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NUMERICAL RADIUS, BEREZIN RADIUS AND NORM
BEHAVIOR OF SOME OPERATORS

MUBARIZ T. GARAYEV AND KHATIN HAJIKERIMOVA

Abstract. We prove some results for the numerical radius and Berezin
radius of Toeplitz and truncated Toeplitz operators. We also study the
behavior of the operator norm ||7"S/|| for some operators T and S on a
Hilbert space.

1. Introduction and Notation

In the present article, we establish estimates for the numerical radius and
Berezin radius of Toeplitz and truncated Toeplitz operators. We also prove some
results related to the behavior of the operator norm ||7"S|| for some operators
on a Hilbert space.

Recall that for a bounded linear operator T on the reproducing kernel Hilbert
space H = H(Q) of complex-valued functions on some set ) with reproduc-
ing kernel kg \(2), its Berezin symbol (or Berezin transform) (see Zhu [29] and

Nordgren and Rosenthal [23]) T is defined by
T := { Thy s, k . AEQ,
(A) < HA H,A>H Q

where EH A= H”z:iiH is the normalized reproducing kernel of the space H. The

numerical range of T' € B(H) is defined by W(T) := {(Tx,z) : x € H and |z| =
The numerical radius is the number w(T') := sup{| (Tx,z) | : ||| = 1}.

The Berezin symbol of an operator provides important information about it.
For example, it is well known that on most familiar RKHS’s, including the Hardy,
Bergman and Fock spaces, the Berezin symbol uniquely determines the operator,
ie,, Ay = Ay if and only if A1 = Az (See, Zhu [29].) It is one of the most
useful tools in the study of Toeplitz and Hankel operators on the Hardy space
H?(D) and the Bergman space L2(D). The concept of the Berezin symbol of
an operator arose in connection with quantum mechanics and non-commutative
geometry (see, for instance, [23]). On the other hand, the method of reproducing
kernels is actively developed by Saitoh and Castro and their collaborators, in
order to solve various problems of applied mathematics (see, [4, 5, 6], and the
references therein). For other applications of reproducing kernels and Berezin
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symbols, and also about new results for numerical radii see for instance the papers
[1,2,3,7,9,10, 11, 12, 13, 14, 15, 23, 26, 27, 28, 29].
For a bounded operator A on a RKHS, the corresponding Berezin set and
Berezin number of A are defined, respectively, as follows (see [14]):
Ber(A) = Range(A) = {Z()\) tAE Q}
ber(A) =sup{|u|: p € Ber(A)}.
We define two Berezin norms as follows:

|Allp1 = sup | ARra | and J1A4llp, = sup |(ARx )
AEQ AMUEQ

)

clearly ber(A) < ||Allp < [[Allg - A function 6 is an inner function if |6(2)| <
1 for all z € D={2€C:|z|] <1} and |#(§)| = 1 for almost all £ € T :=
0D ={¢ : || = 1}. The basic RKHS in which our objects live are the Hardy space

H? = H%*(D) and model space Ky := H? © 0H?; H? is the Hilbert space of ana-
o0 [e.e]
lytic functions f(z) = 3 a,2" defined in the unit disk I such that > |an|? < co.

n=0 n=0
Alternately, it can be defined with a closed subspace of the Lebesgue space L?(T)
on the unit circle T, by associating to each analytic function its radial limit. The
Banach algebra of bounded analytic functions on D is denoted by H* = H*(D).
Let ¢ € L and 6 be inner. The Toeplitz operator T, : H 2 5 H?, and the trun-

cated Toeplitz operator AZ : Ky — Ky are defined respectively by (see [24, 25])

T, =P M,, A} =PyM,.
Here, Py : L? (T) — H? and Py : L? (T) —Kj are orthogonal projections, and
M, is a multiplication operator on L? (T) which is defined by M, f = of. It is
easy to see that

Py =P —0P.0, Py:=Pyly2=1-TyT5.
In particular, when ¢ € H*, the truncated Toeplitz operator Ag is called the
model operator, denoted by ¢(Mpy), where

