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ESTIMATING THE UNIFORM EQUICONVERGENCE RATE

FOR THE SCHRÖDINGER OPERATOR WITH SUMMABLE

POTENTIAL ON A COMPACT SET

VALI M. KURBANOV AND LEYLA Z. BUKSAYEVA

Abstract. One-dimensional Schrödinger operator is considered on the
interval G = (0, 1). It is assumed that the potential is a complex-valued
function of the class Lr (G) , r ≥ 1. Uniform equiconvergence estimates
are obtained depending on r and p, where p ≥ 1 is the order of summa-
bility of the expanded function f (x).

1. Introduction and statement of results

Consider the one-dimensional Schrödinger operator

Lu = −u′′ + q (x)u

with a complex-valued potential q (x) ∈ Lr (G) , r ≥ 1, on the interval G = (0, 1).
Root functions (eigen- and associated functions) of the operator L are understood
in a generalized sense, i.e. irrespective of boundary conditions (see [1,2]).

In [1,2], a constructive necessary and sufficient condition is obtained for the
uniform equiconvergence of expansion in eigen- and associated functions of a
differential operator of arbitrary order (with smooth coefficients) with a trigono-
metric Fourier series on a compact K ⊂ G. In [5,6] (see also the references
therein), for the expanded function f (x) ∈ Lp (G) , 1 ≤ p ≤ ∞, the equiconver-
gence rate is studied in Ls− metrics, 1 ≤ s ≤ ∞ (in case s = ∞, it is about
a uniform equiconvergence) on a compact, for a differential operator with sum-
mable coefficients. The order of summability of the expanded function does not
appear in some of the obtained equiconvergence rate estimates, i.e. the estimate
stays the same for every value of p, 1 ≤ p ≤ ∞.

The rate of convergence in metrics Lp, 1 ≤ p < ∞, under certain additional
conditions regarding the decreasing order of biorthogonal coefficients and the
norms of eigenfunctions and associated functions, has been studied in [9] and [10].
The rate of uniform convergence on a compact set for an nth-order differential
operator with non-zero coefficients of the (n − 1)-th derivative and two-point
regular boundary conditions is investigated in [11–13]. Estimates of uniform
convergence have been obtained in terms of the integral moduli of continuity of
the expanded function and the coefficient of the (n− 1)-th derivative.
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We will deal with the uniform equiconvergence rate of spectral (biorthogonal)
expansion of the function f (x) ∈ Lp (G) , p ∈ [1,∞], in root functions of the
operator L with trigonometric Fourier series on the compact K ⊂ G. More pre-
cisely, we will study the impact of summability order p of the expanded function
and summability order r of the potential on the uniform equiconvergence rate.

Let {uk (x)}∞k=1 be an arbitrary system consisting of eigen- and associated
functions (root functions) of the operator L and {λk}∞k=1 be the correspond-
ing system of eigenvalues. We require that, together with each associated func-
tion of order s, s ≥ 1, the system {uk (x)}∞k=1 also contains the corresponding
eigenfunctions and all associated functions of order less than s. This means
that each element of the system {uk (x)}∞k=1 is identically non-zero, is absolutely

continuous together with its first order derivative on G, and satisfies the equa-
tion Luk + λkuk = θkuk−1 almost everywhere in G, where θk equals either 0
(in this case uk (x) is an eigenfunction) or 1 (in this case uk (x) is an associ-
ated function of order l ≥ 1, and uk−1 (x) is an associated function of order
l − 1, λk = λk−1 = . . . = λk−l, θk = θk−1 = θk−l+1 = 1 with θk−l = 0).

Let the system {uk (x)}∞k=1 and the system of eigenvalues {λk}∞k=1 of the op-
erator L satisfy the conditions Ap (Il’in conditions):

1) {uk (x)}∞k=1 is closed and minimal in Lp (G) for some fixed p, p ≥ 1.
2) Carleman’s condition and the “sum of units” condition are satisfied:

|Imµk| ≤ const, k = 1, 2, . . . ; (1.1)∑
τ≤ρk≤τ+1

1 ≤ const, ∀τ ≥ 0, (1.2)

where µ2k = λk, ρk = Reµk ≥ 0;
3) for every compact K ⊂ G there exists a constant C0 (K) such that

∥uk∥p,K ∥υk∥q ≤ C0 (K) , k = 1, 2, . . . , (1.3)

where p−1+q−1 = 1, {υk (x)}∞k=1 is a biorthogonally conjugate system to {uk (x)}∞k=1

consisting of root functions of the formally conjugate operator L∗ = − d2

dx2 + q (x)

(i.e. L∗υk = λk υk − θk υk+1, θk = 0 or θk = 1); ∥·∥p,K = ∥·∥Lp(K) , ∥·∥p =

∥·∥Lp(G) .

