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A NEW ITERATIVE PROJECTION METHOD FOR
APPROXIMATING FIXED POINT PROBLEMS AND
VARIATIONAL INEQUALITY PROBLEMS

IBRAHIM KARAHAN AND MURAT OZDEMIR

Abstract. In this paper, we introduce and study a new extragradient
iterative process for finding a common element of the set of fixed points
of an infinite family of nonexpansive mappings and the set of solutions
of a variational inequality for an inverse strongly monotone mapping in
a real Hilbert space. Also, we prove that under quite mild conditions
the iterative sequence defined by our new extragradient method con-
verges strongly to a solution of the fixed point problem for an infinite
family of nonexpansive mappings and the classical variational inequality
problem. In addition, utilizing this result, we provide some applications
of the considered problem not just giving a pure extension of existing
mathematical problems.

1. Introduction

Throughout this paper, we assume that H is a real Hilbert space whose inner
product and norm are denoted by (-,-) and ||-||, respectively, C' is a nonempty
closed convex subset of H, and I is the idendity mapping on C. Below, we gather
some basic definitions and results which are needed in the subsequent sections.
Recall that a mapping T : C' — C' is called nonexpansive if

[Tz =Tyl <[l —yll, Yo,y € C.

We denote by F(T') the set of fixed points of T'. For a mapping A : C — H, it is
said to be

(i) monotone if
(Az — Ay, x —y) > 0, Y,y € C;
(ii) L-Lipschitzian if there exists a constant L > 0 such that
Az — Ay[| < L |z —y|, Vz,y € C;

(iii) a-inverse strongly monotone if there exists a positive real number o > 0
such that

<ACC - Ay,az - y> > ||"4:’C - AyH27 V%?/ eC.
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Remark 1.1. It is obvious that any a-inverse strongly monotone mapping A is
monotone and é—Lipschitz continuous.

Remark 1.2. Every L-Lipschitzan mapping is %—inverse strongly monotone map-
ping.

For a mapping A : C — H, the classical variational inequality problem
VI(C,A) is to find a z € C such that

(Az,y —x) >0, Yy € C, (1.1)
which is the optimality condition for the minimization problem
1
in- (A . 1.2
min - (Az, z) (1.2)

The set of solutions of VI (C, A) is denoted by €2, i.e.,
Q={zeC: (Az,y—2z)>0,Vy e C}.
In the context of the variational inequality problem it is easy to check that
reQexeF(Po(l—MA)), YA>0.

Variational inequalities were initially studied by Stampacchia [7], [8]. Such a
problem is connected with convex minimization problem, the complementarity
problem, the problem of finding point x € C satisfying 0 € Az and etc. Fixed
point problems are also closely related to the variational inequality problems.
Based on this relationship, iterative methods for nonexpansive mappings have
recently been applied to find the common solution of fixed point problems and
variational inequality problems; see, for example [2, 5, 16, 18, 19] and the refer-
ences therein. Below, we give some of them.
In 2005, liduka and Takahashi [4] proposed an iterative process as follows:

xr € C, (1 3)
Tnt1 = anx + (1 — an) TPo (I — M\yA) 2, V0 > 1, '

where A is an a-inverse strongly monotone mapping, {a,} C (0,1) and {\,} €
(0,2cv) satisfy some parameters controlling conditions. They showed that if
F (T) N Q is nonempty, then the sequence {x,} generated by (1.3) converges
strongly to some z € F (T') N €.

One year later, in 2006, by a narrow margin from the iterative process (1.3),
Takahashi and Toyoda [13] introduced the following iterative process which is
based on the Mann iteration [9]:

xo € C, (1 4)
Tpi1 = Ty + (1 —an) TP (I — MA) 2, V>0, '

where C is a nonempty closed convex subset of a real Hilbert space H, Pc :
H — C is a metric projection, A : C — H is an a-inverse strongly monotone
mapping, and T : C — C is a nonexpansive mapping. They proved that if
the set of fixed points of T' is nonempty, then the sequence {x,} generated by
(1.4) converges weakly to some z € F (T) N Q where z = limy, 00 Pr(r)no®n-
In the same year, Yao et. al. [19], introduced following iterative scheme for a
nonexpansive mapping S, and a monotone k-Lipschitzian continuous mapping A.
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Under the suitable conditions, they proved the strong convergence of {xz,} for a
fixed u € H and a given x¢y € H arbitrary.