My := A% = PyM,
is the model operator. Evaluations at points A € D are bounded functionals on
H? and the corresponding reproducing kernel is the function

k2 ) (2) =

—, A,z €Dy
1— )Xz

thus,
A) = (f k), VfeH.
If ¢ € H*, then kg ) is an eigenvector for T = T5 i.e.,
T;kHZ,,\ = 90()\)15}12,»

The normalized reproducing kernel is denoted, as before, by

EHQVA_ LR = /1= |A]? kHQA_iVP
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In what follows, we will use short notation E,\ instead of /k\'HQ’A. In Ky the
reproducing kernel for a point A € I is the function

_1-06(2)

k@,)\(z) : 1— XZ

)

and the normalized reproducing kernel is
1/2
- 1— |\
kor(z)=| —— ko (z).
o(2) <l_|9(>\)|2> o (%)

By the spectrum o(¢) of § we mean the complement (with respect to the whole
closed disk D) of the set of all points A € D such that the function 1/6 can be
continued analytically into a (full) neighborhood of A. Also

Z(0) ={AeD:6()) =0}
is the null set of 8 and suppu denotes the support of any measure . If

s de(f))

E—z

0 = Bexp (—

is the canonical factorization of 6, then

o(0) = Z(0) U suppp” = {A € D : lim, _,, .cplf(2)| = 0}

and
o(Mp) =0(0), op(Mg)=0(0)ND = Z(0).

For any Toeplitz operator T}, ( ¢ € L™) on H? it is known that ﬁo = ¢ where
¢ denotes the harmonic extension of ¢ into D (see, for example, [11, 20, 24, 33,
37]).

This paper is organized as follows. In Section 2, we prove some results con-
cerning Berezin and numerical radii of operators. We demonstrate some new
relations among these numerical characteristics of operators on RKHS’s (Section
3). In Section 4, we prove some new conclusions for lizn TS|

2. Berezin radius of truncated Toeplitz operators

It is clear that always Ber(T) C W(T') (numerical range) and ber(T) < w(T)
(numerical radius). Therefore, the study of these new characteristics of operators
is important. In the present section, we investigate the Berezin radius of some
truncated Toeplitz operators.

Theorem 2.1. Let 6 be an inner function such that o(0)NT # () and p € L*>°(T)

be a function such that [p(n)| = lim,_,, gof(\)/\)‘ exists and 1is finite for all n €
oc@)NT. If A?D is a truncated Toeplitz operator on Ky then
sup Jio(n)] < ber(A%) < llllo - (2.1)

n€o(0)NT
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Proof. First, let us calculate the Berezin symbol of the truncated Toeplitz oper-
ator Ai = PoT,| Ky :

AL

and thus,

<A?07€\0,>n Ee,x>

P R R R (e G T AR T [0V
AT TONE 1-Xxz "\ 1-160\))? 1z

1 ~ - o~
0 (PoT,(1 = 9000)r, (1 = B0
L (= 000), (1 — B0V0)R
oy (T~ P (L 00000 )

1 - ~
VK <Tw(1—m9)k)"T(1—W9)k’\>
1 S

PN <T1_9(A)T¢(1,mg) ¥ >\>

i (e (128 (008) + O0P)) " )
1— \;(A)\Q <<1 * |9(A)|2) P(A) -2 (‘PRG (me))N (A)) ,

~

(1 + |0(>\)|2) O\ = (1 - |6?(>\)|2) AN +2 (nge (@9)) (M), VA € Dy

(2.2)

here @ is the harmonic extension of ¢ into D and

()

fa(z) = 1— Xz

is the normalized reproducing kernel of the Hardy space H?(D). Since 1 —
10(\)|> < 1(VA € D), it follows from formula (2.2) that

Then

(1+ 10OV 1B < [A50)| + 2| (Re (006) )~ (V)

, YA e D.

