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REGULAR VARIATION AND ALMOST A-STATISTICAL
CONVERGENCE

KAMIL DEMIRCI, FADIME DIRIK, LJUBISA D. R. KOCINAC, AND SEVDA YILDIZ

Abstract. This paper introduces the theory of almost A—statistical
regular variation for sequences of positive real numbers. The central
classes ASRV;, and ASTr(RV;) are defined and their fundamental prop-
erties are established. A key decomposition theorem characterizes se-
quences that are almost A—statistically regularly varying as sums of
sequences that converge classically and are asymptotically small. We
also prove the equivalence between strong almost A—summable regular
variation and statistical regular variation for RV -bounded sequences and
provide characterizations via exponential representations and limit su-
perior/inferior conditions. Our results extend classical regular variation
theory systematically to the setting of almost A—statistical convergence.

1. Introduction and preliminaries

Originally formulated by Fast [16] and Steinhaus [23] as a natural generaliza-
tion of ordinary convergence, statistical convergence has evolved into a central
tool in analysis. Following its introduction, the fundamental properties of statisti-
cal convergence were thoroughly investigated. This type of convergence was later
integrated with matrix summability theory, leading to numerous generalizations
that have been explored across various fields. Specifically, these generalizations
have found applications in approximation theory [7, 10, 25], number theory, the
study of trigonometric series [26], locally convex spaces [22], and strong integral
summability. In [15], the concept of statistical convergence has also been suc-
cessfully applied to Karamata’s theory [18, 19] of regular variation. This theory
focuses on the asymptotic analysis of divergent processes [3, 6, 11, 13].

Recently, in [10] a new generalization of statistical convergence, called almost
A—statistical convergence, has been introduced. Some of its fundamental prop-
erties have already been examined and applied to approximation theory. In this
article, we will utilize this novel convergence concept in the theory of variation.
Particular attention is paid to characterizing regular and translationally regular
variation in the context of almost A—statistical convergence.

We begin by examining several fundamental properties associated with the
almost A—statistical convergence of a sequence x. Recall the following:
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Let A = (ajm) be a summability matrix and x = (z,,) be a real-valued se-
quence. If the sequence

(Az); = ) ajm@m
m=0

(o ¢]
exists, i.e., the series ) ajmym, is convergent for each j € Ny, where Ny is the set

of all nonnegative intrggers, then the sequence Ax is called the A-transformation
of x. If the sequence Ax is convergent to a number s, then the sequence x = ()
is said to be A—summable to s, and we write A—lim x,, = s.

King [20] introduced the concept of almost A—summability as a natural exten-
sion of classical summability when the convergence of the A-transform is relaxed
to that of almost convergence. A sequence x is called almost A—summable to L
if the A—transform of x is almost convergent to L. The matrix A is said to be
almost regular if it maps the entire space c, (the space of convergent sequences)
into the space of almost convergent sequences, and it acts as a limit-preserving
operator, ensuring that the almost limit of the transform equals the ordinary
limit of the original sequence. Recall that a matrix A = (aj,) is almost regular
if and only if it meets the following conditions:

o
(2) sup > |ajm| < o0, j=0,1,2,...,
m=0

_k+p—1
(43) lim 1 3 ajm = 0 uniformly in k, m =0,1,2, ...,
p—oo P =k

k+p—1 oo
(737) lim % >. > Gjm =1 uniformly in k.
P=o0 T ik m=0
It is a well-known fact that the class of regular matrices is strictly contained
within the class of almost regular matrices. The following example demonstrates
that this inclusion is indeed proper (i.e., the converse is not true).

Example 1.1. The matrix A = (a;jm) whose general term is defined by
1 J i
0, 7 <m.
is non-negative, almost regular but non-regular.
Definition 1.1. ([10]) Let A = (a;,,) be a non-negative almost regular matrix.
Then almost A—density of E C Ny, denoted 6% (E), is given by

k4p—1 k4+p—1

1
a IR a1 o .
0A(E) = plggo . E g jm = ph_{go p g (Axg);, uniformly in £,
j=k meFE j=k
whenever this limit exists.

Let A be a non-negative and almost regular matrix. Then, the concept of
almost A—density has the following properties.

