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PROPERTIES OF THE RIESZ TRANSFORM OF A FINITE
MEASURE WITH SINGULAR PART CONCENTRATED AT
FINITELY MANY POINTS

AYNUR F. HUSEYNLI

Abstract. In this paper, we investigate the asymptotic behavior of the
distribution function of the Riesz transform for a finite measure with a
singular part concentrated at finitely many points. Furthermore, using
the notion of @Q-integration introduced by Titchmarsh, we establish the
Q-integrability of the Riesz transform for such measures and prove an
analog of the classical Riesz equality.

1. Introduction

The j-th Riesz transform of a function f € LP(R?) (1<p < oo, j=1,...,d)
is defined as the following singular integral:

. T — Y
Rjf(x) =~v(d)- lim ——2—f(y) dy,
! e=0F JLyeRd:|z—y|>e} ‘:L’ - y‘dJrl
where .
T (gLl
V(d) = 7&& )
T 2

and I'(z) = f0+°° t*~le~t dt is Euler’s Gamma function.

It is well known (see [15]) that the Riesz transform plays an important role in
the theory of harmonic functions. Indeed, if we consider the simplest non-trivial
operators in R? that are invariant with respect to rotations, translations, and
dilations, we naturally arrive at the Riesz transforms. Furthermore, attempts
to extend the classical results of complex-variable harmonic analysis to R? also
lead directly to the Riesz transform. In particular, the boundary values of conju-
gate harmonic functions in the upper half-space are interconnected by the Riesz
transform.

From the theory of singular integrals (see [15]), it is well known that the Riesz
transform is a bounded operator in the space LP(R?) for 1 < p < oo. That is, if
f € LP(RY), then R;f € LP(R?) and

|1R; fllLoway < Cpll fll Lo (way- (1.1)
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In the case f € L'(R?), the Riesz transform satisfies only the weak-type estimate
C
m ({m eR?: R f(z)| > )\}) !

where m denotes the Lebesgue measure, and Cp, C7 > 0 are constants indepen-
dent of f.

From inequalities (1.1) and (1.2), it follows that the Riesz transform of a func-
tion f € L'(RY) satisfies

m ({z € RY: |R;f(2)] > \}) = o (i) as A — +oc.

HfHLl ®d), A>0, (1.2)

Note that the Riesz transform of a function f € L'(R?) is not Lebesgue inte-
grable in general. In [7], the authors show that the Riesz transform of a function
f € LYR%) is Q-integrable on R? and that an analogue of the Riesz equality
holds.

In this paper, we study the asymptotic behavior of the distribution function
of the Riesz transform of a finite measure whose singular part is concentrated
at a finite number of points. Furthermore, using the notion of Q-integration
introduced by Titchmarsh, we prove that the Riesz transform of this measure is
Q-integrable and that an analog of the Riesz equality holds.

2. Asymptotic behavior of the distribution function of the Riesz
transform of a finite measure whose singular part is
concentrated at a finite number of points

In this section, we study the asymptotic behavior of the distribution function
of the Riesz transform of a finite measure whose singular part is concentrated at
a finite number of points.

Let v be a finite measure on R?. The j-th Riesz transform of the measure v
(j =1,...,d) is defined as the following singular integral:

R; = ~(d) - i LiTY g
jv(z) =7(d) - lim R rar v(y).

It is obvious that if the measure v is a discrete measure concentrated at a finite
number of points in RY, with

suppr = X = {z®}e; and v({&W)) =ap, ke,
then its j-th Riesz transform is given by the formula

Tj— a;(k)

Rjv Zak — k) ‘d—&-l’ z¢ X
keJ

Theorem 2.1. Let v be a discrete measure concentrated at a finite number of
points in RY. Then

2
lim A-m ({x €R?: |Rjv(z)| > A}) = vl

A—~400

holds, where ||v|| is the total variation of the measure v.
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Proof. Let v be a finite singular complex discrete measure with support suppv =
X = {2, 2@ . 2™} c RY where v({2F}) = ap € C\{0} fork=1,...,N.
The total variation of v is given by

N
Il = Lo,
k=1

The j-th Riesz transform of v at any point € R%\ X is explicitly given by
(k)

Z O‘k x(k ‘d+1

For A > 0, we define the dlstrlbutlon set
E), = {x cRY: |Rjv(z)| > )\} )

To analyze the measure m(FE)) as A — +o0o, we observe that the set E)
concentrates in small disjoint neighborhoods around the atomic points z(¥)
RY (k = 1,...,N). Choose ¢ > 0 sufficiently small such that the open balls
B(z®) &) ¢ R are pairwise disjoint fork=1,...,N.