(14 [0OV)[2) |5 < ber (Ag) 49 ‘ (che (9()\)9>>N ()\)‘  YAeD  (2.3)
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On the other hand, for any A € D we have

~ — 2 [
(e (7099))" )] = | [ ROt
T
— 2 [
< [l [T el ame
T
1—|A?

o | PO (@) dm)
T

2
0O [ =5 1o(©) dm©
T

= 10l (A) < [0 [ello ;
here, dm is the usual normalized Lebesgue measure on the unit circle T. By
considering this inequality in (2.3), we have

(1+1600P) 1PV < ber(A2) + 2000 el YA ED.  (2.4)

Let n € 0(6) N'T be any point. Since limy_,, [#(A)| = 0 and by condition of the
theorem, (7)) exists and is finite, we obtain by (2.4) that

[p(n)| = lim |3(N)| < ber(AY), Yneo(d) NT.
A—n

Hence,

sup Jp(n)] < ber(4%). (25)
nea(0)NT

On the other hand, it is obvious that
ber(A%) < || 42| < ligl..
which together with (2.5) gives (2.1). This proves the theorem. O

The following corollary is immediate from Theorem 2.1.

Corollary 2.1. If ¢ is a function in L*°(T) such that

sup  [o(M)| = [l¢ll 5
nea(6)NT

then
ber(A%) = (¢l o -

3. Estimates for Berezin radii and numerical radii

In this section, we prove some new inequalities for Berezin radius and numerical
radii of operators on the Hardy space H?.

Let (3_) denote the set of all inner functions in H? and (HQ)1 ={feH?:|fll,=1},
the unit sphere of H2.
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Proposition 3.1. Let A : H> — H? be an arbitrary bounded linear operator.
Then

sup  ber (TzATy) < w(A) < sup  ber (TfATf) . (3.1)
oe(X)u{1} feH®N(H?)1

Proof. Since H> is dense in H? it is easy to show that
sup {[(Af, ) : f € (H*)1} =sup {[(Af, )| : f € H® N (H)1}
Then we have:
w(A) = sup{|[(Af, f)|: f € H® N (H?):}
= sup {|(TFATy1,1)|: f € H® N (H?)1}
- sup{‘<T?ATfEO,EO>) e H<n (1),
_ sup{‘(T?ATf)N (0)) L f e HE 0 (H?), )

< feHilg()H%l sup {‘ (T?ATf)N ()\)‘ A E ]D)}

= sup  ber (T?ATf> .
feH>N(H?)

ie.,

w(A) < sup  ber (T?ATf) . (3.2)
FEH>N(H?),

On the other hand, if # € (}_) is an arbitrary inner function, then by consid-
ering that 0g € (H?); for every g € (H?); we have:

ber (TaAT@) = sup 1%‘ = sup TgATgE,\,EA‘
AeD eD
= Sup ‘ <AT97€\)\, AT@E)\> ‘ = sup ’ <A97€\)\, 9//;)\> ’
pY=) AeD
< sup sup [(Ah,h)|= sup [(Ah,h)|=w(A),
AeDhe(H?), he(H?),

hence
ber (T;ATy) < w(A)
for any 6 € (>). Thus
ber (THAT;;) < w(A)
for any n € (>]) U {1} . Therefore, we obtain
sup ber (1T;AT;) < w(A). (3.3)
ne(32)u{1}

Now, the desired inequality (3.1) follows from (3.2) and (3.3), which completes
the proof. O
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Corollary 3.1. If sup  ber <T?ATf) = berT;ATy for some 6 € (3°)
feH>N(H?)
then w(A) = ber(T5ATy).

Corollary 3.2. If sup ber (T5AT;) = sup  ber (TfATf) = ber(A),
ne(X)u{l} feH>N(H?)
then w(A) = ber(A).

Corollary 3.3. Let ¢ € L>®(T) and T, be a Toeplitz operator on the Hardy
space H?. Then

ber(Ty) = w(Ty) = 1Tl = llplloo -

The proof of the latter corollary uses the well-known result that fp = ¢ for
any Toeplitz operator T, € L>(T) on the Hardy space H?, where ¢ denotes
the harmonic extension of .

