1), ' (0)=2'(1), B #1.

All the eigenvalues A\, except for A\g, have multiplicity 2: every multiple eigen-
value A; corresponds to one eigenfunction and one associated function. pg =

\//\70:07 M2k—1:/l2k:277k7k’:1>2>---7
_2(A-p)z+p)
=TT e
4((1=pB) z+ ) cos2rkx
(1+5) '

ugk—1 () = sin 2k, w9 () =

Biorthogonal (biorthonormal) system
4((B—1) z+1) sin27kx
(B+1) ’

v () = cos 2rkx, k=1,2,...,

vy (z) =1, vog—1 (z) =

consists of root functions of the formally conjugate operator L* = —%. The

system {uy (z)}5e, forms a basis in L, (0,1), 1 < p < oo, which is a Riesz basis
when p = 2. Due to the uniform boundedness of the systems {uy (z)},-; and
{vk ()}, the conditions 3) hold. For every fixed p, p € [1,00), all conditions
of Theorem 1.1 are satisfied.

Applying this theorem with p =1 (¢ (z) = 0), we have

Ay (f K) < CE) {v |1 fll +on (Fv7h)]}
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Example 3.3. Let us consider the problem
o’ + pPu =0, G=(0,1)
u(0) =wu(l)=0.
It is obvious that the orthonormal system of eigenfunctions of this problem is
Un () = V2 sinmnz, n=1,2,...,

and p2 = n’n%, n=1,2,... are eigenvalues.

Let f(z) be an arbitrary function from the class H{* (G), 0 < a < 1. By
virtue of Lemma 2.2 we have

A
fn
And by virtue of Theorem 1.1 (see estimate (1.6))

Ay (f, K) < C(E) v | fllgae - (3.10)

= |fn] < const (7n)~“ ||f||H?(G) .

Let us prove that estimate (3.10) cannot be improved. Let there be a function
B(v), B(v) — 0, v — oo, such that for arbitrary f € H{(0,1)

Ay (f, K) < C(K)BW) v I fllgae - (3.11)
Let us consider the problem

u+ (2 -1)a=0, a(1) =a(0) = 0.
For this problem

G (z) = V2 sinmne, n=1,2,...; i2 = (7mn)* + 1.

Therefore, the difference A, (f, K) is estimated

A, (f,K)<C(K)Bw)v ™ 12 -
From here and from (3.11), by virtue of the triangle inequality, we obtain

low (£:2) = 30 (F: M) < C1 () B0 1l e -

Assuming here v = mn we get

al ||V simna| | = lomn () = Gnn (£ ) oo <

< G (K) B(mn) = [ fll ga(a -
Since Hﬂ sin 7mxHC(K) > C53 (K) > 0, the inequality
Cs (K) |fnl < C2(K) B (mn) ™% || fll go ) (3.12)

is satisfied.
Let us select the functions f (x)
estimate |f,| from below:

20 <a<1 (! e HY(G)) and

A V2 ™ sint
|ful = V2 ‘/0 7t sinrnz dx| = ()" /0 - dt‘ =
B V2 * sint * sint
() T-a dt — Py dt| >
0 ™
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> (77\25)& (F(a)sin%—ko(l)).

Taking this estimate into account in (3.12), we arrive inequality S (mn) >
C (a) > 0 for sufficiently large n. And this contradicts g (mn) — 0, n — oo.
Thus, the estimate (3.10) cannot be improved in the class H* (G), 0 < a < 1.

By virtue of Theorem 1.1 (see estimate (1.6)) for any function f (z) € BY, (G),

0<a<l, fel,c0),
Al/ (fa K) < C(K) v HfHBf‘e(G) : (313)

Let us prove that this estimate is accurate in the class B{'y (G). Proceeding in the
same way as in the case f € H (G) , we obtain instead of (3.10) the inequality

Colful = Ca(B)y (mn) n™* (| fllpe Gy + f € Bio (G), (3.14)

where v (mn) — 0, n — oo.
Let us select the function f (z) = exp (—imnz) and estimate wy (f,1):

1-h
w1 (f,t) = sup / lexp (—imn (x + h)) — exp (—imnz) | dx <
0<h<t JO

< sup

0<h<t
Then when 7n > hy' (ho > 0) we get

h
sin 7r721‘ < min {1, mnt}

1/6

ho 0 t
I, = I+ [ ) <

0
1/mn (7rnt)0 ho dt 1/
< - <
<1+ (/0 t1+9a dt + /1/7m t1+9a —
1/6
<1+ ((71’11)9 (wn)a0_9 + (ﬁn)ea) < 3(mn)*;

1

|fnl = ‘\/i/ exp (—imnz) sinmnz dx
0

V2

—1
=—+4o(n ).
2 o)
Taking into account these relations in inequality (3.14), we obtain ~ (7n) >
const > 0. The obtained contradiction proves the accuracy of estimate (3.13)

in the class Bf') (G), 0< a<1,0€[l,00).

_ @ 14 &P (—27@71) -1
2 2mng
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