Lemma 1.1. ([10]) (Fundamental Properties of Almost A-Density) i) 6%(No) =
L,
i) For any subset E of No, 0 < 0%(F) <1,
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i11) If E is a subset of No, and 0% (E) exists, then 0%(E°) exists and 0% (E)+
54 (E) = 1,

Assume that E and F are subsets of Ng and 6% (E), 6%(F) exists.

iv) Monotonicity: If E C F, 04(E) < 6%(F),

v) Finite Additivity: 0%(EUF) < 6% (E)+ 0%(F),

vi) If E is a finite subset of Ny, then §%(E) = 0.

From this point forward, every matrix A considered is non-negative and almost
regular.
A sequence x = (z,,) is said to be almost A—statistically convergent to L if,
for every € > 0,
04 ({meNy |z — L] >¢€}) =0.
When this holds, we write st%-limx = £ ([10]).
Based on the definition provided above, we derive the following theorem.

Theorem 1.1. If st -limx,, = Ly, st%-limy,, = La, then
(a) st4-lim (2, + ym) = L1 + Lo.
(b) st%-lim (mYm) = L1La.

Now let us give the following characterization for almost A—statistical conver-
gence.

Theorem 1.2. A sequence x = (x,,) is almost A—statistically convergent to L
if and only if there exists a subset E of No, such that §4(E) =1 and

lim z,, = L.
m—00
meE

Proof. Let £ be the almost A-statistical limit of the sequence x. Define
ET:{mGNO:|xm—£|2r+%},FT:{mENo:|xm—£| <$ :
Then §%(E,) = 0 and
FWDOFIDFD---DF DFy1D--- (1.1)
Moreover,
04(F)=1,r=0,1,2,... (1.2)
We now show that (z,,) converges to L for m € F,.. Suppose, on the contrary,
that (x,,) does not converge to L. Then there exists ¢ > 0 such that
|xm — L] > €
for infinitely many terms. Let

F.={meNy: |z, — L] <e}, 5>$, r=0,1,2,...

Then
6% (F:) = 0.
By (1.1), F, C F, hence 6% (F;) = 0, which contradicts (1.2). Therefore, (x,)
converges to L.
For the reverse implication, assume the existence of a subset ' C Nj such that
04 (F) =1 and
lim z,, = L.

m—00
meF
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Equivalently, one can find an index N € Ny ensuring that for an arbitrary € > 0,

|z — L] <e, VYm>NandmeF.

Define

F.={meNy: |z, — L] >c}.
Then

F.CNo\{me F:m>N}.
Hence,

5% (F.) = 0.

This leads to the conclusion that x is almost A-statistically convergent to £. The
theorem has been proved.
The set of almost A—statistically convergent sequences will be denoted by ST3.
Now, we will give the new notions of almost A—statistically Cauchy sequence,
almost A—statistical boundedness, almost A—statistical limit superior, almost
A—statistical limit inferior, and almost A—statistical limit at infinity.

Definition 1.2. A sequence of positive real numbers, denoted by x = (z,,),
is said to be almost A—statistically Cauchy if there exists an index M € Ny
corresponding to every € > 0, such that the relation

G ({meNy:|xy —apm| >¢€})=0
holds.

Definition 1.3. A real sequence x = (x,,) is called almost A—statistically
bounded if there exists a constant H such that

04({meNy: |z, > H}) =0.

The theoretical framework concerning statistical limit superior and limit infe-
rior was primarily established in the seminal work of Fridy and Orhan [17], and
further investigated in [9]. We give now their almost A—statistical analogs.

For a number sequence x = (x,,,) we write

Ugx :={a€eR:64{meNy: z, >a} #0},
and
Ve={BeR:6§{meNy: z, <p}#0}.
Throughout this paper, note that the notation 0% (E) # 0 indicates that either
d4(E) > 0 or the set E does not possess an A—density.

Definition 1.4. The almost A—statistical limit superior of x is given by

sup Uy, if Ux # 0,

a _1; —
sty —limsup z,, { oo, iUy =0

Also, the almost A—statistical limit inferior of x is defined by

inf Vi if Vi # 0,

a _ ji s _
st — liminf x,, {—i—oo, V= ()
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Theorem 1.3. st%-limsupx,, = a1 is finite if and only if for every positive
number €,

04 ({meNy: T >ar—e})#0, 84({meNy: x> ay +e}) =0,
Similarly st -liminf x,, = By is finite if and only if for every positive number e,
574({7TL€N0: Lm <ﬁ1+5}) #Oa 5%({mEN0: Tm <ﬁ1—5}) =0.