Denote

σν (x, f) =
∑
ρk≤ν

fkuk (x) , ν > 0, fk = (f, υk) =

∫ 1

0
f (x) υk (x) dx

∆ν (f,K) = ∥σν (·, f)− Sν (·, f)∥C(K) ,

where Sν (x, f) is a partial sum of the trigonometric Fourier series of the function
f (x) ∈ Lp (G) , i.e.

Sν (x, f) =
a0
2

+
∑

2πk≤ν

(ak cos 2πkx+ bk sin 2πkx) ,

ak = 2

∫ 1

0
f (x) cos 2πkx dx, k = 0, 1, 2, . . . ;

bk = 2

∫ 1

0
f (x) sin 2πkxdx, k = 1, 2, . . . .
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Let us introduce some notations to be used in the sequel:

∧
fk = fk ∥υk∥−1

q ; ωp (f, δ) = sup
0<h≤δ

{∫ 1−h

0
|f (x+ h)− f (x)|p dx

} 1
p

;

Ω
(
f,
ν

2
, β
)
= ν−1

∑
1≤ρk≤ν/2

ρ−β
k

∣∣∣∣ ∧fk∣∣∣∣ , β > 0;

Ω1

(
f,
ν

2

)
= ν−1

∑
1≤ρk≤ν/2

ρ−1
k ln ρk

∣∣∣∣ ∧fk∣∣∣∣ ;
φ (f, ν) = max

ρk≥ν/2

∣∣∣∣ ∧fk∣∣∣∣+ ω1

(
f, ν−1

)
,

φ1 (f, ν) = ν−1 ∥f∥p + max
ρk≥ν/2

∣∣∣∣ ∧fk∣∣∣∣+ ω1

(
f, ν−1

)
,

ψ
(
f,
ν

2
, r
)
=

 Ω
(
f, ν

2 , 1 − 1
r

)
, 1 ≤ r <∞ ,

Ω1

(
f, ν

2

)
, r = ∞.

Definition 1.1. If ∆ν (f, K) → 0 as ν → +∞, then we will say that the ex-
pansions of the function f (x) into biorthogonal series with respect to the system
{uk (x)}∞k=1 and into the trigonometric Fourier series are uniformly equiconver-
gent on the compact K ⊂ G.

Definition 1.2. The system {φk (x)}∞k=1 ⊂ Lq (G) , q ≥ 2, is said to be a Riesz
system (or to satisfy the Riesz inequality) if there exists a constant M = M (p)
such that for every function f (x) ∈ Lp (G) , 1 < p ≤ 2, the inequality

∞∑
k=1

|(f, φk)|q ≤M ∥f∥qp

holds, where p−1 + q−1 = 1.

We have two theorems to prove in this work:

Theorem 1.1. Let q (x) ∈ Lr (G) , r ≥ 1, and the system {uk (x)}∞k=1 satisfy the
conditions Ap for some fixed p ≥ 1. Then the expansions of an arbitrary function
f (x) ∈ Lp (G) into biorthogonal series with respect to the system {uk (x)}∞k=1
and into the trigonometric Fourier series are uniformly equiconvergent on every
compact K ⊂ G and the following estimates are true for ν ≥ 2:

I. If p > 1, then

∆ν (f, K) ≤ C (K)



ν−1 ∥f∥p + ω1

(
f, ν−1

)
, r = ∞,

ν
1
r
− 1

α
−1 ∥f∥p + ω1

(
f, ν−1

)
, α′ (1− 1

r

)
̸= 1,

ν−1 ln
1
α′ ν ∥f∥p + ω1

(
f, ν−1

)
, α′ (1− 1

r

)
= 1,

(1.4)

where α = max {2, q} , α′ = min {2, p} , α−1 + α′−1 = 1;
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II. If p = 1, then

∆ν (f, K) ≤ C (K)


ν−1 ln2 ν ∥f∥1 + ω1

(
f, ν−1

)
, r = ∞,

ν
1
r
−1 ∥f∥1 + ω1

(
f, ν−1

)
, 1 ≤ r <∞;

(1.5)

III. If p ≥ 1, q (x) ≡ 0, then

∆ν (f, K) ≤ C (K)
{
ν−1 ∥f∥1 + ω1

(
f, ν−1

)}
, (1.6)

where the constant C (K) does not depend on ν and f (x); and ω1 (f, δ) is a
modulus of continuity of the function f (x) in L1 (G).