For z € B(z™) ¢) with = # 2, the term correspondmg to 2(®) in the sum
dominates. Specifically, we decompose Rjv(x) near z®) ag

(k)

LL’]—IZI

Rjv(x) = ’Y(d)akw + Hy(x),

where

(l)
Z O‘l ’d+1
1k
is continuous and bounded on B(z*), ¢). Hence, |Hy(z)| < Mj, for some constant
My, > 0.
Fix k € {1,..., N}. By the triangle inequality, for = € B(x(k), €), we have
d 75— )| My < [Rov(x)| < ~(d s~ )| M,
( )|ak|m k< [ Rjv(z)| < o( )’ak’m+ k-

Consequently, for any § > 0, there exists A\g > 0 such that for all A > Aq, the
level set Ey N B(z™®, ¢) is bounded between the sets

. (k) \:I:-—x(k)]
Vi (A)=qz€B@",e):vy ()‘ak‘ﬁ>)\ M,

and
2 = )"

Vk‘()\)—{xeB( *) g) ()\ak\’W>A+Mk}.

Applying the change of variables y = z — ), we compute the Lebesgue
measure of the domain

y
) = {1y € B sl 4 > 2
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: : o (@)]az ]\ /4 :
Making the radial substitution y = (7%) z, we obtain

m(Q(N)) = (W) m <{z cRY. ;,ﬁl . 1}) _ ],

where ¢g = %.
Since m (EA \ Ufcv:l B(:U(k),€)> =0(1/X) as A = 400, and the balls are pair-

wise disjoint in R?, summing over all k = 1,..., N yields
al 1 Cd o 1
m(Ey) =Y m(ExnBx®™ ) +o (/\) = Xd Z lag| + o <)\) as A — +o00.
k=1 k=1
Substituting ¢4 = % and Zévzl || = [[v]|, we obtain

2 1
Ey\)=— — .
m(Ey) 7rd)\Hl/H +0</\) as A — 400
Multiplying both sides by A and taking the limit as A — +o00, we conclude
2
)\Erfoo)\ m ({x e R: |Rjv(x)| > A}) 7ml||1/\|.

This completes the proof. O

Theorem 2.2. Let v be a finite measure whose singular part is concentrated at
a finite number of points in R%. Then

2
/\ll}l}rl A-m ({a: e R : |Rjv(x)| > A}) 7rdHVSH

holds, where vy is a singular part of the measure v.

Proof. By the Lebesgue decomposition theorem, the finite complex measure v
can be uniquely represented as the sum of an absolutely continuous part v, and
a singular part vg:
V = Vg + Vs,
where dv,(r) = f(z)dz for some Radon-Nikodym derivative f € L'(R?), and
vs is a singular discrete measure concentrated at finitely many points X =
{z® . 2N} c R
By the linearity of the Riesz transform, we write

Rjv(z) = R f(z) + Rjvs(z).

Recall from (1.1) and (1.2) that for any function f € L'(R%), the Riesz trans-
form R;f satisfies the weak-type (1,1) estimate, which yields the asymptotic
distribution property

m ({z € R : |R;f(x)] > ) ZO(D as A — +oc. (2.1)

Furthermore, since v, is a discrete measure concentrated at finitely many points,
Theorem 2.1 implies that

tim A-m ({z € RY: [Ryp()] > A}) = %HVSH. (2.2)

A—400
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To establish the required limit for R;v, let n € (0,1) be arbitrary. For the
upper estimate, observe the set inclusion

{z e R: |Rju(x)] > A}

C {:U €RY: |R; f(x)| > 77)\} U {ZL‘ € RY: |Rjvs(2)] > (1 — 77))\} .
Applying the subadditivity of the Lebesgue measure m, we obtain
m({z: |Rjv(z)| > A})

<m({z:[R;f(x)] > nAb) +m({z: [Rjvs(z)| > (1 =n)A}).