Similar arguments allow us to state the following result in the Bergman space
L(D).

Proposition 3.2. Let ¢ € L>(D) and Ty, be a Toeplitz operator on the Bergman
space LE(D). Then

w(T,) < sup ber (T\f|250> .
feEH>®N(L2),

Recall that for any inner function 0 and any symbol ¢ € L*°(T), the truncated
Toeplitz operator A?o : Ko — Ky is defined by A?Of = Py(ef). Our next result

estimates the numerical radius of AZ.

Proposition 3.3. Let 6 be an inner function, ¢ € L>®(T) be a function and
A?D : Ko — Ky be a truncated Toeplitz operator. Then the numerical radius of

A?D satisfies the following inequality:

(\1_3@)9)%)%»‘
w(Af) > sup T

Proof. Since ¢ € L*>(T), the truncated Toeplitz operator Ai is bounded . For
any f € Ky, || f||, =1, we have

(ALF.F) = (RaTp £, 1) = (T, f )
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R
By considering this and the formula kg x(2) = ( 1iﬁ9‘():\|)2 ‘2> ’ 17?(_/\%@) we have
2] ~ -~
sup (AL, f)| = sup (T, f, f) > sup |(Tykox, ko
1£ll,=1 ‘< v >‘ 1]l,=1 eD ‘< >‘
xepl— 02\ 7 1=2xz 7 1-Xz
1 T T,T
xeD1 — ‘9(}\)’2 1-0(N)0- ¥ 1-0(\)0
1 1
(1=12)" (1-1p)°
1-Xz ' 1-=2Xz
1 ~ o~
= - - 7T
ilel]gl _ ‘9(}\)’2 < @‘1_9(A)9|2k9,)\; k:@,A>

= sup T@|19()\)9|2(A)‘

1
xed1 — [B(N))?

(-0 ¢)
- e i poyPE

In the last equality we again used the well known results that th = h for every
h € L>®(T) (see, for example, Zhu [29]). Thus we have

(J1-o0e] ¢)
w(dl) 2 sup=—

which proves the proposition. O

)

Our next result establishes an inequality for the Berezin radius of an abstract
operator.

Proposition 3.4. Let H = H(Q) be a reproducing kernel Hilbert space of complex-
valued functions on some set  with reproducing kernel

Bra(z) = > enMNen(),
n=0

where {en(2)},~o s any orthonormal basis of the space H. Let A :H — H be a
bounded linear operator with matriz entries

anm = (Aen(2),em(2)) ,n,m=0,1,2, ...,
satisfying the inequality
|anm| < Clan| [bm| < Al (VR,m > 0), (3.4)
for some sequences {an},q € 12 {bn},>o € 12 and C > 0. Then
ber(A) < C'l{an}l2 [{bn}H];2 -
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Proof. First, let us determine the Berezin symbol of the operator A:

A = <Akm,km> L ~ (Aky, ky)
[
= HI€12<AZen()\)en(z),Zen(A)en(z)>
Hv/\H n=0 n=0

— k:12 <Zen()\)Aen(z), Zeni(/\)en@’) >
n=0

= QZen em( Aen( )s m(z)>

Hkm A7 2

= 2 Z nmen m(>\)

or

~ 1 s

A(A) = T 2 Z an,men()‘)em(A)a (3'5)
for all X € Q.