The next theorem does not require that {υk (x)}∞k=1 must be a system of root

functions of the formally conjugate operator L∗ = − d2

dx2 + q (x).

Theorem 1.2. Let the conditions 1), 2) and the inequality (1.3) be satisfied, and

in case 1 < p ≤ 2 the system
{
υk (x) ∥υk∥−1

q

}∞

k=1
satisfy the Riesz inequality in

Lp (G), p
−1 + q−1 = 1. Then the expansions of an arbitrary function f (x) ∈

Lp (G), p ≥ 1, into biorthogonal series with respect to the system {uk (x)}∞k=1
and into the trigonometric Fourier series are uniformly equiconvergent on every
compact K ⊂ G and the following estimates are true for ν ≥ 2:

a) If 1 < p ≤ 2, then

∆ν (f, K) ≤ C (K)



ν−1 ∥f∥p + φ (f, ν) , r = ∞ ,

ν
1
r
− 1

q
−1 ∥f∥p + φ (f, ν) , p

(
1− 1

r

)
̸= 1,

ν−1 ln
1
p ν ∥f∥p + φ (f, ν) , p

(
1− 1

r

)
= 1 ;

(1.7)

b) If p = 1 or p > 2, then

∆ν (f, K) ≤ C (K)


ν−1 ln2 ν ∥f∥p + φ (f, ν) , r = ∞,

ν
1
r
−1 ∥f∥p + φ (f, ν) , 1 ≤ r <∞;

(1.8)

c) If p ≥ 1, q (x) ≡ 0, then

∆ν (f, K) ≤ C (K)
{
ν−1 ln2 ν ∥f∥p + φ (f, ν)

}
, (1.9)

where C (K) does not depend on ν and f (x).

Note that in Theorem 1.2, the Riesz property for the system
{
υk (x) ∥υk∥−1

q

}∞

k=1
is required only in case f (x) ∈ Lp (G), 1 < p ≤ 2. There is no such requirement
in the rest of cases, i.e. in cases p = 1, p > 2.

2. Some auxiliary facts

To prove our theorems, we need the following lemmas.
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Lemma 2.1. Let the system {υk (x)}∞k=1 consist of root functions of the formally

conjugate operator L∗ = − d2

dx2 + q (x). Then, under the condition 2), the Riesz

inequality holds in Lp (G), p
−1 + q−1 = 1, for the system

{
υk (x) ∥υk∥−1

q

}∞

k=1
,

2 ≤ q <∞.

Lemma 2.1 is a special case of the result obtained in [7] for a second order
differential operator.

Lemma 2.2. (see [5, 6]) Let the system {υk (x)}∞k=1 consist of root functions of

the formally conjugate operator L∗ = − d2

dx2 + q (x), the numbers µk satisfy the
condition (1.1) and ρk = Reµk ≥ 2. Then the estimate∣∣∣∣ ∧fk∣∣∣∣ ≤ const

{
ω1

(
f, ρ−1

k

)
+ ρ−1

k ∥f∥p
}

(2.1)

holds for every function f (x) ∈ Lp (G), p ≥ 1, where const does not depend on
f (x) and µk.

Let the system {uk (x)}∞k=1 satisfy the conditions Ap without the requirement
that the biorthogonal system {υk (x)}∞k=1 is a system of root functions of the

formally conjugate operator L∗ = − d2

dx2 + q (x). Under these conditions, the
estimate

∆ν (f, K) ≤ C1 (K)
{
∥q∥r ψ

(
f,
ν

2
, r
)
+ φ1 (f, ν)

}
(2.2)

has been obtained for the difference ∆ν (f, K) in [5],[6], where C1 (K) is a positive
constant independent of ν and the function f (x), f (x) ∈ Lp (G) , p ≥ 1 .

3. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Let us estimate the expressions φ1 (f, ν) and
ψ
(
f, ν

2 , r
)
. By the estimate (2.1) of Lemma 2.2, we have

φ1 (f, ν) = ν−1 ∥f∥p + ω1

(
f, ν−1

)
+ max

ρk≥ν/2|

∣∣∣∣ ∧fk∣∣∣∣ ≤
≤ ν−1 ∥f∥p + ω1

(
f, ν−1

)
+ const max

ρk≥ν/2

{
ω1

(
f, ρ−1

k

)
+ ρ−1

k ∥f∥p
}
.