Proof. Let st%-limsup z,, = a;. Since
Ux :={aeR:04{meNy: z, >a} #0} #0,
we have oy = sup{a e R: 6% ({m € Ny : 2, > a}) # 0}. By the properties of
the supremum:

o For all a € Uk, o <

o For every € > 0, there exists a a € Uy such that a > a7 — ¢.

Furthermore, if a € Uy, 6% ({m € No: x,, > a}) # 0. For every ¢ > 0 and
for the specific a € Uy satisfying a > a1 — ¢, we have x,, > @ > a1 — €, which
implies:

{meNy: zp, >a} C{meNy: zp, >a1 —¢}.

Thus, since 64 ({m €Ny : zp, >a}) # 0, G ({meNy: zp, >a1 —¢}) # 0
hold. On the other hand, for all & € Ux, a < aq, so for every € > 0, a+¢ < aj+e.
This gives the inclusion:

{meNy: 2> +e} C{meNg: zp, > +e}. (1.3)

If o + € were in Uy, then we would have §% ({muNg: z,, > a+¢}) = 0. From
inclusion (1.3), we conclude that:

({meNy: x> a1 +¢}) =0.

The proof of the converse is clear. The proof of st —liminfx,, = (1 can be
carried out in a similar manner. The theorem has been proved.
As in the statistical superior or inferior limit, one obtains

liminf x,, < st% —liminf z,, < st%—limsup x,, < limsup z, (1.4)

and also that, x = (z,) is almost A—statistically bounded and st%-lim z,, = L
if and only if st%-liminf z,, = st%-limsup x,, = L.

Now, let us define st%-lim at infinity for functions by using a similar idea to
that in [4].

Definition 1.5. A function f : [a,00) — R has an st%-lim at infinity equal to
L if st%-lim f (xy,) = L with every x = (z,,) C [a,00) : st4-limx,, = oo, and it
will be denoted as Stj—tlim ft) =L

—00

2. Almost A—statistical variations

In this section, we extend the classical theory of regular variation by introduc-
ing its almost A-statistical analogues, covering both standard and translational
regular variation. Additionally, the concept of a strong almost A-summable reg-
ularly varying sequence is formulated.
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2.1. Regular variation.

Definition 2.1. ([5]) Suppose that F' is a positive real function defined on an
interval [a,00), (a > 0). Then F' is said to be regularly varying if it is measurable
and satisfies )

. F (¢t
If h(¢) =1, for each ¢ > 0, then F is called slowly varying.

The function A (¢) is assumed to be representable in the form h (¢) = (” for
some p € R, where the parameter p is referred to as the index of variability of F.

The classes of regularly varying and slowly varying sequences are abbreviated
as RVy and SV, respectively. Moreover, RV} , refers to the set of regularly
varying sequences characterized by the variability index p.

Definition 2.2. ([5]) A sequence x = (x,,) of positive real numbers is called
regularly varying if

lim 2™ — & (¢) < oo, for all ¢ > 0.

m—00 Ty,

If £ (¢) =1, for every ¢ > 0, then x is said to be slowly varying.

We denote by RVs (resp. SVs) the class of regularly varying (resp. slowly
varying) sequences. In addition, RV; , represents the class of regularly varying
sequences with variability index p.

Theorem 2.1. ([5]) If x = (zyn) € RVs, then k() = (” for some p € R. p is
called the index of variability of x.

Definition 2.3. Suppose that F' is a positive function, defined on an interval
[a,00), (a > 0). Then F is said to be almost A-statistically reqularly varying if it
is measurable and satisfies

stA—tl_iznw =h(¢) < oo, ¢(>0.

If h (¢) = 1, holds for all ¢ > 0, then F is said to be almost A—statistically slowly
varying. The collection of all functions satisfying this property is denoted by
ASRV;.

Definition 2.4. A sequence of positive real numbers x = (z,,) belongs to the
class ASRV; of almost A—statistically reqularly varying sequences if

z m
st%—lim% = k(¢) < oo, for all ¢ > 0.

m
Consequently, the class of regularly varying sequences is contained within the
class of almost A-statistically regularly varying sequences. This inclusion is strict,
parallel to the relationship between ordinary and almost A-statistical conver-
gence; that is, the converse assertion does not hold.

