Proceedings of the Institute of Mathematics and Mechanics,
National Academy of Sciences of Azerbaijan
Volume 40, Number 1, 2014, Pages 14-27

ON APPROXIMATION PROPERTIES OF GENERALIZED
PARABOLIC POTENTIALS

SEYDA KELES AND SIMTEN BAYRAKCI

Abstract. Generalized parabolic potentials associated with the singular

heat operators (% — A,,) and (% + 1 — Au), where

- 62 QVk 8
Ay(l’) = Z <61:2 + .’l%a.ﬁk)

k=1

are introduced. These potentials are defined in terms of the relevant gen-
eralized translation operator. We obtained their approximation proper-
ties in this article.

1. Introduction

The classical Jones-Sampson parabolic potentials H* f, (« > 0) are defined in
the Fourier terms by

FIH ) (z,t) = (Jo2 +it) " F[f](2,1),

FIHO) (@) = (1+ |2 + i)~ F[f](2,t)

where z € R", t € R'; F is the Fourier transform. These potentials are inter-
preted as negative (fractional) powers of the singular heat operators

0 0 "L 92
<at A)’ (afrl A)’ A_;&’c%
where A is the Laplacian in R™ and [ is an identity operator. Parabolic potentials
were introduced by B.F. Jones and C.H. Sampson, various properties of these
potentials and relevant anisotropic functions spaces of the Sobolev type were
studied by R. Bagby, V.R. Gopala Rao, S. Chanillo, V.A. Nogin, B.S. Rubin,
LA. Aliev, A.D. Gadjiev, V.S. Guliyev and many other mathematicians (see,
e.g., [2,4,5, 6,10, 12, 14, 15, 17, 22, 23, 24].

One should note that the approximation properties of the classical parabolic
potentials H*f and H® f as a — 01 have been studied by S.B Uyhan, A.D. Gad-
jiev, LA. Aliev [28] and the classical Riesz and Bessel kernels as approximation
of the identity have been studied by T. Kurokawa [19].
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The relevant singular parabolic potentials, associated with the singular heat op-
n s
erators (% — Ap) and (%—FI—AB), Ap =) %—i— (a%—i— 2v_0 ), (v >0)
k=1" "

Ty O
were introduced and studied by I.A. Aliev, B.S. Rubin|[3, 4]. These potentials are
defined in terms of the Fourier-Bessel transform Fpg by

Fy [HEf] (2,t) = (|2* +it) " Fp[f](, 1),
and
Fp[HEf] (0,t) = (14 |2 +it) " Fa[f)(x, 1),

where x € R?, t € (0,00), a > 0 and Ap is the Laplace-Bessel differential
operator which is known as an important differential operator in analysis and its
applications (see, e.g., [7, 8, 13, 14, 15, 16, 18, 20, 21, 27]).

In this paper, generalized parabolic potentials A%, (6 = 1,2) interpreted as the
negative (fractional) powers of the heat operator (% +(@-1)1-A,),(0=1,2),
that is,

a —OC/Q
A= (gro-vr-a)

are introduced and the approximation properties are studied as o — 07. Here,
A, = A, (x) is the Laplace-Bessel differential operator defined as

" 82 2Vk 8
Aula) =) (awgmzkasck) |

k=1

where v = (v1,v9, ..., 0,), V1 >0,...,0p, >0, |V =11 F+12+ ... + 1.

We emphasize that the ideas of this work are originally introduced by A. D.
Gadjiev, I. A. Aliev and A. Aral in [1, 9]. The plan of how we are to proceed is as
follows. Necessary definitions and auxiliary facts are given in Section 2. Finally,
in the last section we provide main theorems and their proofs.

2. Preliminaries

Let R? = {z = (21,....,2,) € R"; 21 > 0,...,7,, > 0}, RT = R? x (0,00).
L, , and the weighted £, , spaces, 1 < p < oo are defined as

1/p

Ly = Los(®) = {7 1, = | [W@Pa®ds | <och

1/p
L= LB =g lolle,, = | [ [lotwt)p aduat | <o)
1 ]R'i
, where 2% = x%l’l... x2vn: dx = dxy... dz,. In the case p = co we identify

Loc = Loo(RE™) = {£ ¢ | flloo = esssupgyor [£(@.1)] < oc} and Co = Co(RE)
denotes the class of all continuous functions on Riﬂ, vanishing at infinity. C' =
C(R™) is the class of all continuous functions on R’
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For z,y € R}, t,7 € (0,00), the generalized translation of f: RTFI — Cis
defined by (see, e.g., [20, 21])