Hence, taking into account the monotonicity of the function ω1 (f, t), we obtain

φ1 (f, ν) ≤ const
{
ν−1 ∥f∥p + ω1

(
f, ν−1

)}
, p ≥ 1. (3.1)

Let p > 1 and r = ∞. Then, by the definition of ψ
(
f, ν

2 , r
)
, for r = ∞ we have

ψ
(
f,
ν

2
, ∞

)
= Ω1

(
f,
ν

2

)
= ν−1

∑
1≤ρk≤ν/2

ρ−1
k ln ρk

∣∣∣∣ ∧fk∣∣∣∣ .
Let us first apply the Hölder inequality, and then the Riesz inequality for 1 <
p ≤ 2, which holds by virtue of Lemma 2.1:

ψ
(
f,
ν

2
, ∞

)
≤ ν−1

 ∑
1≤ρk≤ν/2

ρ−p
k lnp ρk

 1
p
 ∑

1≤ρk≤ν/2

∣∣∣∣ ∧fk∣∣∣∣q
 1

q

≤
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≤ ν−1

 ∑
1≤ρk≤ν/2

ρ−p
k lnp ρk

 1
p ( ∞∑

k=1

∣∣∣∣ ∧fk∣∣∣∣q
) 1

q

≤

≤Mν−1 ∥f∥p

 ∑
1≤ρk≤ν/2

ρ−p
k lnp ρk

 1
p

.

Since the sum on the right-hand side is estimated from above by the convergent
(by condition (1.2)) numerical series

∞∑
k=1

ρ−p
k ln p ρk, p > 1 ,

we have

ψ
(
f,
ν

2
, ∞

)
≤ const ν−1 ∥f∥p . (3.2)

For p > 2 the estimate (3.2) remains true, because Lp (G), p > 2, is embedded
into L2 (G). Consequently, for p > 1, r = ∞, from (2.2), (3,1), (3.2) we get the
validity of the first part of (1.4).

Now let p > 1, 1 ≤ r <∞. In this case, by definition, we have

ψ
(
f, ν

2 , r
)
= Ω

(
f, ν

2 , 1−
1
r

)
, i.e. ψ

(
f, ν

2 , r
)
= ν−1

∑
1≤ρk≤ ν

2

ρ
1− 1

r
k

∣∣∣∣ ∧fk∣∣∣∣ .
To estimate ψ

(
f, ν

2 , r
)
for 1 < p ≤ 2, we first apply the Hölder inequality,

and then the Riesz inequality (Lemma 2.2):

ψ
(
f,
ν

2
, r
)
= ν−1

∑
1≤ρk≤ν/2

ρ
1
r
−1

k

∣∣∣∣ ∧fk∣∣∣∣ ≤

ν−1

 ∑
1≤ρk≤ν/2

ρ
( 1
r
−1) p

k

 1
p
 ∑

1≤ρk≤ν/2

∣∣∣∣ ∧fk∣∣∣∣q
 1

q

≤

≤M ∥f∥p ν
−1

 ∑
1≤ρk≤ν/2

ρ
( 1
r
−1) p

k

 1
p

.

And, due to condition (1.2), ∑
1≤ρk≤ν/2

ρ
(1− 1

r ) p
k

 1
p

≤ const

 [ ν2 ]∑
i=1

i(
1
r
−1) p


1
p

≤

≤ const


ν

1
r
− 1

q for
(
1− 1

r

)
p ̸= 1 ,

ln
1
q
ν for

(
1− 1

r

)
p = 1 .
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Consequently, for 1 < p ≤ 2, 1 ≤ r <∞, the estimate

ψ
(
f,
ν

2
, r
)
≤ const ∥f∥p


ν

1
r
− 1

q
−1

for
(
1− 1

r

)
p ̸= 1 ,

ν−1 ln
1
q
ν for

(
1− 1

r

)
p = 1

(3.3)

holds.
Now let us estimate the expression ψ

(
f, ν

2 , r
)
for p > 2. By the estimate (see

[8])
∥υk∥q ≤ ∥υk∥2 ≤ const ∥υk∥q , 1 ≤ q < 2,

for

∣∣∣∣ ∧fk∣∣∣∣ we have ∣∣∣∣ ∧fk∣∣∣∣ = |fk| ∥υk∥−1
q ≤ const |fk| ∥υk∥−1

2 .