Example 2.1. Consider the sequence (x,,) defined by

_ mlnm, m = 2k andm#O’ B
e { ml, otherwise, k=0,1,2,..
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Also, let us take the matrix A = (a;y,) whose general term is given by

. 1, if jis even and m € {j,j + 2},
JmT0, otherwise.
This matrix is non-negative, almost regular but non-regular. Also, it is clear that
{m=2k+1: k=0,1,2,..}))=0
and
({m=2k: k=0,1,2,..}) = 1.
Then, for ¢ > 1 and for every m =2k, k=1,2, ...,
Tem) _ [¢m]In [Cm] ClnCm

T mlnm Inm

=G

hence, by Theorem 1.2, (z,,) is almost A-statistically regularly varying sequence,
but since lim [i:” does not exist, (z,,) is not regularly varying sequence.

Definition 2.5. A sequence of positive real numbers x = (x,,) is said to be an
almost A—statistically reqularly varying Cauchy sequence if, for every € > 0 and
¢ > 0, one can find an index M = M (¢) with the property that

o ({m e mo >e}) o

Definition 2.6. A sequence x = (x,,) of positive real numbers is called almost
A—statistically RV -bounded if, for each { > 0, there exists a finite number B

such that 6% ({m € No : "2 > B}) = 0.

Ligm] — *gM]
Tm, Tm

Definition 2.7. Let ¢ be a positive real number. A sequence of positive real
numbers x = (x,,) is said to be a strongly almost A—summable regularly varying
sequence if it satisfies the condition

k+p 1 ~©
x
lim — Z Z @jm [cm] —k:(()’ = 0, uniformly in &, for all { > 0.
PP ST m=o m

We denote the space of all such sequences by wARV, ,.
The following initial result offers a convergence criterion that does not neces-
sitate prior knowledge of the limit value.

Theorem 2.2. Let x = (x,,,) be a sequence of positive real numbers. The follow-
ing conditions must be met in order for the equivalence to hold:

(a) x belongs to the class of almost A-statistically reqularly varying sequences,

(b) x is classified as an almost A-statistically regularly varying Cauchy se-
quence,

(¢) One can find a regularly varying sequence y such that

5j<{m€N0:xa[f—7T7éy[;—nm]}):0.

Proof. As an auxiliary result, we first prove that (a) implies (b). Assume
that condition (a) holds, so stfﬁl—limxf—;’” = k(¢). Let £ > 0 be arbitrary. By
the definition of almost A—statistical limit, the set of indices m € Ny for which

Heml _ k(O] < 5 has almost A—statistical density 1. Then M = M (¢) is chosen

Tm
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so that ‘xKM - k(¢ )‘ < 5. Applying the triangle inequality on the set where the
density is 1, we obtain

6Z<{meNo: x[(m]—xKM]’<e}>:1.
T, Tm

Since € was arbitrary, x is an almost A—statistically regularly varying Cauchy
sequence.
Next, we assume that (b) holds and choose Mj so that closed interval J =

|:1'[§M1] 1 T[¢Mq] + 1:| contains 57:: such that 5A ({m S N : M - J}) = 1.

Ty ’ Ty

Also choose M, so that the interval J = [ [cMo) %, (310 ] contains
TM, T, Tm

such that 09 ({m €Np: Km] eJ }) =1.Let J; = JnN J'. Since the almost

A-statistical density is ﬁmtely subadditive, we have

a .Z'[Cm] _
6A meNOTEJl = 1.

We have
. Tiem) !
mGNO.T ¢ JnJ
Tiem Tiem ,
- {mGND:g]%J}U{mENO:[C]géJ}.
Hence

5%({meN0:xa[fm]¢JﬂJ/}> < 53<{meNO;ng”ﬂ¢J})
69 ({meNO:J;K"‘]géJ’})

= 0.