TV f (2, 8) = m "2 H (T (v, +1/2)T7 (1))

k=1

></.../f(\/xf—Zmlylcosfl+y12,...,\/x%—2:vnyncos£n+y%,t—7')
0 0

x [ [ sin®* 1 &de, . .. dén.

k=1
It is known that for 1 < p < oo, (see, e.g., [20])
177 flle,, < fl,, ¥ (7)€ RYH (2.1)
and
17 f = fllg,, =0 as  (y,7) = (0,0). (2.2)
The generalized convolution associated with the generalized translation is
(o9 @ = [ [on @ 1)y dyar (23)

R! R”
By using (1) and Riesz-Thorin interpolation theorem, it is not difficult to prove
the corresponding Young inequality
1 1 1
< 1< <oo, —+-—==1. 2.4
£ @alc,, <l lole,, . 1<par<on 40— (2.4)
The Fourier-Bessel transform of a sufficiently good function f:R%} — C and
its inverse are defined by

(Fuf) (x):/f(y) (HM—U? (wkyk)> y*dy (2.5)
o k=1

(B )@ =B (), ah) =2 [P+ 1y2],  (26)

k=1

where j,(t) =2PT (p+1)t7PJ, (t), p> —1/2 is the normalized Bessel function
such that j,(0) = 1.

The Fourier-Bessel transform of a function ¢ : R?fl — C and its inverse are
defined as follows

(Fup)(z,t) = (’T)ei”(” 172 (T )) *dydr, (2.7)
so //wy kHlj 2 (zrye) | y*dy

R R7

(E o) 0) = ) (Fp) (o, 1)

where ¢, (n) has been defined above (cf. (2.6)).
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Now from the general theory we know that the Gauss-Weierstrass kernel is
defined as the Fourier transformation of the function e*a|“|2, a > 0, (see [25, pp.
6-7]).

In this work, we need the Generalized Gauss-Weierstrass kernel defined as the
Fourier-Bessel transformation of the function e_o‘|m|2, «a > 0. Therefore, taking
into account that the following equality for v > -1, o« >0, >0

o0

(6%

0

where J, (t) = 27Y(I (v + 1))}, (t) is the Bessel function of the first kind
(see [11]) gives

o0

—ar? 2v — 1 1 —5?%/(4e) —
/e r j,,_l/Q(ﬁr)dr—2a1/+1/2f‘<1/+2>e , (v>-1/2)

in one dimension.
Thus we define the Generalized Gauss-Weierstrass kernel in

Wy (y,7) = Ve, (n)r = F 2D/ 2=t/ () (2.8)

where ¢, (n) is defined by (2.6) and |v| = v1 + vo + ... + Uy,
It is easy to prove for the Generalized Gauss-Weierstrass kernel that

R’}fl as

(F,W, (-, 7)) (z,t) = et (2.9)
and
/ W, (y,7) y**dy = 1. (2.10)
R}

Generalized parabolic potentials Ag‘y, (0 = 1,2) defined in terms of the
Fourier-Bessel transform

F,(ADpf) (z,t) = (6-1)+ 2| + it)*a/2 (Fyf)(x,t), ((z,t) € RY o> 0)

have the following convolution type integral representation

A f@h) = o / / VW (g, 7) TV f ) g drdy, (211)
A7 o f (1) a/2 // 271 T W, (y, 1) TV f(x,t) y¥ drdy.  (2.12)
d

To see this it suffices to apply Fourier-Bessel transform to both sides of (2.11)
and (2.12) and make use of the statement (2.9). Then we have

A (w,1) = (2 W @) @ f)

1
I (o/2)

and

Ao (1) = (Fr e W @@ f).

1
T (a/2)
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The following theorem characterizes the behaviour of the operators A7, and
Ajo on Lp,— spaces. Furthermore, it is an analogue of the Hardy—thtlewood—
Sobolev theorem.

Theorem 2.1. a) Let feL,,,1<p<g<oo, 0<a<(n+2v|+2)/p.
The inequality

HA 1fH£ <CHfH,Cp,V7 C:C(paQan7|y|)

holds if and only if a/(n+2v|+2)=1/p—1/q.
b) If fe€ Li,, then

cllfllz,, \*
p{(z,t) ‘Alfazt|>)\}§<>\1’
for any A > 0 and q > 1, (1/q—|—a/(n+ 2|lv| 4+ 2) = 1). That is, the mapping
f = AL f is of “ weak-type” (1,q), Here pu{E} = [x*dx is the Lebesgue
E

measure for the E C R’}rﬂ.
c) Foranyl<p<oo and a>0, |AZ 2fH£ <HfH£pV.