As the space Lp (G) is embedded into L2 (G) when p > 2, applying Bessel in-
equality we obtain( ∞∑

k=1

∣∣∣∣ ∧fk∣∣∣∣2
) 1

2

≤ const

( ∞∑
k=1

|fk|2 ∥υk∥−1
2

) 1
2

≤M ∥f∥2 ≤ M ∥f∥p

for f (x) ∈ Lp (G), p > 2.
Consequently, for f (x) ∈ Lp (G), p > 2, the estimate

ψ
(
f,
ν

2
, r
)
≤ const ∥f∥p


ν

1
r
− 1

2
−1 for 2

(
1− 1

r

)
p ̸= 1 ,

ν−1 ln
1
2 ν for 2

(
1− 1

r

)
p = 1

(3.4)

holds.
Combining the estimates (3.3) and (3.4), we obtain

ψ
(
f,
ν

2
, r
)
≤ const ∥f∥p


ν

1
r
− 1

α
−1 for α′ (1

r − 1
)
̸= 1,

ν−1 ln
1
α′
ν for α′ (1

r − 1
)
= 1,

(3.5)

where α = max {2, q} , α′ = min {2, p} , p−1 + q−1 = 1.
Considering the estimates (3.1) and (3.5) in (2.2), we obtain the second and the
third parts of (1.4).

Let p = 1, r = ∞. In this case,

ψ
(
f,
ν

2
, ∞

)
= Ω1

(
f,

ν

2

)
= ν−1

∑
1≤ρk≤ν/2

ρ−1
k ln ρk

∣∣∣∣ ∧fk∣∣∣∣ .
Since

∣∣∣∣ ∧fk∣∣∣∣ = |(f, υk)| ∥υk∥−1
∞ ≤ ∥f∥1, by the condition (1.2) we have

ψ
(
f,
ν

2
, ∞

)
= ν−1 ∥f∥1

∑
1≤ρk≤ν/2

ρ−1
k ln ρk ≤ const ν−1 ln2 ν ∥f∥1 .

Hence, from (3.1), (3.2) it follows that

∆ν (f, K) ≤ C (K)
{
ν−1 ln2 ν ∥f∥1 + ω1

(
f, ν−1

) }
.



8 VALI M. KURBANOV AND LEYLA Z. BUKSAYEVA

In case p = 1 , 1 ≤ r <∞, we have

ψ
(
f,
ν

2
, r
)

= ν−1
∑

1≤ρk≤ν/2

ρ
−1+ 1

r
k

∣∣∣∣ ∧fk∣∣∣∣ ≤ const ν
1
r
−1 ∥f∥1 ,

and, consequently, due to (3.1), (2.2), the estimate

∆ν (f, K) ≤ C (K)
{
ν

1
r
−1 ∥f∥1 + ω1

(
f, ν−1

)}
holds. The estimate (1.5) is proved.

The estimate (1.6) is a corollary of (2.2) and (3.1), because q (x) ≡ 0. Theorem
1.1 is proved.

Proof of Theorem 1.2. Let us prove the estimate (1.7). By definition of
φ1 (f, ν)

φ1 (f, ν) = ν−1 ∥f∥p + ω1

(
f, ν−1

)
+

+ max
ρk≥ν/2

∣∣∣∣ ∧fk∣∣∣∣ = ν−1 ∥f∥p + φ (f, ν) , 1 ≤ p ≤ ∞. (3.6)

Let 1 < p ≤ 2.

In case r = ∞, from the equality ψ
(
f, ν

2 , ∞
)
= ν−1

∑
1≤ρk≤ν/2

ρ−1
k ln ρk

∣∣∣∣ ∧fk∣∣∣∣,
due to the Riesz inequality, we obtain

ψ
(
f,
ν

2
, ∞

)
= ν−1 ∥f∥p

 ∑
1≤ρk≤ν/2

ρ−p
k lnp ρk

 1
p

≤ const ν−1 ∥f∥p .

Consequently, from (3.6) and (2.2), taking into account the last inequality, we
obtain the first part of (1.7).

