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HAUSDORFF OPERATORS WITHIN THE FRAMEWORK OF
LINEAR CANONICAL DUNKL TRANSFORM

FETHI SOLTANI AND MEHER TRABELSI

Abstract. In the present paper, we introduce the linear canonical Dunkl
operator DM f(z) = f'(z) + 20‘;1 (f(x)_;(_x)) —i%xf(x), where f is
a continuously differentiable function on R. We prove the bounded-
ness of the canonical Dunkl-Hausdorff operators on the space LE(R),
1 < p < co. We investigate the canonical Dunkl convolution opera-
tor, and obtain some useful results. The relation between the canonical
Dunkl convolution operator and the canonical Dunkl-Hausdorff opera-
tor is also established. The properties of the adjoint canonical Dunkl—-
Hausdorff operators are further discussed. The harmonic analysis asso-
ciated with the operator DM plays an important role in establishing the
results of this paper.

1. Introduction

The study of Hausdorff operators, which originated from some classical sum-
mation methods, has a long history in real and complex analysis. In the one-
dimensional setting, Hausdorff operators on the real line were introduced in [10]
and studied on the Hardy space in [16]. The natural generalization in several
dimensions was introduced and studied in [3, 4, 13|. Particularly, Hausdorff
operator is an interesting operator in harmonic analysis [15]. It contains some
important operators, such as Hardy operator, adjoint Hardy operator [5, 18], and
the Cesaro operator [12] in one dimension. The Hardy—Littlewood-Pélya oper-
ator and the Riemann-Liouville fractional integral operator can also be derived
from the Hausdorff operator [1, 2]. The modern study of general Hausdorff oper-
ators on L'(R) and the real Hardy space H'(R) over the real line was pioneered
by Liflyand and Méricz in [16]. Many research papers have addressed the bound-
edness of the Hausdorff operator on Hardy spaces. For instance, Liflyand and his
collaborators in [13, 14] proved, using more effective ways, that the Hausdorff op-
erator has the same behavior on the Hardy space H!(R) as that in the Lebesgue
space L'(R). Recently, Daher and Saadi in [6] investigated the Dunkl-Hausdorff
operator on the Lebesgue space L. (R) and on the Hardy space H.(R). Subse-
quently, Mondal and Poria [17] studied Hausdorff operators associated with the
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Opdam-Cherednik operator. Furthermore, Tyr [24] studied the boundedness of
g-Hausdorff operators on ¢g-Hardy spaces. Another fundamental tool in harmonic
analysis is the canonical Dunkl-Hausdorff operator, which is the main object of

study in this paper.
Here, we denote by M = (Z Z) an arbitrary matrix in SL(2,R) such that

b # 0. We define the canonical Dunkl operator DM on R by

DY fa) = o)+ 2 (TS ED) iap@n, as a2

where f is a continuously differentiable function.
Note that if M = (_01 é) , the operator Dé‘/f is reduced to the Dunkl operator
D,:

Dafa) = fa) + 2252 (HES T,

The classical Dunkl operator D,, plays an important role in analysis [7]. In partic-
ular, the reference [22] investigates standard constructions of harmonic analysis,
such as translation operators, convolution product, and Fourier transform, in
connection with the operator D,.

Using the Dunkl harmonic analysis [22], for all y € R, the system

DY f(x) = —i% f(a), f(0) =€,
admits a unique solution, denoted by EM and given by

where e, is the Dunkl kernel [8, 19].
We denote by p, the measure defined on R by

dpia(z) = (27T (o + 1))l d,
and by LE(R), p € [1,00), the space of measurable functions f on R, such that

1/p
1 ln = [ / |f<w>|ﬁdua<x>} <o, 1<p<oo,

[ fllLee(r) == esssup|f(z)] < oo.
z€eR

The canonical Dunkl transform .Z has been introduced by Ghazouani et al.
in [11] for all f € L!(R) by

FHO0) = e [ E @S @dala) bAO (L)

The canonical Dunkl transform .#M can be regarded as a generalization of the
Dunkl transform .%,, see [9, 20, 21]:

Zulf)y) == / ea(—izy) f(2)dpa(z). (1.2)

R
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Let ¢ € L'(R). We define the canonical Dunkl-Hausdorff operator H, %p asso-
ciated with the canonical Dunkl operator DM for f € LL(R) by

igpa? (5 —1)

HY f(x) ::/Reltlwf (%) p(t)dt, z €R.