Proof. The necessity in (a) is a consequence of standart homogeneity argument
(see [25, p. 118]). Further, let us write

k(w,t) = e n=2WD/2=1o=(2P/@0) - o e R ¢ > 0.
We shall consider the transformation f — k(z,t) ® f, instead of f — AJ, f from

which it differs by a constant multiple. Let us decompose k(x,t) as ki(x,t) +
koo(x,t), where

_J k(@ t), t<B _ 0, t<p
kl(g”’”‘{ 0, t>p8" koo(x’t)_{k(x,t), t>p -
Now
A A
{m:]k®f|>)\}g{x:|k1®f|>2}U{x:|km®f\>2},
and

u{x:|k®f|>)\}§u{x:|kz1®f|>;\}+u{x:|koo®f\>;\},

Assume that f > 0 and ||f|;, = 1. Then

A
wlosie >3] < arims s
D,V

< AP RE < epr
Cl,z/
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Further, by Holder’s inequality,

o 1/p
oo ® Sl < el = | [ [ (emm2bremteeian)” e

5 RY

o 1/p
o / Ha—n—2lv|-2)p/ /24 (n+2lv]) /2
5
= of’, 1/ +1/p=1),
§— <a—n—22\u|—2p, 4 n+22|v| i 1) ]% =2_ n+22\;|+2 _ _n+22|g\+2_ Setting 02ﬁ5 —

we have 8 = c3A!/°. Therefore, |[koo ® f|| o, < A, and so pu{z : [koo @ f| > 3} = 0.
Finally,

f q
plr: k@ f|> A} < Bo‘p/2>\_p204 \OP/25\—P — o \—4 :c<||||;1’” 7

(since | f||;,  =1) and (b) is proved. By the Marcinkiewicz interpolation theo-
rem this implies the sufficiency in (a). (c) is a consequence of Young’s inequal-
ity. ]

We will need the following “ non-isotropic” Lipschitz class on ]Rffl.
8/2
Ap={f € Lo: IT"f(2.) = Sz DIl S e (WP+17)7*} (213)

~ 8/2
Ro = {F: 117 f(@o.t0) = Flaoto)l < ef (ol + 7))} (2.14)
Here c; is constant, x, wo, y € RY}; t,t0, 7 € R!' and 0 < B < 1.

3. Main Results and Proofs

Theorem 3.1. Let f € Lp,l,(R?rH), 1<p<oo.

(a) If at a point (z,t) € RT‘l there exists the limit  lim  f(z,s) =1, —oo <
(2,8) = (@,t)

[ < oo, then
lim (ASyf) (z,t) =1, (0=1,2).
a—0t ’
If f is continuous at the point (x,t) € Rfﬁ“, then ali)n(f)l+ <A379f) (z,t) = f(x,1).
(b) If f € Ly, N Cy, the convergence lim+A§‘9f = [ is uniform on RTFI. If
a—0 ’
f€L,,NC, the convergence is uniform on any compact K C RT’I.

Proof. (a) We will proof the statements of the theorem for # =1 (see Remark
below about the A, ). The following formula can be obtained from (2.11) by
the use of Fubini theorem

Ap 1 f(x,t) =

1 [
e T "’ v T. .
F(a/Q) b/ o [Wu(?ﬁ ) v f(.’IJ,t)y2 dy d (3 1)
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Using the identity (2.10) we have

a/2 1

Ap 1 f(z,t) — ) (TY7 f(z,t) —1eT) y¥ dydr.

Given € > 0, there exists 6 > 0 such that
|TY7 f(x,t) — 1| <e and (1—€e7)<e (3.2)
for all |y]<+v§ and 0<7<¢&. We obtain that
AV f (2, t) — 1] <

IN

0
1 a . I
F(a/2)/ o / v (y,7) (TV7 f(2,t) = L e™T) y*dydr
0 lul<v3

+
4
Q|
~
>
o,

ro/2-1 / W, (y, 1) (Ty’Tf(x, t) — le_T) y* dydr

ly|>v/6
: i « YT -7 v
" T(a/2) / - R/ v ,7) (TV7f(a,t) ~Le™) y*dydr
= B () + B (a) + B3 (a) (3.3)

Estimate for Ei(a): We obtain the following estimate by using (3.2) and (2.10)

d
1
< a/2—1 Y, T o 2v
Pi0) < wazg [T [ Welnn) I st 1] g dyar
0 lyl<v/s

5

|” / of2-11 _ —T / 2v

T2 ) 7 (1—e™) Wy (y,7) y™dydr
0 ly|<v/3

[
a/2
+ ‘l’ E/Ta/2_1/W,/ (va Zl/dyd ( ( + |l|)5 6(34)
0 R™

IN

I'(a/2) (1 +a/2)