Multiplying both sides by A, taking the limit superior as A — 400, and using
(2.1) together with (2.2), we derive

1 2
limsup A - m ({o € R? : R M) <0+ —— ]
fmsup A -m {z e R: [Rjv(z)| > A} _0+1_77 sl
Since n € (0,1) is arbitrary, taking the limit as n — 0% yields
2
limsup A - m ({:U €R?: |Rju(z)| > )\}) < —lvs]l- (2.3)
A—+o00 md

Conversely, for the lower estimate, we use the set inclusion
{z e RY: |Rjus(x)| > (1 + )N}
C {z e R |Rju(x)] > A} U{z € RY: |R;f(z)] > nA}.

This implies
m ({z : [Rjv(x)] > A})

= m({z: [Rjvs(z)] > (1+n)A}) —m ({2 [R;f(x)] > nA}).
Multiplying by A and taking the limit inferior as A — 400, we get

12
.. d .
tminf A ({z € R |Ryv(e)| > M) 2 g ol = 0.
Taking n — 07 yields
2
lim inf A - ( R?: |R; )>7S. 2.4
)}gigo)\ m({z € |Rjv(x)| > A} _ﬂ_dHV | (2.4)

Combining inequality (2.3) and inequality (2.4), we conclude that
2
lim A- ( R?: R, ) — 2wl
Jm A-m({z € R |Rjv(z)] > Ab) = — v

which completes the proof. O

Theorem 2.3. Let v be a discrete measure concentrated at a finite number of
points in RY. Then
2
lim \-m ({z € RY: [Ryv(@) > A}) = —|
T

A—0t

v(RY)|

holds, where v(R?) is the total charge of the measure v.
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Proof. Let v be a discrete measure with support
suppr = X = {x(l),a:@), - ,x(N)} c R,

where v({z(®)}) = o, € C\ {0} for k = 1,..., N. Recall that the j-th Riesz
transform of the measure v is defined by

N i — m(k)

Rjv(z) = v(d) Zakm, e RN\ {zW), ... M},

where v(d) = 7F7(T($ﬁ))//22).

As A — 07T, the level set E(\) = {z € R? : |Rju(z)| > A} expands towards
infinity, which corresponds to the regime |z| — oc. For |z| > maxj<p<y |2F)],
we apply the Taylor expansion to the kernel:

i — ®
L =9 _40 ! as |z| — oo
|z — p®)|d+L T~ [g[dH a1 ) :

Substituting this into the expression for R;v(x), we obtain the principal asymp-
totic term as |z| — oo:

Ryv(x) = v(d)kzjiak (ier 0 () ) == s vo (e ).

Consequently, as A — 07, the Lebesgue measure of the set E()) is asymptotically
equivalent to the measure of the set generated solely by the total mass v(R%):

m(E(\) = m ({x € R : y(d)|w(R%) |;[|;T511 > A}) I <i> .

1/d
Making the radial change of variables x = (%(Rd)') z, we deduce:

m(E(N)) = Wm ({z eR?: |Z|;]il > 1}) +o0 (i) .

Using the known integral evaluation for the unit domain:

G) 4. 1%l 2
"d] ‘m<{Z€R ] >1}> = wdy(d)

v d
m(B(\) = fd’ (If ) +0(/1\>, as A 0.

we arrive at:

Multiplying both sides by A and taking the limit as A — 0" completes the proof.
O
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3. On the additivity of the Q-integral and ’-integral
For a measurable complex-valued function f on an interval [a,b] C R, we set
f(z), f(@)] <A,
F@l =11 et
Xosgn f@), [f(0)] > A,

and

* 7o, [f(@)] > A
where A\ > 0, sgnz = % for z # 0, and sgn 0 = 0.

[2]

In 1929, Titchmarsh [16] introduced the notions of Q- and ’-integrals for
measurable functions on [a,b] C R.

F@)]h = {f(@» (@) < A,

Definition 3.1. If the finite limit
b

lim [f (z)]) dx <respeCtiVely7 ,\Elfoo /b[f(x)]l)‘ d$>

A—=+o0 Jq

exists, then f is said to be Q-integrable (respectively, @’-integrable) on [a, b],
denoted by f € Q[a,b] (respectively, f € Q'[a,b]). The value of this limit is
called the Q-integral (respectively, ()’-integral) of f and is denoted by

Q) / (@) da <respectively, (@) / ) d:r).

In the same paper, Titchmarsh established that Q-integration yields natural
results when studying conjugate Fourier series of L' functions. However, a sig-
nificant drawback of Q- and )-integrals is the lack of additivity—the sum of
two Q-integrable (or Q’-integrable) functions is not necessarily Q-integrable (or
Q'-integrable).