Consequently, J; is a closed interval of length not exceeding 1 which contains Km]

such that 0% ({m € Ny Cm] eJ; }) = 1. Now, we proceed by choosing M3 o)
that J” = [ Mg] 1 xKM?’] + ﬂ contains ;—m] 0% ({’m € No Cm] € J”}) =

Tm 47

1 and similarly, Jo = J;N.J” contains xg[f—:], 54 ({m eNy: == €.y }) =1, and
Jo has length not greater than % This inductive argument ylelds a sequence of
closed intervals (J,,),- | exhibiting the specific features that for each n, J,11 C Jy,
Jp, contains m}f—::], 0% ({m €Ny : [Cm e Jn }) = 1 and the length of J,, is less

than or equal to 217", As indicated earlier, by Nested Intervals Theorem there
o

exists a number, say, p such that 4 = () J,. By virtue of J,, contains %,
n=1 m

0% ({m € Np: xglf—;:] € Jn}> = 1, we can choose an increasing positive integer
sequence (P,);7; such that

a fL’[Cm] 1

m n
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Consider the subsequence z derived from x whose terms z,, are determined by
the condition that

Llgm)
m > Py and P, < m < P,41, then —— ¢ J,.
m
Now we consider the sequence y = {y,,} with
Yiem] { w,  if 2, is included in z,
T % herwi
Ym ) otherwise.

Tm

Then lim M =p:forif P, <mand0 < % < g, then either x,, is included in z,

3 y[{m
Le, === = por

of I,,. Next, we assert that [i:” = %, 5% ({m € Ny : 3357:] = %}) = 1. Note
that for P, < m < P41, we have

{NG:%¢W}Q{MNO:%¢J”}_
Tm Ym Tm

This implies, by (2.1),

Cm] = M € J, and ‘% - ,U,‘ is not greater than the length

1k+p—1 k‘—f—p 1 1
S SHED SETES S s B
=k meNg: Ll o Ylem] I=k meNo:Lmlgr,

Taking supremum over k£ and limit as p — oo, we get

0% <{mN Tlen) #* Yier] }) =0,
Im Yn

ie., Zml _ Yim] 5 ({m € Np: Lml — M}) = 1. Therefore, (c) holds.

Tm Ym afnL Ym
Lastly, we suppose that (c) is satisfied, i.e.,
Em] = ,Lcm 0% ({mGNo: fm] :—[ygn]}>—1and lim ygm] =k (¢).

Let € > 0. Then
Tlem] '

{m € Ng: }
Tm
¢ {memy: Ty Yok fin ey |60 )5 o],
Therefore, 6% ({m eNp: IK::] k (C)’ > 5}) =0, i.e., x is an almost A-stati-

stically regularly varying sequence and hence the theorem. The theorem has been
proved.

Based on the established equivalences in Theorem 2.2 and the basic results
related to regular variation (Theorem 2.1), we are now in a position to state the
following conclusion regarding the limit function % (¢) .

Corollary 2.1. If a positive real sequence x satisfies the almost A-statistical limit
condmon st“ -lim Cm] =k (¢), ¢ >0, then it possesses the following property:

lim el —k(() andk(() = (P, for some p € R.
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The class of all almost A—statistically regularly varying sequences possessing
the index of variability p is denoted by ASRV ,.

Now, we proceed to present a decomposition theorem specifically for almost
A-statistically regularly varying sequences.

Theorem 2.3. Let x = (x,,,) be a sequence of positive real numbers. The follow-
ing conditions are then equivalent:

(a) ste-lim 220 — & (),

(b) There exzst sequences y = {ym} and z = {z,,} such that w[gm = ykm] + ]

Zm

with lim Cm] =k (), &% <5upp [6m] ) = 0, where suppz = {m € No Km # O}

Proof. Assume (a) holds. There is a set K = {mo<mj <...<my < ..}
with §% (K) = 1 such that lim xf—::] =k (C) . Define the sequence y = {ym} by

Yicm] _ { Lml o meK, (2.2)
Ym k), meN\K.
It is clear that lim yzlfm] = k(¢). Now, set (m] = xf;"] - yg:], m € Ny. Since

{meN Tom) o4 yw} CN\K 5% (N\K) o, 5% ({mENo:Z[ZC—"’:”#O}) -
0. Thus 0% (suppz[“”) =0and = xm — Yem] 4 Hlm]

Ym Zm
Conversely, suppose there exist sequences y = {yn} and z = {z,} sat-
isfying xfy:” = y;:’] + Z[i’:] with lim ;m] = k(¢) and 6% <8upp Km) = 0,

where suppz = {m € No [Cm] =+ 0}. We show that Stp—hmm] =k (¢). De-
fine K = {m € Np: = 0} C Np. Since 6% <supp [Cm] ) = 0, it follows that

