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STRUCTURES AND BEHAVIORS OF GLOBAL CONTINUA OF
NONTRIVIAL SOLUTIONS OF SOME LINEARIZABLE
EIGENVALUE PROBLEMS

LEYLA V. NASIROVA AND ULKAR R. BABAYEVA

Abstract. This paper considers a nonlinear Sturm-Liouville problem
with an indefinite weight, which is linearizable at zero and at infinity.
Note that problems of this type arise from selection-migration models
in population genetics. Here we show the existence of four families of
continua of nontrivial solutions of this problem that have the usual nodal
properties, and connect bifurcation points with respect to the trivial
solutions with the corresponding asymptotic bifurcation points.

1. Introduction

We consider the following nonlinear Sturm-Liouville eigenvalue problem

Uy) = —(p(x)y") +q(@)y = Ar(z)y + g(z,y,9) y, = € (0,1), (1.1)
aoy(0) — Boy’(0) = 0, (1.2)
ony(1) + By’ (1) =0, (1.3)

where A € R is a spectral parameter, p is a positive continuously differentiable
function on [0, 1], ¢ is a nonnegative continuous function on [0,1], r is a real-
valued continuous function on [0, 1] that changes sign, ag, By, @1 and f; are real
constants such that

lovo| 4 8o > 0, || 4 [B1] >0, apBp >0 and o131 >0

(note that the case ¢ =0 and ap = oy = 0 is excluded). Furthermore g is a non-
positive continuous function on [0, 1] x R? and satisfies the following conditions:

9(x,y,8) =0 as |y| +|s| = 0, (1.4)

and
g(z,y,s) — 0 as |y| + |s| = 400, (1.5)
uniformly with respect to x € [0, 1].
Problem (1.1)-(1.3) arises when separating variables in a boundary value prob-

lem obtained when modeling selection-migration in population genetics (see [6,
10, 11]).
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The global bifurcation from zero or infinity of nontrivial solutions of nonlin-
ear eigenvalue problems for ordinary differential equations of second and fourth
orders and elliptic partial differential equations of second order with indefinite
weight was considered in papers [1-3, 5-7, 9, 12, 13, 15, 18, 19, 23]. The authors
of these papers prove the existence of four families of global continua of nontriv-
ial solutions to these nonlinear problems, branching from bifurcation points and
intervals of the line of trivial solutions, or from bifurcation points and intervals
of the line R x {oc}. They also established that, in the case of bifurcation from
zero, these global continua are contained in classes of functions possessing the
oscillatory properties of the corresponding linear problems and are unbounded
(in this case, these global continua either meet the line R x {oo}, or their pro-
jection onto the line of trivial solutions is unbounded); however, in the case of
bifurcation from infinity, these global continua are contained in classes of func-
tions possessing oscillatory properties of the corresponding linear problems only
in certain neighborhoods of bifurcation points and intervals, and either they meet
other bifurcation points and intervals, or meet the line of trivial solutions, or their
projection onto the line of trivial solutions is unbounded.

As can be seen from (1.1), unlike in [3, 5], the nonlinear term here does not
depend on the eigenvalue parameter. Therefore, unlike the results presented
above, we show that when conditions (1.4) and (1.5) are satisfied simultaneously,
the global continua branching from zero have a bounded projection onto the
line of trivial solutions and therefore intersect the line R x {oo}. Moreover, we
obtain a stronger result, namely, we show that the corresponding global continua
branching from the line R x {oo} coincide with them.

2. Preliminaries

By (1.4) for any € > 0 there exists d. > 0 such that for any x € [0, 1] and any
(y,s) € R? satisfying the condition |y| + |s| < §. the inequality
l9(z,y,s)| <e (2.1)

holds. Then, for any z € [0,1] and any (y,s) € R? satisfying the condition
ly| + |s| < 0, we have

lg(x,y,s)yl eyl <, (2.2)
[yl + |s] [yl + |s]

i.e., the relation
9(@,y,s)y =o(lyl +|s|) as [y| + [s| = 0 (2.3)

holds uniformly with respect to x € [0,1]. Then, by [16, Ch. IV, § 2, Theo-
rem 2.1], problem (1.1)-(1.3) is linearizable in a neighborhood of y = 0 and the
corresponding linear problem is the following eigenvalue problem