Estimate for F3(«): We can write that
)
[t [ Wotwn) 1797 )] 2 dydr

0 ly|>V/8
5

‘l‘ / a/2-1 -7 / 2v
+ 0 /2) T e W, (y, ) y*dydr
0 ly|>V8
= Ey+EJ (3.5)

1

Bale) < wopm)
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Now, taking into account (2.8) and the Hoélder inequality, for small o > 0 we
have

Ey(a) <
5 1/p
callfllz (o/2—1—n/2—2|v|)p’ ly|?p’/(47) , 2
< D,V a/2—=1-n/2=2|v|)p" 4 —|YlI°p T vd
< 7“0[/2) /7’ 7'/6 Yy ay
0 ly|>V/s
1/p’
1£le,, | 1
_ @llfllg,, /T(a/2—1—n/2—2|u)p'—i—n/?d,r / ol 2w g,
I'(a/2)
0 l2[>5/(6p) /7
= (use e = e lP/2 o2/ < o220 3T g 2] = % (6p')/7)
5 1/p/ 1/p/
C3 ||f||£p71, /Ta/g_(1+n/2+2|y)p/ €—5p'/8’r dr /e_z|2/222ydz
I'(a/2)

0 1

We get the following inequality by using the estimate (Ci 72y~ %a as o — 0

By(0) < s (0)alfllg, . (3.6)
Similarly, the second integral EY (o) is majorized by
EY (a) < c5 (3) o] (37)

If we substitute (3.6) and (3.7) in (3.5) we get
B (a) < (04 @) 1/l , + 5 () |l|> a=cg(6)a as a— 0T (3.8)

Estimate for FEs(a): We have

) 00
< a/2—1 g TY.T 2v
B3 (o) < r(a/z)/T /W (y, ) [TV f (2,t) [y dydr
) R7?

+

i 7 1 / )
(07 T L , l/d d
T (0)2) T e W, (y, ) y* dydr
o R%

+

= E(a)+ El(a). (3.9)
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Using Holder’s inequality, for o + 4|v| < ”T‘V we have

1/p'
f :
E3(a) < ” ”cp” / (/2= 1pdT/(W( )Py dy
RTL
o 1/p'
cr [ £l : 2
< (a/2=1=n/2=2)¥/ 4 / Iyl far 2w g
© T(e/2) /- ") o
5 "
o 1/p'
_ csll£llz,, /T(a/2—1—n/2—2|u|)p’+n/2dT/e—z|2dz
[(e/2)
s R
< w@fl,, o (3.10)
Now the estimate
Ef (o) < F(|ci|/2) /Ta/2_1€_TdT <cp(d)lla as a—0F (3.11)
5

is obtained by noticing (3.9). Thus from (3.9) and (3.10) we get
Es(a) < <69 (0) 1fll 2, + €10 () |l|) a=cy(6)a as a—0". (3.12)
Finally, substituting (3.4), (3.8) and (3.12) in (3.3) gives

+ !l!)5“/2

e+c(0)a+ci(9)a

The last estimate yields

lim sup ’A 1flx,t) —l‘ (1 + |l)e.

a—0t

Since € > 0 is arbitrary, we get

ali%h ‘A,‘}’lf(a:,t) —1=0.

Let now | = 400, i.e.  lim  f(y,7) = +oo (the case of | = —oo is examined
(y,7) = (,t)
analogously). For a given M > 0 there exists 6 > 0 such that |TY%7 f(x,t)| > M
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for any |y| < V3, 0 <7 < . We have
0

1 — T v
Aaf@t) = g [ [ W T w0y dyr
0 ly|<v/s
. 5
a/2—1 Y™ ¢ 21/d d
s [T [ W@ T sy
0 ly|>v/§
1 o0
a/2—-1 TY:T 2v
s g [T W T G dyar
5 -]
= Fi(a)+ Fa(a)+ F3(a). (3.13)
It is clear that
5
M
> a/2—1 g Y, T ¢ 21/d d
Fi(o) 2 F(a/2)/T / W, (y, 7) T f(z,t)y™ dydr
0 ly|<V/§
v 5
_ _a a/2—1—n/2—2|V] / —ly[2/4m 20 gy
r<a/2>/ " © e
0 ly|<V/s
v 5
_ _a a/2—1-2[| / a2 20 14
F(a/Q)/T e adxdr (3.14)
0 el <5+/5/7
§ % o/T
_ oM /Ta/Q—l—n/2—2|l/| / e—rzrn—ldrdT
Fa/2) ) J
" s 1
€2 a/2—1-n/2-2|v| / —r2 n—1
> d d
> F(a/?)O/T T(Oe T T)
M 2 M
T — 0). 3.15
“T (/2 a “Titas’ o (@>0) (3.15)