Now using condition (3 4) and formula (3.5), we have

QZZmngmHen (A lem (V)]

|k7't H n=0m=0

1
= C—QZ ] en ()] Z b €m(A)
Lz i —

1 1 1

1 o0 2 o 2 [e.e] 2

< C—— (Z\anﬁ) (meﬁ) (Zw)
ksl \ 2= rt =0

Y (zyemu)y?) = C{anHl I{bn} 2

m=0

o

for all A € 2, which implies that
ber(4) = sup | A < C [ {an} | 1 Bn -

The proposition is proved. O

4. Some operator norm inequalities

In this section, we prove some new results about operator norm inequalities.
Namely, we will estimate lim ||7™S]| for some appropriate operators T and
n—oo

S on a Hilbert space. These types of limits are important, in particular, for
the study of the compactness property of the operator S. For, it is enough to
remember, for instance, the well known Hartman-Sarason theorem for compact
model operators cp(Mg)(go € H®°) defined on the model space Ky = H>S0H? by
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©(Mp)f = Py, f € Ky. There are also many other recent papers where the lim

n—oo

||T™S]| is investigated for different goals, see, for instance, [8, 16, 17, 18, 19, 20, 21].
Trivially, li_>rn IT™|| = 0 when ||T|| < 1. In the present section we prove

n—oo
the same assertion under weaker conditions. Our observation is based on the
following simple assertion: lim |7"| = 0 if and only if lim [|7"S| = 0 for
n—oo n—oo
every S € B(H). In fact, if lim ||7™S|| = 0, then in particular, for S = I
n—oo
(identity operator), we have that lim [|7"| = 0. Conversely, if lim |7"| =0,
n—oo n—oo

then by using the submultiplicative inequality
S| < 1T HI1S1],
we deduce that nh_)rrgo IT™S|| = 0, as desired.

Before giving the results of this section, first let us introduce some additional
notation. Let H be a complex Hilbert space. If {z,},~, C H, we denote by
span {z, :n = 1,2,...} the closure of the linear hull generated by {z,},~,. The
sequence X = {z,},>, is called: (i) complete if {z,, : n =1,2,...} = H; (ii) Riesz
basis if there exists an isomorphism U : H — H such that {Uz,},~, is an
orthonormal basis in H; (iii) the operator U will be called the orthogonalizer of
X.

It is well known that (see, for example, Nikolski [22]) {z,} is a Riesz basis in
its closed linear span if there are constants C7 > 0,Cy > 0 such that

2 2

Ch Z]an|2 < Zanfcn < Oy Z|an|2 , (4.1)

n>1 n>1 n>1

for all finite complex sequences {a,},~, . Note that HU‘1H and ||U| " are the
best constants in inequality (4.1).
Now we state our main results of this section:

Theorem 4.1. Let H be an infinite dimensional separable Hilbert space with
Riesz basis {R;};2, and let T : H — H be a bounded linear operator. Then:

m>1

m 1/2
(i) ||T™S| =0 (sup (Z HT*”RZ‘H2> > as n — oo, for every S € B(H);
i=1

m 1/2
(i) if lim sup (Z ||T*"Ri|2> =0, then lim ||T"S| = 0 for every S €
n=Om>1 \i=1 oo

B(H), and hence li_}m |7 = 0.

Proof. (i) Since {R;};2, is a Riesz basis in H (and hence is complete in H), for
every x € H with ||z|]| = 1 and € > 0, there exists an integer N := N(z,e) > 0
and scalars ¢; = ¢;(z,e) € C (i=1,2,...,N) such that

m
T — ZCiRi <eg,
i=1
which implies that
m
ZCiRi <1l+e. (4.2)
=1
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Taking into account the fact {R;};-, is a Riesz basis, and using (4.1) and (4.2)
we obtain for any S € B(H) and n > 1 that

TS| = [[(T"S)*|| = [S*T™"|| = sup ||S*T*"=||
[l=]l=1
B N m
= sup |||S*T*" (:c - ZciRZ) + STy iR,
llzll=1 | i=1 i=1