U(y)(z) = Ar(z)y(x), z € (0,1),
aoy(0) — Boy'(0) = 0, (2.4)
a1y(1) + fry'(1) = 0.
It is known (see [14, §10-61, p. 237]) that there exists an infinite set of real
eigenvalues of problem (2.4) which have limit points + oo and — oo; if the positive
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and negative eigenvalues are arranged in order of increasing numerical value, and
are denoted by

NS A
AL A, oA,

and the corresponding eigenfunctions by
yf,y;,...,y;,... ,
YioYas ool

then the functions y;" () and y; (z) have exactly k — 1 zeros in the interval (0, 1).
Moreover (see [14, §10-71, p. 239]), for every k € N the following inequalities
hold:

1 1
/7‘ z))%dz > 0 and /r )2dx < 0. (2.5)
0 0
Let
E=C'0,1] N {y : aoy(0) — Boy/(0) = 0, ary(1) + By (1) = 0}
be the Banach space with the norm ||y||1 = ||y||oo + ||¥/||c0, Where

[1yllec = max Jy(z)]

From now on, o (respectively, v) will denote either + or —, and on —o (re-
spectively, —v) will denote the opposite sign to o (respectively, to v).

Using the definition of classes S}, k € N, from [20] (see also [21, 22]) and
inequality (2.5), the author of [18] constructed classes S} _, k € N, of functions
y € F that satisfy the following conditions: 7

(i) the zeros of the function y contained in [0, 1] are simple and this function

has exactly k — 1 such zeros in (0, 1);
1

(ii) o [ r(x)y*(x)dz > 0;

0
(iii) the function vy(z) is positive in a deleted neighborhood of the point = 0.
For each k € N, each ¢ and each v the set S,Z’U is an open subset of F, and

S,lc’/’ o1 NSy , = 0 for any different (k, o, v) and (K, 0", v/). Moreover ify € 05y ,,
then either there exists £ € [0, 1] such that y(§) = 3/(£§) =0, or f (z)dz =0

(see [19, p. 348]).
Remark 2.1. By the above arguments for each £ € N and each o we have
Y € Sk = S,:U U Sk o

Multiplying both sides of equation (1.1) by y(x) and integrating the obtained
result with respect to x from 0 to 1, using integration by parts, and taking into
account boundary conditions (1.2) and (1.3) we get

1
Of {p (2)y(2) + q(@)y*(2) } dw + Nly] = A [ r(2)y*(2)dz +

O— =

(2.6)
g9(x, y(x), v (x)y*(x)dx

C—r
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where
Nyl = —p L)y (1)y(1) + p(0)y'(0)y(0).
By conditions agfBy > 0 and 181 > 0 we have
Nly] > 0. (2.7)

Since the case ¢ = 0 and g = a3 = 0 is excluded, by (2.7), we get the following
relation

f{p z) + q(z)y*(z) } dz + Ny > 0 (2.8)
Then, in view of inequality (2.7), we have the following properties of solutions of
problem (1.1)-(1.3).

Lemma 2.1. Let (A, y) € R x E be a nontrivial solution of problem (1.1)-(1.3).
Then X # 0, and consequently, either X € RT = (0,+ 00), or A € R~ = (— 0, 0).

Proof. If (\,y) € R x E is a nontrivial solution of problem (1.1)-(1.3) such that
A =0, then it follows from (2.6) that

f {p ) + q(x) } dx + Ny flg v (x))y?(z)dx (2.9)

Since g(z,y(z),y'(z)) < 0 for any = € [0, 1], the right-hand side of relation
(2.9) is non-positive, and the left-hand side of this relation, according to (2.8), is
positive. The resulting contradiction completes the proof of Lemma 2.1.

Lemma 2.2. Let (A, y) € R x E be the solution of problem (1.1)-(1.3) such that
Yy € 05,’;’0 for some k € N. Then y = 0.

Proof. 1f (A, y) € Rx E be the solution of problem (1.1)-(1.3) such that y € 95y,
1
then either y(£) = ¢/(€) = 0 for some £ € [0,1], or [7(z)y*(x) dx = 0.

0
If y(&) = y/'(&§) = 0 for some & € [0,1], then the proof of this lemma is similar
to that of [17, Lemma 2.2].
1

Now let [7(z)y?(x)dz = 0. Then from relation (2.6) we obtain relation (2.9).