0% (K) = 1. For m € K we have ;—mm] = me . Consequently, there exists a set

K={mp<mi<mg<..<myp<..} w1th (5A( ) = 1 such that lim [ka]
m

k (¢) . Hence, completing the proof. The theorem has been proved.
Corollary 2.2. Let x = (zy,) be a sequence of positive real numbers. Then,
st% -lim C"] =k (¢) if and only if there exist sequences'y = {ym} and z = {z1,}

such that ezl = Yenl i Zonl i Yy Yol — () and st Jim Lzl — 0,

Proof. Let [Cm = Znl _ —:, where {y,,} is the sequence defined by (2.2)

In
of the previous proof. Then lim ym] = k(¢), and by Theorem 1.1 we conclude
that st%-lim 27l = .
For the converse, assume xf;"] = yg[j;"] + Z[Zi;"], where lim y[C” = k(¢) and
st -lim [C::] 0. Since st%-lim yzlfm] =k (¢), applying Theorem 1.1 we get st%-
lim ;7’:] =k (¢) . The corollary has been proved.

The following result is derived from Theorem 1.3.

Theorem 2.4. If a; = st%-limsup xg[f—::] is finite, then for all e >0

a . Llgm] _ a Llgm] _
04 gm: . >ap—ep | #0 and 6% . >a;+ep) =0 (2.3)
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Conversely, assuming the validity of the condition (2.3) for an arbitrary €, then

oy = st -lim sup [Cm]

The corresponding characterization for the almost A-statistical limit inferior
is presented next.

Theorem 2.5. If 31 = stf-liminf i;"] is finite, then for every e >0

5% <{ f: < B +5}> £0 and 5% <{ Cm] < Bi— }) =0. (24)

Conversely, if (2.4) hold for every positive €, then 1 = st%-liminf %:]

Theorem 2.6. An almost A—statistically RV —bounded sequence x is almost
A—statistically reqularly varying if and only if

x x
lm] _ st —limsup leml
m Tm

st% —lim inf

Proof. Let o = st%-limsup C:] and § = st%-liminf Km . First, assume that
st-lim “ — s (¢) and let & > 0. Then 64 ({m €Np: ;j] —k(Q)| 2 ¢}) =
0. Consequently, 0% ({m eNp: <m] >k (Q)+ }) = 0, which implies that o <

k (¢) . Similarly, 0% ({ x[cm <k (C) }) =0, implying & (¢) < . Therefore
a < B. Using the general 1nequahty a > [ (which holds by definition), we
conclude that a = .

For the converse, suppose @ = [ and define k({) = «. Given ¢ > 0, con-
ditions (2.3) and (2.4) from Theorem 2.4 and Theorem 2.5 respectively, yield

0% ({ x[qm > k(¢)+ 5}) = 0 and % ({m : xf—;”] <k() - %}) — 0. which
is equlvalent to st%-lim gm] = k (¢) . This completes the proof. The theorem has
been proved.

Theorem 2.7. If a positive real sequence x is RV -bounded above and strongly
almost A—summable regularly varying to the number st%-lim sup Km = «, then
X is almost A—statistically reqularly varying to a.

Proof. Assume that x is not almost A—statistically regularly varying to a.
Then by Theorem 1.3, st%-liminfx,, < «, so there is a number M < « such
that 04 ({m € No: 2, <a}) #0. Let E = {m €Ny : x,, < M}. By the def-
inition of o, 0% ({m € Ng: &, > a+¢}) = 0 for every € > 0. Define E” =
(meNg:M< zp<a+te}, " ={meNy: z, >a+e} and let C := sup

m

Ty Since 6% (E/> # 0, there are infinitely many j such that limsup > ajm, >
meE'’
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d > 0. Hence we have