Further, by making use of the estimates for FE)(«) and Ef(a) (see (3.6) and
(3.10), respectively) we have

By <t @) Iflz,, 0 |Fs@)] <@ fl,, a (316
Thus, substituting (3.14) and (3.15) in (3.13) gives
M
I (70 _
a0 - @)1, o

and therefore, lim inf+ AS f(x,t) > csM, (c3 >0). Since M > 0 is arbitrary,
a—0

v,

the last estimate yields that lim+ A% f(x,t) = o00. (b) Now, let f € L, NCo.
a—0 ’

Ag,lf(x)t) > €3
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For any € > 0 there exists § > 0 such that

sup  |TY" f(z,t) — f(z,t)] <e and (1—e ) <e (3.17)
(z,t)GRT’l

for all |y| < v and 0 < 7 < 4. Setting | = f(x,t) in (3.3) and using (3.17),

we have

1 5e/2
lA2yr Il (1+ [Ifll)

NIESY R (s @ISz, + 5 6) 1) @

+ (cQ () 1£lz,, +e10@) 1 flls) @ @ =07,
(see (3.3), (3.4), (3.8), (3.12)). The latter estimate yields that
hmsupHA 1f = fllo £ @+ 1fll) e

and therefore lim HAylf —f|l_=o. O
a—0t ’ o0

Remark 3.1. The proof of the statements of Theorem 3.1 for A7, follows the
same lines and is based on the equality

AI/,Qf(x’ t) - l = 1—\

e / W, (y,7) T f (a, )y dydr
Rn

0
1
= (a/2)—1 -7 TY:™ 2v
g [T [ W) T e gy
0 lyl<vs

_|_

o,

rla/2)—1g=r / Wl,(y,T)Ty’Tf(x,t)yQdedT
ly|>V/6

o0
+/70‘/2 “le T/W y, 7) TV f(x, t)y* dydr.
é R
The next theorem gives an estimation of the order of approximation of the
“Lipschitz functions” by the families A, f.
Theorem 3.2. Let fe€ L,, NAg, 1<p<oo, 0<pB<1, where Ag is the
non-isotropic Lipschitz class deﬁned as in (2.13). Then
(ES i a, (0=1,2) as a—0". (3.18)
Moreover if f € Ly, ﬂA/;, 1<p<oo, 0<p <1, where K; is the
non-isotropic Lipschitz class defined as in (2.14), then
(ASof) (zo,t0) — f (w0, t0) = O (L) (0 =1,2) as a—0". (3.19)
Proof. We will prove the theorem only for ¢ = 1. In the case of AJ,, the

statements are proved by the similar way (see Remark). Let f € £,, N Ag.
Setting | = f(z,t) in (3.3) we have

|AS fa,t) = f(z,t)| < iy () +i2 (@) + i3 (a) (3.20)
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and using (3.8) and (3.12) we get

iz (@) < (e1 () /]l ¢,., + 2 (0 1fllc) @ = 3 (9) (3.21)

i () < (c1 () £z, + 5 (6) ]l ) @ = 66 (8) e (3.22)

Now, let us estimate i; (o). We have

1)
1
ir(a) < /21 W, (y, ) | TY7 f (2, 1) — f(2, )] dydT
Iy

I'(a/2)
lyl<V/8
5
Iflloe [ tarm-1 (g _ o= 2 dudr
+ F(a/2)0/ (1 ) / W, (y,7) dydr.

lyl<V/é

Taking into account that 1 —e™ ™ =7+ O (1)72, as 7 — 0T and

797 F (.8) = f(a Bl < e (Iof” + 7).

we get
5
c 2
, < (a/2)—1/ 2 B/
i) < wim [ Wo ,7) (1 + 171) " dydr
0 Ri
5
c (/2)—1+1 /
+ F(a/2)/7— dr | W,(y,7)dy
0 R

= ij(a) +i5(a).

After changing y with /7 z, a simple calculation leads to ij(a) = O(1)a as
a — 0%, Further, using (3.10) we have

0
/T(Q/Q)dT =0(1)a as a—0T,
0

and therefore, i1(a) = O(1)a as @ — 07. Now from (3.20), (3.21) and (3.22) it
follows that [|AS, f(2,t) = f(z,t)[ec = O(1)a as @ — 0. The proof of (3.19) can
be carried out analogously, by replacing the expression ||...|loo with |...|. O
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