0
Next, the proof in this case proceeds in the same fashion as Lemma 2.1. The
proof of Lemma 2.2 is complete.

3. Structures and behaviors of global continua of nontrivial
solutions of problem (1.1)-(1.3)

By (2.3) and Lemmas 2.1, 2.2 it follows from [5, Theorem 3.1] (see also [20,
Theorem 2.3]) that the following global bifurcation result holds for the problem

(1.1)-(1.3).
Theorem 3.1. For each k € N, each o and each v there exists a component C;

of nontrivial solutions of problem (1.1)-(1.3) which meets (A7,0), is contained in
R7 x Sy, and is unbounded in R x E (in this case either Cy , meets (X, 00) for
some X € R?, or its projection onto R x {0} is unbounded).

, 0
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Note that using the condition (1.5) we can study in more detail the behavior
of the components C,’;U, k € N, of the set of nontrivial solutions of problem

(1.1)-(1.3).
Lemma 3.1. For each k € N, each o and each v the natural projection of the
set C . onto R x {0} is bounded.

Proof. Let (n,v) € C{ ,. Then, by Theorem 3.1, n € R? and v € S} ,
We introduce the notation:

p(x) = —g(z,v(z),v'(x)), z € [0,1]. (3.1)
Since g € C([0,1] x R?), g(x,y,s) < 0 for any [0,1] x R, and v € E, it follows
that
e(x) € C[0,1] and ¢(x) >0, z € [0,1]. (3.2)
By (1.5) for any € > 0 there exists A, > 0 such that for any = € [0,1] and any
(y,s) € R? satisfying |y| + |s| > A, we have
l9(z,y, )| <e. (3.3)
Since g € C([0,1] x R?) there exists a positive constant M. such that for any
z € [0,1] and any (y,s) € R? satisfying 0. < |y| + |s| < A, the inequality
l9(z,y,s)] < M. (3.4)
holds.
Let
My = max {1, M;}.
Then by (2.1), (3.3) and (3.4) it follows from (3.1) that
0<pr) <M, ze|0,1]. (3.5)
By (3.1) the number 7 is an eigenvalue of the linear problem
() () + p(2)y(z) = Ar(z)y(z), = € (0,1),
aoy(0) — Boy’(0) = 0, (3.6)
any(1) + Bry'(1) = 0,
and v is the corresponding eigenfunction. Since v € Sk »» by (3.2), it follows from
[14, § 10-61, p. 237] that n = A
with the sign o.

Along with eigenvalue problems (2.4) and (3.6), we consider the following eigen-
value problems

where A7 is kth elgenvalue of problem (3.6)

Uy)(x) — Ar(z)y(x ) py(z), = € (0,1),
aoy(0) — Boy'(0) = (3.7)
ary(1) + iy’ (1) =

Ly)(x) + p(z)y (:v) Ar(z ) () = py(x), = € (0,1),

@oy(0) — Boy'(0) = (3.8)

ary(l) + /1y’ (1) = 0.

It is well known (see, for example, [14, § 10-6, p. 233]) that for each fixed A € R
the eigenvalues of problems (3.7) and (3.8) are real and simple and form infinitely
increasing sequences {1 (A)}72, and {ug,»(N)}52,, respectively. Moreover, for
each k& € N, the eigenfunctions vi(x,A) and vy ,(x,A), corresponding to the
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eigenvalues ju;(A) and p, (), respectively, have exactly k — 1 simple zeros in
the interval (0,1). It should be noted that the eigenvalues A and Moo k€N,
of problems (3.7) and (3.8) are the zeros of the functions () and gy (A),
respectively.

In view of (3.5), by formula (3.3) of [2] for each k£ € N and each X\ € R we
have the following relation:

1e(A) < g o (A) < pe(A) + M. (3.9)
By (2.8) we have
1 (0) > 0 and py, ,(0) > 0.

Then it follows from (3.9) that

0 < 14(0) < puk, p(0) < i 0) + M. (3.10)

By [2, Lemma 1] for each k£ € N the continuous on R functions () and
7<p(/\) are strictly decreasing on R' and strictly increasing on R~. Moreover,
y [4, Theorem 2.2] we have

pk(X) = — oo and g, ,(A) = — o0 as |A| = +oo. (3.11)

Since i, (A}, ,) = 0, by (3.9), we get pu (A7 ) = — M. Then by (3.10) there
exists a positive integer m; such that

Nk+m1(>‘g,<p) > i ( ;;49) +2M; > My > 0.
Hence by (3.11) we get the following relation:

oA S OA » < TNy - (3.12)
Thus, it follows from (3.12) that
Moo € NN ) and A o€ (N0 AL (3.13)

whence implies that

n € [)‘2—1 )‘Z_er

) if p=X, and 7€ (A, Ac] if n= AL (3.14)
Thus (3.14) shows that the natural projection of C; , onto R x {0} is bounded.