The main purpose of this paper is to extend some results of the classical Dunkl—
Hausdorff operator given in [6] to the framework of canonical Dunkl theory, and to
investigate the canonical Dunkl convolution operator. We prove the boundedness
of canonical Dunkl-Hausdorff operator in space L5 (R), 1 < p < co. The relation
between the canonical Dunkl convolution operator and the canonical Dunkl-
Hausdorff operator is also established. Next, we introduce the adjoint operator
Hyl on LE(R) by

o 4 2042 _
HM () o= /R D) f(2)p(D)dt, @€ R
We present the properties of the adjoint operator Hé\/ o , including its boundedness
on LE(R), 1 < p < co. We also establish a relation between the canonical Dunkl
convolution operator and the adjoint operator Hé\/[ o

This paper is organized as follows. In Section 2, we investigate the properties

of the canonical Dunkl transform .ZM | the canonical Dunkl translation Té\{r and

the canonical Dunkl convolution * associated with the operator DM, In Section
3, we introduce the canonical Dunkl-Hausdorff operators H, é‘fw and we establish
their properties. In Section 4, we introduce the canonical Dunkl convolution
operator and derive its relation with the operators Hﬁf{p and H% o . In the last
section, we present some special cases of the canonical Hausdorff operators and

study their boundedness on L%, (R).

2. Canonical Dunkl harmonic analysis

In this section we recall some results about the harmonic analysis associated
with the canonical Dunkl operator D.

Theorem 2.1. (See [7, 9]).

(i) Plancherel theorem for F,. The Dunkl transform F, extends uniquely to
an isometric isomorphism of L2(R) onto L2(R). In particular,

| Fa(F)llLz®) = I1fllr2 w®)-

(ii) Inversion theorem for F,. Let f € LL(R), such that Z,(f) € LL(R),
then

F@) = [ alion) ZolNWpale). ae. 7R
For t € R, the Dunkl kernel E, satisfies the product formula [19]

Ea(ixt)Ea(iyt):/H{Ea(izt)wa(x,y,z)dua(z) for z,y €eR, (2.1)

where wq(x,y, ) is a signed measurable function on R, with support

(=l = lyl, =[l=[ = [ylT U llz] = lyll, l2] + |y[].
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The kernel w, (z, vy, -) satisfies also the following properties:

/R (o, . 2)\dpa(2) < 4,

wa(z,y,2) = wa(y,z,z), for z€eR, (2.2)
wa(:B)yaz) Zwa(—m,z,y), for zeR.

We now define the generalized translation operator induced by (2.1). For
f € LL(R), the linear operator

ro(F)(4) = / f(2)wa(@y, ) dpalz), 7.y € R,

will be called Dunkl translation operator.
As a first remark, we note that the relation (2.2) means that

Taa(F)(Y) = Tay(f)(2), zy€ER.
Theorem 2.2. (See [22]).
(i) For ally € R and f € LE(R), 1 < p < oo, we have
[ Tae (F)lzem) < 4l F N 22 ®)-
(ii) For f € LL(R)U L2(R) and y € R, we have
Fo 0 Tau(F)Y) = ealizy) Za(f)(y).
Let f,g € L2(R). The Dunkl convolution f %, g of f and g is defined by

f o g(z) == /R ronf (0)9)dualy), R,

The convolution *, is commutative, associative and satisfies the Young in-
equality [22, 23]. Let p,q,r € [1,00] such that 1/p+1/¢ = 1+ 1/r. Then for
f € LE(R) and g € LL(R) we have