In case 1 ≤ r < ∞, as in the proof of Theorem 1.1, we first apply the Hölder
inequality, and then the Riesz inequality to prove the estimate

ψ
(
f,
ν

2
, r
)
≤ const ∥f∥p


ν

1
r
− 1

q
−1

for
(
1− 1

r

)
p ̸= 1 ,

ν−1 ln
1
q
ν for

(
1− 1

r

)
p = 1 .

Hence, from (3.6), (2.2) we get the second and the third parts of (1.7). The
estimate (1.7) is proved.

Let p = 1 or p > 2. In case r = ∞, due to the inequality

∣∣∣∣ ∧fk∣∣∣∣ ≤ ∥f∥p and the

condition (1.2), we have

ψ
(
f,
ν

2
, ∞

)
= Ω1

(
f,
ν

2

)
= ν−1

∑
1≤ρk≤ν/2

ρ−1
k ln ρk

∣∣∣∣ ∧fk∣∣∣∣ ≤
≤ ν−1 ∥f∥p

∑
1≤ρk≤ν/2

ρ−1
k ln ρk ≤ const ν−1 ln2 ν ∥f∥p .

Hence, from (3.6), (2.2) we get the first part of (1.8).
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And, in case 1 ≤ r < ∞, due to the inequality

∣∣∣∣ ∧fk∣∣∣∣ ≤ ∥f∥p and the condition

(1.2), we have

ψ
(
f,
ν

2
, r
)

= ν−1
∑

1≤ρk≤ν/2

ρ
1
r
−1

k

∣∣∣∣ ∧fk∣∣∣∣ ≤
≤ ν−1 ∥f∥p

∑
1≤ρk≤ν/2

ρ
1
r
−1

k ≤ const ν
1
r
−1 ∥f∥p .

Consequently, due to the last inequality, (3.6) and (2.2), the second part of the
estimate (1.8) also holds. And the estimate (1.9) is a corollary of (3.6) and (2.2),
because q (x) ≡ 0. Theorem 1.2 is proved.

Example 3.1 (see [3]). Consider the spectral problem

−u′′ = λu, x ∈ (0, 1)

u (1) = 0

(a− λ) u′ (0) + λ b u (0) = 0, a, b > 0.

As is known, this problem has only the following eigenfunctions:

uk (x) =
√
2 sin

(√
λk (1− x)

)
, k = 0, 1, 2, . . . .

The eigenvalues λk > 0 are the roots of the equation tg
√
λ = (a−λ)

(b)
√
λ
. We consider

any one of these eigenfunctions as an eigenfunction with zero index, and we
enumerate the rest of them in ascending order of corresponding eigenvalues.

For the eigenvalues, starting from some number N0, the following estimate
holds:

π

2
+ π (k − 1) <

√
λk <

π

2
+ π (k − 1) +

b(
π
4 + π (k − 1)

) (3.7)

Biorthogonal (biorthonormal) system {υk (x)}∞k=1 of {uk (x)}∞k=1 is:

υk (x) =
√
2
(
sin
(√

λk (1− x)
))

−

−
√
λ0 cos

√
λk sin

(√
λ0 (1− x)

)
√
λk cos

√
λ0

)/(
1 +

cos2
√
λk

b
+
a cos2

√
λk

b λk

)
. (3.8)

As the system {uk (x)}∞k=1 forms a basis for Lp (0, 1) , 1 < p <∞ (a Riesz basis in
case p = 2), this system is complete and minimal in Lp (0, 1) , 1 < p <∞. Conse-
quently, it is complete in Lp (0, 1) , 1 ≤ p <∞. We have {υk (x)}∞k=1 ⊂ L∞ (0, 1).
Therefore, the system {uk (x)}∞k=1 is complete and minimal in Lp (0, 1) , 1 ≤ p <
∞. By (3.7), µk =

√
λk, k = 1, 2, . . . , satisfy the condition 2). Due to the

uniform boundedness of the systems {uk (x)}∞k=1 and {υk (x)}∞k=1, the conditions
(1.3) hold. Therefore, by Theorem 1.2, the estimate (1.9) (q (x) ≡ 0) holds for
an arbitrary function f (x) ∈ Lp (0, 1) , p ≥ 1.

Note that the system {υk (x)}∞k=1 is not a system of eigenfunctions of the

formally conjugate operator L∗ = − d2

dx2 .