1 Tiem) |
m
_ —
1 +p— q 1k+p—1 q
- 2 Z P el w0 Y Y | e
= cE J=k meE
+ 1 Z Ajm me —
p ]: E///
1 k—l—p 1
< 5 Z ]m"" a+5 Z Z Ajim
=k meF' =k meE"
1
t ];Z Z
j=k mepg"
1 +p— k+p—1 oo
- z; Z Z ajm + (o +¢) Z > ajm
j=k cE' j=k m=0
1k+p
— (a+4e)- Z Z ajm+0 (1
j=k meg"
k+p 1 " k+p 1 o
- _= Z Zajm M+ (a+e)]+ (a+e) Z Zajm+0 1)
i=k meE’ g=k m=0
k:-i-ploo k+ploo
< ogf Z Za]m— Oé— Z Zagm_d +O()
j=k m=0 j=k m=0

Since € > 0 is arbitrary it follows that

k+ploo

hmsupf Z Za]m:cm <a—d(a—M) < a.

j=k m=0

Hence, x is not strongly almost A—summable regularly varying to «, whence the
result. The theorem has been proved.

Theorem 2.8. Suppose that x is a sequence of positive real numbers which is

bounded below in the RV -sense.

If x is further assumed to be strongly almost

A-summable regularly varying corresponding to the value st -lim Supr—r’:] = 3,
then x is almost A—statistically regularly varying to 5.

Proof. Since the verification of this assertion follows lines similar to those of
Theorem 2.7, the detailed proof is omitted to avoid redundancy.

The main motivation for this section is the following.

Theorem 2.9. Let g be a positive real number. Then:
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(a) a sequence of positive real numbers x = (x,) is almost A—statistically
reqularly varying sequence if it is strongly almost A—summable reqularly varying.
(b) wWARV; N RVie = ASRV, N RV

Proof. (a) Assume x € wARV,. For a fixed ¢ > 0, define the set F. (¢) =

{m €Np: wf—ﬁ —k(())q > 5}. We have:
k+p—1 [e’e] q
1 x
=3 Y a5 - k()
p j=k m=0 m
k+p—1
1 T q
= = Qjm g[fm] _ k;(g)‘ + Z Ajm :I[:Cm} — k()
Prige \mer) " mEF=(q) "
| kel
> = Aim&
p j=k meF:.(q)
k—i—p 1
As x is strongly almost A-summable regularly varying, l1m n o Z Yo Gjm =
j=k meF.(q)

0, uniformly in k. Hence x € ASRV.
(b) Let x € ASRV; N RVl Since x is a RV-bounded sequence, there exists

a finite constant M > 0 such that x[gm + 1k (¢)] < M for all m. Define the set

E.(q) = {m €Np: “"/’Kml —k (C)‘ > (5) ‘1} . Since x € ASRV, we get

1k+p71 00 -

R N g e k<<)'

p j=k m=0 m

k+p—1 q q

1 xz m € m

- > | ]—k<<>‘ + Y | = - k()

j=k | meFc(q) mn m¢Fe(q) m

2Ma 2

Hence, taking supremum over k£ and putting p — oo, we have
lim Teml . = 0, uniformly in k&, for all ¢ > 0.
pE{}op Z Z G | = (C)’ , uniformly in &, for all ¢
j=k m=0
Therefore, x € wARV, 4, N RV, completing the proof of the equality. The
theorem has been proved.

In what follows, we characterize the relationship between almost A-statistical
regular variation and strong almost A-summability in the context of regularly
varying sequences.
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Remark 2.1. If 0 < q1 < g2 < 00, then the following inclusion holds
wARV. g, CwARV, g,

and

wWARVs N RV s = wARVs 1 N RV,
where RV denotes the space of all RV-bounded sequences of positive real
numbers.

2.2. Translational regular variation.

Definition 2.8. ([21, 24]) A sequence of positive real numbers x = (x,,) is in
the class T'r (RV;) of translationally regularly varying sequences if for every real
number ¢ € R,

z m
lim e =r((¢) < 0.
m—00 Ty,
The symbol T'r (RVj ,) stands for the collection of all sequences in T'r (RVj) of
index of variability p.

Theorem 2.10. ([21]) If a sequence x = () belongs to the class Tr (RVy),
then the limit function can be expressed as r(¢) = e?lSl for some real number
p € R; which is called the variability index of x.

Definition 2.9. A positive real sequence x = (x,,) is said to belong to the class
ASTr (RVs) i.e., x is an almost A—statistically translationally regularly varying
sequence, if the almost A-statistical limit of “+< converges to a finite value r (<€)

Tm
for every ¢ € R, i.e.,

Llm4(]

st —lim =7r(() < oo.