1f *a 9llzr @) < 4l fll Lz @9l Lo w)-
The canonical Dunkl transform defined by (1.1) can be written as
- d 2
M _ en? ()2 Yy 1
g\a (f)(y) - Wﬂa (612’?() f()) (5) , f € LCM(R)J
where %, is the Dunkl transform given by (1.2).
The canonical Dunkl kernel satisfies for all z,y € R:
1B (2, y)] < 1.

The following properties of the canonical Dunkl transform are established in
[11].
(i) For all f € LL(R), we have ZFM(f) € Co(R) and

1
I3 (Ol pee r) < W”f”Lg(R)-

(ii) The canonical Dunkl transform has a unique extension to an isometric
isomorphism on L2 (R), which is still denoted by .#M. In particular,

IZY ()2 @y = 1Fll 22 m)-
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(iii) For all f € LL(R) with #M(f) € LL(R), we have
FM o M (f)2) = FY o ZM (@) = f(x), ae zER

For all x y € R and f a continuous function, the canonical Dunkl translation
operator 747, is defined in [25] by

M — iz (=Pt ) iz () £(. = [ 5 ()M (2, y, 2 z
() Do (¢50°10) ) = [ 8 71l @ 2) (o)

where
wl(w,y,2) = e BTV TNy, (2,y, 2).
Theorem 2.3. (See [25]). The following properties are true.
(i) For x,y,t € R, we have
-1 -1 _;d 42 -1
EM T (4, 2) BY (ty) = B0 (BYT (1) (),
(ii) For z,y € R, we have

Taw(N)Y) = Tay (F)(@).
(iii) If f € LL(R) U L2(R), then

FM o1 (F)(y) = e Hoe, (“gy) FM()y), yeR.

(iv) Let f € LA(R), 1 <p < oco. Then 7i(f) € LE(R), and
ITae(Dlz@ <A flme, =R

Let f,g € L. (R). The canonical Dunkl convolution f*} g of f and g is defined
by

[l g(x) = @ a+1/ etV g(y)dualy), = €R. (2.3)

Theorem 2.4. (See [25]). The canonical Dunkl convolution f +X g of f and g
satisfies the following properties.

(i) Let p,q,r € [1,00| such that 1/p+1/q =1+ 1/r. Then for f € LL(R)
and g € LE(R) we have

4
||f>’< gHLT WHfHLg(R)HQHLg(R)

(ii) For all f € LL(R) and g € LL(R) U L2(R), we have the factorization
identity

FM (M g)(y) = e 5V FM (1)) FM(9)(y), yER.
(iii) For f,g € L2(R) we have

flg(a) = FM e B FM () FM(g))(2), weR.
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3. Canonical Dunkl-Hausdorff operator

In this section we define and study the canonical Hausdorff type operators
associated with the canonical Dunkl transform .2,

Let f € LE(R), 1 < p < oo and t # 0. We define the canonical dilation
function fM by

; 1
ezirQ(ﬁ_l)

7M@) = S (7). =cer (3.1)

The canonical dilation function fM € L5 (R) and satisfies

1
HftMHLg(R) = m”f“LZ(R)' (3.2)
2]

Let ¢ € LY(R). We define the canonical Dunkl-Hausdorff operator H, O%) asso-
ciated for f € LL(R) by

HM f(x) = /R M (@)p()dt, zcR, (3.3)
where fM is the canonical dilation defined by (3.1).
If M = _01 é) then H)' = H,,, where Hg, is the classical Dunkl-

Hausdorff operator, see [6, 16]:

Hyof(z) = th(x)go(t)dt, r € R,

where

Let
M= (9 ) = (% %2 cspeR) (3.4)
1= e dl ) 2 = c d2 ) . .