If we impose the asymptotic condition

m({z € [a,b]: |f(z)] > \}) = o (i) as A — 400, (3.1)

where m denotes the Lebesgue measure, then Q[a,b] = Q’[a,b], the Q- and Q'-
integrals coincide, and the resulting integral becomes additive.

Definition 3.2. If f € Q'[a,b] (or f € Q[a,b]) and condition (3.1) holds, then
[ is said to be A-integrable on [a,b] (f € Ala,b]), and the corresponding limit is
denoted by

(4) / ' fa)d.

Similarly, we extend these definitions to measurable complex-valued functions
on R%. For a measurable function f on R? and 0 < § < A, we set

f (=), § < |f(z)] <A
[f(@)]sn = A-sgn f(z), |f(x)] > A,
0, |f(x)] <6,
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and

o = 3@ < If@)l <A
@l {0, If(z)] > X or |f(z)] < 6.

Definition 3.3. If the finite limit

lim [f(x)]s.ndx respectively, lim [f(2)]5. d
5—0T JRd ' 50t JRrd ’
A——+00 A—+00

exists, then f is said to be Q-integrable (respectively, @’-integrable) on R?, de-
noted by f € Q(RY) (respectively, f € Q'(R?)).

Note that, as in the case of an interval, the Q- and @’-integrals of measurable
functions on R¢ do not satisfy the additivity property. If one adds the conditions

m({xeRd:]f(a:)] >5}) :0<<15) as & — 0F, (3.2)

m ({x eRY: |f(z)] > )\}) - <i> as A — +00, (3.3)

to the definition of Q-integrability (or @'-integrability), then the Q-integral and
the Q'-integral coincide (Q(R?) = Q'(R?)) and these integrals become additive.

Definition 3.4. If f € Q'(R?) (or f € Q(R?)) and conditions (3.2) and (3.3)
hold, then f is said to be A-integrable on R? denoted by f € A(R?). In this
case, the limit

lim [f(x)]s. dx or lim [f(2)]5,\ dz
§—0t JRd 5—0t JRd ’
A—+00 A—+00

is denoted by (A) [ga f(x) dx

The properties of the @) and Q’-integrals were investigated in [2,6,8-12, 16],
and applications of the A-, Q-, and @Q’-integrals in the theory of functions of real
and complex variables are given in [1,3-7,10,13,14,17-19].

We denote by M (R% C) the class of measurable complex-valued functions f
on R? for which the finite limits

lim 0-m ({z € RY: (@) >0}) and  Tim A-m({z € RY:[f(2)] > A})
6—0t —+00
exist.

From Theorems (2.1) and (2.3) it follows that the Riesz transform of a Lebesgue
integrable function belongs to M(R% C). In [7] it was proven that the Q- and
@'-integrals coincide on the function class M (R%;C) and become additive with
the A-integral.

Theorem 3.1. The Q- and Q'-integrals coincide on the function class M(Rd C),
that is, if f € M(R% C), then for the e:m'stence of the integral (Q fRd x)dx it is
necessary and sufficient that the integral (Q f]Rd x)dx exists, and in that case

@ [ f@yde = / fa
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Theorem 3.2. If the function f € M(R? C) is Q'-integrable on R% and the
function g is A-integrable on R?, then their sum f+g € M(R%; C) is Q'-integrable
on R%, and the following equality holds:

(@) /Rd[f(x) ) dx = ( / f(x)dx + ( )/ g(x)dx.

Corollary 3.1. If the function f € M(R? C) is Q-integrable on R? and the
function g is A-integrable on R?, then thezr sum f+g € M(R% C) is Q-integrable
on R?, and the following equality holds:

(@) /Rd[f(m)w(x)] dz = (Q) /Rd f(z) dx + (A) /Rdg(x) dz.

4. Duality formula for the Riesz transform of a finite measure
whose singular part is concentrated at finitely many points

From the standard properties of singular integrals it follows that if f € LP(R?)
and g € LI(R?), where p > 1, ¢ > 1, and 1/p+1/q = 1, then for any j = 1,...,d,
the classical duality identity holds:

| s@ @@ de =~ [ j@)(Ra)a)da (4.1)

In [7], the authors showed that the Riesz transform R;f of a function f €
L'(R%) is A-integrable on R? when paired with an appropriate test function,
establishing the following analog:

Theorem 4.1. Let f € L'(R?) and let g € LP(RY), 1 < p < oo, be a bounded
function on R® such that its Riesz transforms Rjg (j=1,...,d) are also bounded
on RY. Then for any j =1,...,d, the product g - R; f is A-integrable on R? and

@) [ a@Rp@ == [ f@)(R0)@)do (1.2

In this section, we prove that the Riesz transform of a finite measure on R%,
whose singular part is concentrated at a finite number of points, is QQ-integrable
and an analog of (4.1) and (4.2) holds.