The proof of Lemma 3.1 is complete.

Remark 3.1. By Lemma 3.1 it follows from Theorem 3.1 that for each k£ € N,

each o and each v the component C}/ , of solutions of problem (1.1)-(1.3) meets

(A, 00) for some A € R?.
Lemma 3.2. For each k € N, each o and each v the set C} _ meets (A7, 00).

k+mq°

Proof. Let {(N} ., o Vi n.o)tne1 C Cf , be a sequence such that

— A and Yk, n ollt = +00 as n — oo. (3.15)

v
k,n,o

Note that for each n € N the following relations hold:
é(yllg,n,a) = )\%,n Ur(‘r)yyn ot g(x yk’ ,1,0 (yk n U) ) yg, n,or L € (07 1)7

k b
A0YR 1.0 (0) = Bo(Y o) (0) = (3.16)
a1y}, o (1) + By ,0) (1) =
Let .
v T
W o (@) = me (3.17)

i
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and
9@ YE o (T, Y 0) (@) Y o (2)

[

o (T) = ,ze0,1], neN.  (3.18)

Let A; . > A, be chosen so large that the following inequality holds:
MEA€
Al,e
Let y € E such that ||y|[1 > A1, and let

ooy 9(@y(@),y () y(2)
g(z) = Tyl , x €]0,1].

If |y(z)|+ |y (x)| < AL, then by (2.1), (3.4) and (3.19) for any x € [0, 1] we get
X l9(z, y(@),y' ()| ly(=)] _ MA:
x)| = < <
19()| Tl Ar.
If ly(z)| + |v'(z)| > Ae, then by (3.3) for any z € [0, 1] we obtain

X l9(z,y(x), y' ()| ly(z)|
9(x)| = Tl <lg(z,y(z),y ()| <e.
Thus for any € > 0 there exists Aj . > 0 such that for any x € [0, 1] and any

y € E satisfying ||y||1 > A1 the relation

o Jeley(@), )] (@)
9(e)] = Tolls

<e. (3.19)

E.

<e (3.20)

holds.
Since ||y ,, ;|1 = + 00 as n — oo it follows that there exists n. € N such that
for any n > n. we get

9k, n,ollt > Aie.
Then, by (3.20), from (3.18) we obtain

|9k no(@)| <& forany x €[0,1] and n > ne. (3.21)
The last relation shows that
19k n.olloc — 0 as n — oo. (3.22)

Let ne1 > n. be chosen so that for any n > n.; the following inequality is
satisfied:

Mmoo — Al <e (3.23)
By (3.17) and (3.18) it follows from (3.16) that

(0 (&) = M0 (0 + 5 0), 2 € (0,1),
anlZ,n,a(O) - 50(11)]?,71,0),(0) =0, (324)
aqwy , (1) + Bi(wy, ) (1) =0,

and consequently, by (3.21) and (3.23), for any « € [0, 1] and any n > n. 1 we get
(W 0)"@)] < 55 { P @10 0) @] + (N o I @)+
@)Y g0 (@] + 195 o @]} < 35 {1 11oo + (1A + )l rlloc + [lalloc) + ¢ } <
oo+ (A + DIl loo + llalloe) + 1}

1 /
Al



8 LEYLA V. NASIROVA AND ULKAR R. BABAYEVA

where py = m[g]n] p(z). Then by the Arzela-Ascoli theorem there exists a subse-
ze|0,1

quence {(A} ,, ., wy , )toe_y of asequence {(A{ , ,, w{ , ,)}n=1 Which con-
verges in R x E to some (A, w) (as m — co) with |Jw||; = 1, since Wy o gl =1
for any m € N. Hence it follows from

UWE o) (0) = N 6T (@)W, 6 () + G, 0 (%), 2 € (0, 1),
aowy . 5(0) = Bo(wy, . ;)'(0)
(1

=0 (3.25)
alwzmm,cf(l) + Bl(wz,nm,o ( ) =0,

that (A ,, ., W}, ,) — (A, w) as m — oo in R x C2[0,1]. Now, using (3.22) and
passing to the limit as m — oo in (3.25) we obtain

((w)(z) = Mr(z)w(z), = € (0,1),
apw(0) — Bow'(0) = 0,
ozlw(l) + ,6171),(1) = 0,

i.e., (A, w) solves the linear problem (2.4). By the relation {00 Yhm o) ot
C C,ZJ we have wy , € S’};o, m € N, and consequently, w € SZ,U U 85’,’;0.
Since ||wl||1 = 1 it follows from Lemma 2.2 that w € S} . Therefore, by Remark

2.1, we have A= A7. The proof of Lemma 3.2 is complete.
By Lemmas 3.1 and 3.2, Theorem 3.1 is strengthened as follows.