Let us estimate the coefficients
∧
fk = (f, υk) ∥υk∥−1

∞ , f (x) ∈ L1 (0, 1). As
{υk (x)}∞k=1 also forms a Riesz basis for L2 (0, 1) there exist constants α1, α2 > 0
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such that α1 ≤ ∥υk∥2 ≤ α2, k = 1, 2, . . .. Therefore, the following two-sided
estimate holds: ∣∣∣∣ ∧fk∣∣∣∣ ≤ |(f, υk)| ∥υk∥−1

2 ≤ 1

α1
| (f, υk) | .

Due to (3.8),

|(f, υk)| ≤ const
[ ∣∣∣ (f, sin √λk (1− x)

) ∣∣∣+ ∥f∥1 µ
−1
k

]
≤

≤ const
[
ω1

(
f, µ−1

k

)
+ µ−1

k ∥f∥1 + µ−1
k ∥f∥1

]
≤ const

[
ω1

(
f, µ−1

k

)
+ µ−1

k ∥f∥1
]
.

Consequently, the estimate max
µk≥ν/2

∣∣∣∣ ∧fk∣∣∣∣ ≤ const
{
ω1

(
f, ν−1

)
+ ν−1 ∥f∥1

}
holds.

Taking this into account in (1.9), we obtain

∆ν (f,K) ≤ C (K)
{
ω1

(
f, ν−1

)
+ ν−1 ∥f∥1

}
, (3.9)

where f (x) ∈ L1 (0, 1).
From (3.9) we obtain, in particular, the following estimates:

∆ν (f,K) ≤ C (K) ν−α ∥f∥Hα
1 (G) , α ∈ (0, 1) ,

if f (x) ∈ Hα
1 (G), where Hα

1 (G) is a Nikolski class, and

∆ν (f, K) ≤ C (K) ν−α ∥f∥Bα
1, θ(G) , α ∈ (0, 1) , θ ∈ [1,∞] ,

if f (x) ∈ Bα
1,θ (G), where B

α
1,θ (G) is a Besov class.

Example 3.2 [4]. Consider the spectral problem

u
′′
(x) + λu (x) = 0,

u (0) = βu (1) , u′ (0) = u′ (1) , β ̸= 1.

All the eigenvalues λk, except for λ0, have multiplicity 2: every multiple eigen-
value λk corresponds to one eigenfunction and one associated function. µ0 =√
λ0 = 0, µ2k−1 = µ2k = 2π k, k = 1, 2, . . . ,

u0 (x) =
2 ((1− β) x+ β)

(1 + β)
,

u2k−1 (x) = sin 2πkx , u2k (x) =
4 ((1− β) x+ β) cos 2πkx

(1 + β)
.

Biorthogonal (biorthonormal) system

υ0 (x) = 1, υ2k−1 (x) =
4 ((β − 1) x+ 1) sin 2πkx

(β + 1)
,

υ2k (x) = cos 2πkx, k = 1, 2, . . . ,

consists of root functions of the formally conjugate operator L∗ = − d2

dx2 . The
system {uk (x)}∞k=1 forms a basis in Lp (0, 1) , 1 < p <∞, which is a Riesz basis
when p = 2. Due to the uniform boundedness of the systems {uk (x)}∞k=1 and
{υk (x)}∞k=1, the conditions 3) hold. For every fixed p, p ∈ [1,∞), all conditions
of Theorem 1.1 are satisfied.

Applying this theorem with p = 1 (q (x) = 0), we have

∆ν (f,K) ≤ C (K)
{
ν−1 ∥f∥1 + ω1

(
f, ν−1

)}
.
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Example 3.3. Let us consider the problem

u′′ + µ2u = 0, G = (0, 1)

u (0) = u (1) = 0.

It is obvious that the orthonormal system of eigenfunctions of this problem is

un (x) =
√
2 sinπnx, n = 1, 2, . . . ,

and µ2n = n2π2, n = 1, 2, . . . are eigenvalues.
Let f (x) be an arbitrary function from the class Hα

1 (G) , 0 < α < 1. By
virtue of Lemma 2.2 we have∣∣∣∣ ∧fn∣∣∣∣ = |fn| ≤ const (πn)−α ∥f∥Hα

1 (G) .

And by virtue of Theorem 1.1 (see estimate (1.6))

∆ν (f,K) ≤ C (K) ν−α ∥f∥Hα
1 (G) . (3.10)

Let us prove that estimate (3.10) cannot be improved. Let there be a function
β (ν) , β (ν) → 0, ν → ∞, such that for arbitrary f ∈ Hα

1 (0, 1)

∆ν (f,K) ≤ C (K)β (ν) ν−α ∥f∥Hα
1 (G) . (3.11)

Let us consider the problem

ũ′′ +
(
µ2 − 1

)
ũ = 0, ũ (1) = ũ (0) = 0.