Theorem 3.1. Let ¢ be a measurable function on R such that

,_ P
Ca,w’p = /1% mdt < 0. (35)

Then the canonical Dunkl-Hausdorff operator Hé\f@ is bounded on LE(R), 1 <
p < oo with

IHY fllz @) < Copnll fllz - (3.6)

Proof. Let ¢ be a measurable function on R satisfying the condition (3.5), and
let f € LA(R), 1 < p < oo. By using Minkowski’s inequality for integrals, we
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1/p
Ll [ / \ [ ot dua@)]

<[[(] \ftM<w>|rsa<t>rdt)pduam] v
<[ < / |ftM<m>|P\so<t>rpdﬂa<m>)l/pdt

- /R 1M o o (@)1

have

Then by (3.2) we obtain

HHﬁofHLg(R) < Coppll fllcz w)
Going back to the definition of

[/R </R |ftM(m)||s0(t)ydt>pdua(x)] 1/p’

we deduce that the integral
- [ M@,

is absolutely convergent for almost all z € R. So Hé"{p f is well-defined and
belongs to LA (R). O

Theorem 3.2. Let o € L'(R). Then for f € LL(R), we have

M NG) = [ FEE W0 R
where My and My are given by (3.4). In particular, if M1 = M and My =
<_01 (1)> we get
FHHaH) = [ FEEI@eL g R
Proof. Let ¢ € L'(R), and let f € L (R). Then by (3.3) we have

IEN0) = ey [ HAA @ )i (o)

Zbl;aﬂ/ [/f dt} E3" (2, y)dpa(@).

Since

/R2 L2 @)l E" (@, y)dtdpa (@) < llello@llfllye) < oo
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by Fubini’s theorem we obtain

FEELN0 = o [ | [ A E i)duao)] ptor
- [ # et

The theorem is proved. U
Remark 3.1. Taking M} = My = M, we get

FMHEM f)(y) = /R ZM(M)p(t)dt, yeR.
Using the fact that

FU(M)(y) = B Z(f)(1y), yeR,

we obtain
ii 20142
FMHY F)(y) = /R IV =) ZM(F)(ty)o(t)dt, g € R.

Let f,g € L2(R), and let ¢ be a measurable function on R satisfying Cy 2 <
00. We define the canonical adjoint operator HY &~ by the relation

/R HY £ () g (@) dpia (e / F @) HIT g (@) dpia ().

Theorem 3.3. Let f € L2(R), and let p be a measurable function on R satisfying
Ca,p2 < 00. Then

HM f(2) = / M (@)pBdt, TR, (3.7)

where s
£ (@) = el D f (). (3.8)

Proof. Let f,g € L2(R), and let ¢ be a measurable function on R satisfying
Ca,p,2 < 00. Using the change of variable u = x /t and Fubini’s theorem we have

[ @R @) = [ 1t [/ dt]dua()
-1/ f<x>gi”<x>dua<x>] A0
-/ [ [ £ @idaa )] ot

Using (3.2), this calculation is justified by the fact that

/Rz | (@)[1g8" ()] dpa (@) o(D)]dt < Capall fll2 @) 19ll2®) < o0

Then according to Fubini’s theorem we obtain

[ r@ T @anate) = [ | [ 5 @aiae] st )

— /R HM £ (2)g(0)dpta(2),
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where
* M,
g fa) = [ £ @
This calculation is justified by the fact that

/ 112 (@) 9(2)]dpta (@) @(£)]dE < Conpz

This completes the proof of the theorem. O

2w llgllzz @) < oo

0 1 M, *
It M= (_1 0> then Han = H;

H ,f(r) /ft x eR,

where
fi (@) = f(tz).