Theorem 3.2. For each k € N, each o and each v the component C} . of
nontrivial solutions of problem (1.1)-(1.3) is contained in R7 x S/ _ and meets
(A7,0) and (A, 00) in R x E. ’
Proof. By Theorem 3.1 for each k£ € N, each o and each v the component C;/ | of
nontrivial solutions of problem (1.1)-(1.3) meets (A7, 0), is contained in R? x 7515 o
and either C}  meets (A, 00) for some A € R, or its projection onto R x {0}
is unbounded. By Lemma 3.1 the natural projection of Cy , onto R x {0} is
bounded. Consequently, for each k € N, each o and each v the set C,l;g meets
(A, 00) for some A € R? (see Remark 3.1). Then it follows from Lemma 3.2 that
A= A7, ie. C};a also meets (A7, 00). The proof of Theorem 3.2 is complete.

By (3.3) for any = € [0,1] and any (y,s) € R? satisfying |y| + |s| > A, the
relation

l9(z, y, 5) yl
<lg(z,y,s)| <e
lyl + sl
holds, whence implies that
9(@,y,s)y = o(lyl + [s|) as [y[ + |s| = 4 o0, (3.26)

uniformly for z € [0, 1].

If only condition (1.5) is satisfied, then by condition g € C([0, 1] x R?) there
exists N7 > 0 such that for any = € [0,1] and any (y,s) € R? satisfying the
relation |y| + |s| < A; we have the following inequality:

Let N1 = max {1, N1}. Then by (3.3) (with £ = 1) and (3.27) we get
0 < p(z) <N,z €[0,1]. (3.28)
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Then it follows from the proof of Lemma 3.1 that there exists mo € N such that
for any nontrivial solution (\,y) € R x E of problem (1.1)-(1.3) the following
relations hold:

Xe N AT

hpmy) OF A € (AL

kimy A ) and y € Si . for some k € N. (3.29)

Remark 3.2. Recall that if (A\,y) € R x E is a nontrivial solution of problem
(1.1)-(1.3), then A is an eigenvalue and y is the corresponding eigenfunction of the
linear problem (3.6) with a continuous function ¢(z) satisfying relation (3.28).
It y € 95y, then either there exists { € [0,1] such that y(&) = ¢'(€) = 0, or
1

[ r(z)y*(x) dz = 0, which are impossible due to the theorem on the uniqueness

0
of the solution of the Cauchy problem and the following relation (see (2.8)),

respectively,

f{p +a(x)y*(x) + (2)y*(x) } dz + Nly] > 0.

If only condition (1.5) is satisfied, then we have the following global bifurcation
result from infinity for problem (1.1)-(1.3).

Theorem 3.3. Let only the condition (1.5) be satisfied. Then for each k € N,
each o and each v there exists a component D,’;G of nontrivial solutions of problem
(1.1)-(1.3) which meets (A7, 00), is contained in R x S{ _ and meets (X,0) for
some \ € R7. 7

Proof. Let only condition (1.5) be satisfied. Then relation (3.26) holds, and
consequently, by following the arguments in Theorem 2.4 of [21] (see also [3, p.
6], [5, Theorem 4.1] and [22, Theorem 3.1]) we can show that for each k € N, each
o and each v there exists a component D; _ of nontrivial solutions of problem
(1.1)-(1.3) which meets (A7,00) and the ne’ighborhood Q. of (A],00) such that
(i) D} , NQk C R x Sy 5 (ii) either Dy \Qx meets (A,,00) with respect to
the set R x SZ,/U for some (k',v') # (k,v), or D} ,\Qk meets (A,0) for some
A € R, or the natural projection of Dy \Qj onto {(A,0) : A € R} is unbounded.
Then by Remark 3.2 we have Dj | C R x S . Since S”,/,U NSE, = () for any
(k' V) # (k: v) it follows that Dy \Qj cannot meet (Af,, o0) with respect to the
set R x SY,  for some (k',v") # (k,v). Moreover, by (3.29) the natural projection
of D}, J\Qk onto {(A,0) : A € R} is bounded. Therefore, the set D} \Qj meets
(A, O)7f0r some A € R. Thus we show that Dy , C R x 5S¢ ~and this set meets
(A,0) for some A € R. The proof of Theorem 3. 3 is complete.