For this problem

ũn (x) =
√
2 sinπnx, n = 1, 2, . . . ; µ̃2n = (πn)2 + 1.

Therefore, the difference ∆̃ν (f,K) is estimated

∆̃ν (f,K) ≤ C (K)β (ν) ν−α ∥f∥Hα
1 (G) .

From here and from (3.11), by virtue of the triangle inequality, we obtain

∥σν (f, ·)− σ̃ν (f, ·)∥C(K) ≤ C1 (K)β (ν) ν−α ∥f∥Hα
1 (G) .

Assuming here ν = πn we get

|fn|
∥∥∥√2 sinπnx

∥∥∥
C(K)

= ∥σπn (f, ·)− σ̃πn (f, ·) ∥C(K) ≤

≤ C2 (K) β (πn) n−α ∥f∥Hα
1 (G) .

Since
∥∥√2 sinπnx

∥∥
C(K)

≥ C3 (K) > 0, the inequality

C3 (K) |fn| ≤ C2 (K) β (πn) n−α ∥f∥Hα
1 (G) (3.12)

is satisfied.
Let us select the functions f (x) = xα−1, 0 < α < 1

(
xα−1 ∈ Hα

1 (G)
)
and

estimate |fn| from below:

|fn| =
√
2

∣∣∣∣∫ 1

0
xα−1 sinπnx dx

∣∣∣∣ = √
2

(πn)α

∣∣∣∣∫ πn

0

sin t

t1−α
dt

∣∣∣∣ =
=

√
2

(πn)α

∣∣∣∣∫ ∞

0

sin t

t1−α
dt−

∫ ∞

πn

sin t

t1−α
dt

∣∣∣∣ ≥
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≥
√
2

(πn)α

(
Γ (α) sin

πα

2
+ o (1)

)
.

Taking this estimate into account in (3.12), we arrive inequality β (πn) ≥
C (α) > 0 for sufficiently large n. And this contradicts β (πn) → 0, n → ∞.
Thus, the estimate (3.10) cannot be improved in the class Hα

1 (G) , 0 < α < 1.
By virtue of Theorem 1.1 (see estimate (1.6)) for any function f (x) ∈ Bα

1,θ (G) ,

0 < α < 1, θ ∈ [1,∞) ,

∆ν (f, K) ≤ C (K) ν−α ∥f∥Bα
1,θ(G) . (3.13)

Let us prove that this estimate is accurate in the class Bα
1,θ (G). Proceeding in the

same way as in the case f ∈ Hα
1 (G) , we obtain instead of (3.10) the inequality

C0 |fn| ≤ C4 (K) γ (πn)n−α ∥f∥Bα
1, θ(G) , , f ∈ Bα

1, θ (G) , (3.14)

where γ (πn) → 0, n→ ∞.
Let us select the function f (x) = exp (−iπnx) and estimate ω1 (f, t):

ω1 (f, t) = sup
0<h≤t

∫ 1−h

0
|exp (−iπn (x+ h))− exp (−iπnx) | dx ≤

≤ sup
0<h≤t

∣∣∣∣sin πnh2
∣∣∣∣ ≤ min {1, πnt}

Then when πn > h−1
0 (h0 > 0) we get

∥f∥Bα
1,θ

= ∥f∥1 +
(∫ h0

0

ωθ
1 (f, t)

t1+θα
dt

)1/θ

≤

≤ 1 +

(∫ 1/πn

0

(πnt)θ

t1+θα
dt+

∫ h0

1/πn

dt

t1+θα

)1/θ

≤

≤ 1 +
(
(πn)θ (πn)αθ−θ + (πn)θα

)1/θ
≤ 3 (πn)α ;

|fn| =
∣∣∣∣√2

∫ 1

0
exp (−iπnx) sinπnx dx

∣∣∣∣ =
=

√
2

2

∣∣∣∣1 + exp (−2πni)− 1

2πni

∣∣∣∣ = √
2

2
+ o

(
n−1

)
.

Taking into account these relations in inequality (3.14), we obtain γ (πn) ≥
const > 0. The obtained contradiction proves the accuracy of estimate (3.13)
in the class Bα

1,θ (G) , 0 < α < 1, θ ∈ [1,∞) .
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