Remark 3.2. Let f € LA(R) and ¢ # 0. Then the function f;""* belongs to LA(R)
and satisfies

1 N e ) = |t‘2a+2 Az E (3.9)

Therefore, the operator HY & is bounded on LA(R), 1 < p < oo with
IHY Fll ) < Conopll Fllrz (3.10)

— ()]
Copp = /R ‘t’(2a+2)/pdt < 00

In the same way as in Theorem 3.2, we obtain the following result.

where

Theorem 3.4. Let ¢ be a measurable function on R satisfying
, |o(2)]
Copr = /]R |t|2a+2dt < 00. (3.11)
Then for f € LL(R), we have

FI(HMz" f) () = /}R FM (£ ()o@, y R,

where My, My are given by (3.4). In particular, if My = M and Ms = <_01 (1)>

we get
FVH: f)(y) = /R FY () )eddt, yeR.

Proof. Let ¢ be a measurable function on R satisfying the condition (3.11) and
let f € LL(R). Then by (3.7) we have

FM (M f) () = (b§+ /R HMz £ () EM (2, ) d ()
- g L] [ e B2 an @
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Since
/ £ @)1 B (@, )l dtdpa(@) < CF g 1l ) < o,

by Fubini’s theorem we obtain

P D0 = e [ 4B et |
= Ryyl( M) () e ()t

The theorem is proved. O
Remark 3.3. Taking M1 = My = M, we get

FHIE W) = [ FHGH @D yer
Using the fact that

. d o 1
. e'2pY (1*?2) y
Tl = Wyy(f) (*) , YER,

we obtain

. d
oiapv (1=32)

FIHEL W = [ 720 () 0, e R

R

4. Canonical Dunkl convolution operator

Let f € LE(R), 1 < p < oo and let g € LL(R), with 1/p +1/q = 1. We define
the canonical Dunkl convolution operator by

Cog() = [ *a g
where *¥ is the canonical convolution product given by (2.3).
From Theorem 2.4 (i), we have
4
1622 (Pl Loy < WHfHLg(R)HgHLg(R)-

We obtain a relation between the canonical Dunkl convolution operator and
the canonical Dunkl-Hausdorff operator.

Theorem 4.1. Let f € LE(R), 1 <p < oo and let g € LL(R), with 1/p+1/q = 1.
Then for ¢ a measurable function on R satisfying Cy ,p < 00, we have

G (M2 f) () = /R EM(M) (s)p(t)dt, s € R,

where ftM2 is the dilation of f given by (3.1) associated with the matriz Ma.

Proof. Let f € LA(R), 1 <p < oo and let g € LEL(R), with 1/p+ 1/q = 1. Since
¢ is a measurable function on R satisfying Co ), < 00, then Hﬁf’;f € LE(R),
1 < p < oo with

182Nz ) < Casonll flliz )
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From relations (2.3) and (3.3) we get

g ¢ -t

_(zbSO‘H/ ifla? U ]é‘{;g(_m)dua(x).

Using Holder’s inequality and (3.2), we have

[ 15 @l a-a)liooldtdpa e

/ 1F2 o o 1722 0l g o ()1

< 4Coppllf 2@ ll9ll @) < oo
Then according to Fubini’s theorem we obtain

! = 1 e ) tg(—x x
w0 (H ”“)‘W/R[/Re £ ()M () o (2) | olt)at

- /R G (M) (5) (1)l

Cag (HL2S)(s5) =

This ends the proof of the theorem. O
Remark 4.1. If My = My = M then we get
cat (HYf / Yo(t)dt, s€R.

If My = M and My = (_01 (1)> then we get

Haof)(s /‘5 p(t)dt, seR.

As in the same of Theorem 4.1, we obtain the following result.

Theorem 4.2. Let f € LE(R), 1 <p < oo and let g € LEL(R), with 1/p+1/q = 1.

Then for ¢ a measurable function on R satisfying Cy, , , < 0o, we have

@M (M p) / CM (fM) (5)p(Ddt, s € R,

where ftM2’* is the function defined in (3.8) associated with the matriz M.