If both conditions (1.4) and (1.5) are satisfied, then we can improve Theorem
3.3 as follows.

Theorem 3.4. Let conditions (1.4) and (1.5) both hold. Then for each k € N,
each o and each v the set Dy meets (A7, 0).

The following theorem is the main result of this paper.
Theorem 3.5. For each k € N, each o and each v the following relation holds:
Ct.o = Di,o-
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Proof. By [16, Ch. IV, § 2, Theorem 2.1] and Theorem 3.1, for each k € N, each
o and each v the point (A7,0) is the unique bifurcation point of the nonlinear
eigenvalue problem (1.1)-(1.3) with respect to the set R? x Sy . According
o [19, Lemma 1.24] and Dancer’s construction [8, pp.1070-1071] to this point
corresponds a unique continuous branch of non-trivial solutions. Moreover, by
[16, Ch. IV, § 3, Theorem 3.1] and Theorem 3.3 for each k € N, each o and each v
the point (Af, 00) is the unique asymptotic bifurcation point of problem (1.1)-(1.3)
with respect to the set R7 x S” . According to the proof of Theorem 2.4 of [21,
p. 469] and Dancer’s constructlon [8, pp. 1070-0171], to this point corresponds a
unique continuous branch of nontrivial solutions extending to infinity. Then, by
Theorems 3.2, 3.4 and the proof of Lemma 3.2, it follows that

Ck.o = Do
The proof of Theorem 3.5 is complete.

Example 3.1. Consider the following nonlinear eigenvalue problem

U(y)(z) = Ar(z)y(z) + §(z,y(x), ¥ () o(llylh)y(z), = € (0,1),

apy(0) — By’ (0) =0, (3.30)
ary(1) + Ay’ (1) = 0,
where
1
g(w,y,8) = | cos (2% + y* + 5%)7|, (3.31)
0 ifo<t<nm
p(t) =« sint if =<t <2m, (3.32)
0 if ¢ > 2m.

Note that all the results of Section 3 are true for problem (3.30) with a scalar
function ¢.

By Remark 2.1, the eigenfunction y,j corresponding to the eigenvalue )\k+ of
problem (2.4) is made unique by requiring that y,j € S,j’ and ||y i = 1.
Moreover, the eigenfunction y,  corresponding to the eigenvalue A, of problem
(2.4) is also made unique by requiring that y, € S;_ and ||y, |[1 = 1.

It follows from (3.31) and (3.32) that

0 it [ylh <
g(z,y,y") = |cos(z? +y> +y2)z| - sin(|Jyll1) if <[]yl <2m, (3.33)
0 if llyl|1 > 2.

Let (A\,y) € R x E be a solution to problem (3.30) such that ||y||; < 7 or
lylli > 27 and y € Sy . Then, according to (3.33), the pair (A, y) is also a
solution to the linear problem (2.4). Since y € Sy, it follows that A = A7 and
y = vayy, where » € (0,m) or (2m,+00). If ()\ y) € R x E is a solution of
problem (3.30) such that m < [[y||1 < 27 and y € S}, then by (3.33) we have
A= X’ € R7, where )\+ i and A, 5 are k-th positive and negative eigenvalues,
respectlvely, of the linear problem

L(y)(z) + ¢(z)y(z) = Ar(z)y(z), z € (0,1),
2oy (0) — Boy'(0) =
ary(1) + Bry'(1) =0,
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with ¢(z) = —g(x,y(z),y' (xz)) > 0, x € [0,1]. Moreover, it follows from (3.13)
that there exists m; € N such that

A€ [)\lj,/\aml] it A= /\;ﬁ and A € [\, 5 AL] I A= Ao
By the above arguments for each k € N and each v € +, — we have

Chy=Dp,= {(\f vseyl) 132 € (0,7) U (27, 4+ 00) U
{gn) €RT x SY, :h e N, AL ]}
and
Cr— =Dy _={(\;, vy, ) : 2 € (0,m) U (27, + 00) }U

{(N\ya) ER™ X SF X € [N An 1)
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