Theorem 4.2. Let v be a finite complex measure on R?, whose singular part is
concentrated at a finite number of points. Let g be a Holder continuous function
on R belonging to LP(R?) for some p > 1. Then for any j = 1,...,d, the product
function g(z)(R;v)(z) is Q'-integrable on R?, and the duality identity

@) | s R)@de =~ [ (Rig)a)avia)
holds.

Proof. Let v € M(R?) be a finite complex measure with Lebesgue decomposition:
dv(z) = f(z)dz + dvs(zx),

where f € L'(R?) is the Radon-Nikodym derivative of the absolutely continuous
part of v, and v is the singular part concentrated at a finite set of points supp v =
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{zW 2@ 2} ¢ R with v, ({z®™}) = ap, € C\ {0} for k = 1,...,n, so

that:
n
Vg = Z Qg0 (k) -
k=1

We first prove the duality for the discrete singular measure vg, that is:
@) [ @) Bip)@)de =~ [ (Bg)(@)dvi(a) =
R Rd

= Y ar(Rig) ™). (4.3)
k=1

Since ¢ is a bounded Holder continuous function on R?, there exist constants
M >0, C, >0, and v € (0,1] such that for all z,y € R%:

g(x)] <M and |g(x) = g(y)| < Cylz —y[7.
The j-th Riesz transform of v, is given pointwise for = ¢ supp vg by:
x(k)
Gy(x) = g(a) (Ryve)(a) = cagla Zak e

Let

1 .
5075%2?"% 2| > 0.

Near each singular point 2®), as |z — 2*)| — 0, the behavior of |G;(z)| is domi-
nated by cqlay||g(z®)[[z — 2*)| =4,

Define the upper level sets (balls around z(¥)) for A\ > A; (where A\; > 0 is
sufficiently large):

1= U B (o) o = (220l)

1/d
" (k)
cdla x
Koy = U B (l'(k),TQ’k()\)) . ror(\) = (W)

k=1 1
For A > A1, we have the inclusions:

{x e RY:|Gy(z)| > A} C Ky,
and on the set Ky \ K2, applying the Hélder continuity of g at each 2k

7‘1 k: _ (IC)
/ 1G4(z)| d < cz |ove] Y lg(@) g(gd W drto1) —5 0 as A — +oo.
K1 2\K2 x 72,1 (A) |z — 2]

Taking the limit as A — +o00 and § — 0% for the truncated Q’-integral:

Q") /Rd g(x)(Rjvs)(z)de = lim Gj(x)dx

§—0t <G <
J20% Jo<16; () 1<x
(k)

> / (0) 2 d
= 2.0k 0, cd I a1 ¢
= [ = =)

lz—z(*)|>e
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:—na j w(k):— ig)(x)dvs(x
kZ:l k(Rig)(x™) /Rd(Rjg)( ) dvs (),

which proves equation (4.3).
Now, combining the singular part v, with the absolutely continuous part f €
LY(RY), by Theorem (4.1), g - R, f is A-integrable on R¢ and:

@) [ a@(B )@ de =~ [ 1@)(Ra)e) d.

In a manner analogous to Theorems (2.1) and (2.3), it can be shown that the
product g- R;v, also belongs to the space M(R?; C). Then by Theorem (3.2), the
sum gR;v = gR;vs + gR; f is Q'-integrable on R?, and:

@) [ @ Rn@ e = Q) [ s R dr+(4) [ g@)(R;)a)da

—— [ [Rio@ant) - [ f@@o@ = [ Ro@ )

This completes the proof of Theorem (4.2). O

Corollary 4.1. Let v be a finite complex measure on R%, whose singular part is
concentrated at a finite number of points. Let g be a Holder continuous function
on R? belonging to LP(R?) for some p > 1. Then for any j = 1,...,d, the product
function g(z)(R;v)(x) is Q'-integrable on RY, and the duality identity

@) [ s R)@de == [ (R via)
holds.
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