Proof. Let f € LA(R), 1 <p < oo and let g € LE(R), with 1/p+1/q = 1. Since
¢ is a measurable function on R satisfying Cj, ,,, < oo, then Hé\%*f € LL(R),
1 < p < oo with

HHM *Flleawy < Cappll fllLe w)-
From relations (2.3) and (3 7) we get

il g2 %
iyt e p@)r g )

= e LR | [ @] wdho(-a)dna(a).

M1 M27*
Gog (Ha 2" f)(s) =
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Using Holder’s inequality and (3.9), we have

/ / M )M g () o (1) [t )

M *
/ LA o 7 gl o ()]
< 40;,%])’ fHLP ”gHLq < 0.

Then according to Fubini’s theorem we obtain

MymgM2x ) (s 1 o M () Mgy z)| o(t)
G (iblw L[5 e wrtig-auao)| pioia
/ G (£ () (t)dt.

Therefore, the theorem is proved. O
Remark 4.2. Taking My = My = M, we get
G (H ) / LM ) (s)p(t)dt, s € R.

If M7 =M and My = (_01 (1)> then we get

Co(H /% p(t)dt, seR.

5. Some special examples

In this section, using relations (3.6) and (3.10), we establish the boundedness
of several operators that arise as special cases of the canonical Dunkl-Hausdorff
operator associated with the linear canonical Dunkl transform. The canonical
Dunkl-Hausdorff operator unifies a broad class of integral operators correspond-
ing to different choices of ¢.

Example 5.1. We choose ¢(t) := [t|7*1}y>1(t), a > 1. We obtain the canonical
Dunkl-Hardy operator denoted by H:

HYf(@) = [ M@, ek

[t|>1
It is well known that Hardy operators are important operators in harmonic analy-
sis, for instance, see [5, 18]. The canonical Dunkl-Hardy operator H} is bounded
on LA(R), for 1 < p < oo, with
Copp = aid
GOP T 204+ 2)(p—1)+ (a—1)p’

The adjoint of the canonical Dunkl-Hardy operator given by

ol f(a) = / P @)l edt, xR,
[t|>1

is bounded on L4 (R) for 1 < p < oo, with

cr o= 2
@CPP 20 + 2+ pla—1)°
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Example 5.2. We choose ¢(t) := |t\2“+21|t|<1(t). We obtain the canonical
Dunkl-Cesaro operator denoted by CM:

CMf(x) / M (x)|t)?T2dt, = eR.
A brief history of the study of Cesaro operator can be found in [12]. The canonical

Dunkl-Cesaro operator CM is bounded on LA (R), for 1 < p < oo, with

2p
Cop=—2
a,Q,p 20é+2+p

The adjoint of the canonical Dunkl-Cesaro operator cMx given by
CM f(x) / (z)|t|*>T2dt, = €R,

is bounded on LA (R), for 1 < p < oo, with
Cro = 2
G (2a+2)(p—1) +p
Example 5.3. We choose ¢(t) := [t[2*T21, o1 (t) + [t| T2 1,51 (t). We obtain
the canonical Dunkl-Hardy-Littlewood-Pélya operator denoted by PM:

PUI@ = [ @I [ e, e

[t|>1
The study of Hardy—Littlewood—Pdlya operators can be found in [2]. The canon-
ical Dunkl-Hardy-Littlewood-Pélya operator P is bounded on LA (R), for 1 <
p < 00, with
Cogpyp= P4 2
P20 4+24+p  (2a+2)(p—1)+ (2a+1)p
The adjoint of the canonical DunklfHardnyittlewoodfPélya operator given by

PMx £y / dt+/ —, x € R,
[t|>1 |

is bounded on L4 (R), for 1 < p < oo, with

o 2p + 2p
P Qa+2)(p—1)+p 20+2+ (2a+1)p’

Acknowledgments. The authors would like to thank the reviewer for his
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