N
< Sup TSl e+ 151D leil 17" Ri|
zf=1 | i=1

N 1/2 , N 1/2
< sup | [[T"S]e+ S]] <Z|@i\2> (ZIIT*”RHQ>
i=1

l|lz||=1 i=1

B N N 1/2
< stpl 17"S|le + IS Zq <ZHT*"P«¢HQ>
xi= i=1 i=1
r N 1/2
< stpl 1T"Slle + [ISIHU] (e + 1) (ZHT*"RAV)
= i=1
i N 1/2
< [[T"Sle+IS[[U]l (e +1) Hsup (Z\T*”Ri\V)
xl|= =1

m 1/2
< |T"Slle+SIUI (6+1)8u>p1 (ZHT*"RH2> :
mzL \ =1

where U is the orthogonalizer of {R;}:°; .
Since n > 1 is an arbitrary fixed number and ¢ is arbitrary, by letting ¢ tend
to zero, from the latter we deduce for all S € B(H) that

m 1/2
7SI < IS]IU]] sup <Z IIT*"RzH2> : (4.3)
m=t \i=1

for all n > 1 which proves assertion (i) of the theorem.
Assertion (ii) is immediate from inequality (4.3). The theorem is proved. [

o0 1/2
Corollary 4.1. Ifz |T*"R;||? < 400 for alln > 1 and hm <Z HT*”RiH2> =
0 then h_>m HT"SH =0 for all S € B(H), hence h_)m HT”H = 0.
A particular case of this corollary is the following.
Corollary 4.2. If lim [|T*"R;|| = 0 for eachi > 1 and 3. |T*" R;||* < +o0 for
=70 i=1
eachn > 1 then, le |T™S|| = 0 for all S € B(H), in particular, ILm |T™| = 0.
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Remark 4.1. Observe that since R; = U™ !e; for some orthonormal basis {e;},,~; C
H, the condition a

m 1/2
sup Z | 7" R ||* =: M, < +o0
mz1\ ;21

is satisfied, for example, for Hilbert-Schmidt operator 1" € B(H).

Proposition 4.1. Let H be any infinite dimensional separable Hilbert space with

Riesz basis {R;};~, and let T, S € B(H) be two operators such that: (i) there
o0

exists an isometry V : H — H such that s—limT™ =V and (ii) SISRi|1? <
" i=1

—+o0.
Then

o0 1/2
: n < 112
lim TS| < U (ZIHSRZH) : (4.4)
=
Proof. The proof is similar to the proof of Theorem 4.1. Indeed, since lim T"x =

n—oo
Vi for all x € H, where V is an isometry, it is standard to show that T is power

bounded, i.e. [|[T"|| < C for all n > 1 and some constant C' > 0. Then , as in the
proof of Theorem 4.1, we have for any € € (0, 1) that

N 1/2
TS|l < sup |C|S[le +[[U] (e +1) (ZHT”S&-HQ>
i=1

llzf|=1

0o 1/2
< [ISli¢e+Ull(e+1) (Z \T”SRiHQ>

i=1

. 1/2
— U] <Z||T"5Ri||2> ,as € — 0.
i=1

Thus
~ 1/2
. n < . n 12
lim TS| < U] (;nlggolT SRy )
1=
o 1/2 o 1/2
= |ul (angngowsw) = v (ZHSRZ-n?) ,
i=1 i=1
which proves inequality (4.4) as desired. O
Remark 4.2. If A := {An},5; is a sequence of distinct points in D and
B = Bp [] by, where by (z) = |§—:‘ f\fi/\*nzzis the corresponding Blaschke prod-

n>1
uct, then it is well known that (see, for instance, Nikolski [25]): (i) it A :=

o
{An},>1 is a Blaschke sequence (ie. ) (1 — \)\n\2> < 00,) then the system

=1

{kg2z, (z)}n21 = {1_1\72 }n>1 is complete in the model space Kp := H>?©BH?,



NUMERICAL RADIUS, BEREZIN RADIUS AND NORM BEHAVIOR ... 13

1-Anz

~ / 2
(ii) the system {kH27)\n(Z)} o= {”’\"I} is a Riesz basis of Kp
nz n>1

if only if {\,},~, satisfies Carleson’s condition

legfl |Bn(An)| >0,

B

where B,, = e

Thus, all results obtained above can be stated for the operators acting on the
model space Kp.
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