Tm
It follows directly from the definitions that if a sequence belongs to the class
Tr (RVy), then it is also a member of the class ASTr (RVs) .

Example 2.2. Consider the sequence (z,,) defined by
7’7’1/47 mZQkandm#O
= { evm, otherwise, k=0,1,2,...

Also, let us take the matrix A = (a;jm,) whose general term is given by

P 2, if j is even and m = j2,
M0, otherwise.

We know that this matrix is almost regular but non-regular and

{m=2k+1: £=0,1,2,..})=0

and
({m=2k: k=0,1,2,..}) = 1.
Then, for every m =2k, k=1,2, ...,
e _ [m+ ¢

= T L
T, m

hence, (z,,) is an almost A—statistically translationally regularly varying se-

m+¢

quence, but since lim 27+ does not exist, () is not translationally regularly

varying.

Tm
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Definition 2.10. A sequence x = (x,,) consisting of positive real numbers is an
almost A—statistically translationally reqularly varying Cauchy sequence if, for
every ¢ > 0 and every ¢ € R, one can find an index M = M () such that

o ({m e o ‘“””Td - e ‘ >e}) -o.

Theorem 2.11. Let x = (z,,) be a sequence of positive real numbers. The
following conditions are then equivalent:

(a) x belongs to the class of almost A—statistically translationally regularly
Varying sequences,

(b) x is classified as an almost A—statistically translationally reqularly varying
Cauchy sequence,

(¢) One can find a translationally regularly varying sequence y such that

51?1({7161\10:%#%}):0.

As an immediate consequence of Theorem 2.11 (likely establishing equivalence
or a key property) and Theorem 2.10 (likely the Cauchy functional equation solu-
tion for translational regular variation), we present the following result concerning
the sequence limit 7 (¢).

Corollary 2.3. If a sequence x = (x,,) of positive real numbers is almost
A—statistically translationally regularly varying with limit function r(¢), then
X possesses a subsequence y = {ym} that is translationally regularly varying to
7 (¢) . Moreover, the limit function has the form r (¢) = e”l<l, for some real number
peR.

The class comprising all almost A—statistically translationally regularly vary-
ing sequences that possess an index of variability p is denoted by ASTr (RV; ).

Theorem 2.12. A sequence x = (x,,) of positive real numbers belongs to the
class ASTr (RVs ), for p € R, if and only if it can be expressed as

m—1
Ty = X0 * €XP <Zai> , m>1,
1=0
where (am) s a real sequence satisfying st — limexp(an,) = exp(p) and xo > 0.

Proof. Let x = (z,,,) € ASTr (RV;,), p € R. By Corollary 2.3, we have

Tm+1

st% —lim =r (1) = exp(p) < oo.

m
This implies the existence of a sequence {b,,} of positive numbers such that

st%—limb,, = r (1) and Tmtl bm, m € No.
Tm

For m > 0, it follows that
LTm+1 = bm:IZm = bmbm_l...boxo.
Setting a; = In b; for each i € Ny, we obtain

st%—limexp(a,,) = st4 —limb,, = exp(p),



16 KAMIL DEMIRCI, FADIME DIRIK, LJUBISA D. R. KOCINAC, AND SEVDA YILDIZ

and for every m € Ny,

m
Tm+41 = X0 - €XP (Zai) .
i=0
Equivalently, for each m > 1

m—1
Ty = X0 - €XP (Z@) , where st —limexp(a,) = exp(p).
i=0
Conversely, assume

m—1
T = X * €XP (Za,) ,m>1,
i=0

with st%-limexp(am) = exp(p). Then, we have

Tm+1

r (1) = st —lim = st —limexp(a;,) = exp(p).

m

Consequently, for every ( € R

st% —lim % =1 (¢) = exp(p[C]).

Hence, x = (x,,) € ASTr (RV; ), completing the proof.

3. Final comments and open problems

In this paper we considered two variants of regular variation (in the sense of
Karamata) in the context of almost A—statistical convergence. Among others,
we gave a decomposition theorem for almost A—statistical regular variation and a
representation theorem for almost A—statistically translationally regularly vary-
ing sequences. Our future work should be devoted to a similar study of O-regular
variation (see [1, 2, 12]) and rapid variation in the sense of de Haan (see [8, 14]).
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