{ Tpg1 = Qpt + Bp®n + SPo (Tn — Apyn) ,

Yn = Po (I — \yA) xy, Yn > 0. (1.5)

Lastly, Khan [6] and Sahu [10], individually, introduced the following iterative
process which Khan referred to as Picard-Mann hybrid iterative process:

x1€C,

Tn+1 = Tyn, (1.6)
Yn = Ty + (1 — ay) Txp, Yn > 1,

where {ay,} is a sequence in (0, 1) . Picard-Mann hybrid iterative process is inde-
pendent of all Picard, Mann and Ishikawa iterative processes. Khan [6] showed
that the process (1.6) converges faster than all of Picard, Mann and Ishikawa
iterative processes for contractions. Moreover, he proved a strong and a weak
convergence theorems in Banach space for iterative process (1.6) with a 7" non-
expansive mapping under the suitable conditions.

In addition to all these studies, the existence of common elements of the set
of common fixed points of an infinite family of nonlinear mappings and the set
of solutions of the variational inequality problem has been also considered by
many authors (see [14, 15, 20]). In such articles, authors usually use a mapping
generated by nonexpansive mappings such as the mapping W, defined, as in
Shimoji and Takahashi [12], by

Un,n+1 = 1
Un,n = MnTnUn,n+1 + (1 - /~Ln) 1
Un,nfl = MnflTnflUn,n + (1 - ,unfl) I
Ungkr1 = M1 Ter1Unpyo + (1 — pgyr) I (1.7)

Uni = weTeUppe1r+ (1 —pp)l

Upno = pwToUpsz+ (1—p2)l
Wy, = Upg=mTUp2+ (1 —m)l

where C' is a nonempty closed convex subset of a Hilbert space H, pi, po, ...
are real numbers such that 0 < u, < 1, and T1,75,... is an infinite family of
self-mappings on C'. W), is called W-mapping generated by T,,,T,_1,...,71 and
Uy -1, - - -, 1. 1t is clear that nonexpansivity of each T;, ¢ > 1, ensures the
nonexpansivity of W,,.

In this paper, motivated and inspired by the above processes and independently
from all of them, we introduce the following iterative process for an infinite family
of nonexpansive mappings {7} which is based on Picard-Mann hybrid iterative
process:

x9 € C
Tpt1 = Wi Po (I — M\yA) yn (1.8)
Yn = (1 — an) xn + @ Wi Po (I — A\A) 2, Y >0,
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where A : C' — H is an a-inverse strongly monotone mapping, W, is a mapping
defined by (1.7), {\,} C [a,b] for some a,b € (0,2a) and {ay} C [c,d] for some
¢,d € (0,1). Also, we prove that the sequence {x,} defined by (1.8) converge
strongly to a common element of the set of common fixed points of the infinite
family {7},} and the set of solutions of the variational inequality (1.1) which is
the optimality condition for the minimization problem (1.2).

2. Preliminaries

In this section, we collect some useful lemmas that will be used for our main
result in the next section. We write z,, — z to indicate that the sequence {z,}
converges weakly to z, and z,, — z for the strong convergence.

It is well known that for any x € H, there exists a unique point yg € C such
that

|z = yoll = inf {|lz —yl| : y € C}.
We denote yg by Poxz, where Po is called the metric projection of H onto C.
We know that Pc is a nonexpansive mapping. It is also known that Po has the
following properties:
(i) [[Pex — Poy| < [lz —y||, for all z,y € H,
(ii) [z —yl*> > |lz — Pox|? + |ly — Pex|®, for all z € H, y € C,
(iii) (z — Pox,y — Pox) <0, forall x € H, y € C.
It is known that a Hilbert space H satisfies the Opial condition that, for any
sequence {x,} with x,, — x, the inequality

lim inf ||z, — 2| <lim inf ||z, —y||
n—oo n—oo
holds for every y € H with y # x.

Lemma 2.1. [13] Let C be a nonempty closed convexr subset of a real Hilbert
space H and {z,} be a sequence in H. Suppose that, for all z € C,

[Znt1 — 2l < [lzn — 2|
for everyn =0,1,2,.... Then, {Pcx,} converges strongly to some u € C.

Lemma 2.2. [13] Let C be a nonempty closed convex subset of a real Hilbert
space H and let A be an a-inverse strongly monotone mapping of C into H.
Then, the solution of VI (C,A), §, is nonempty.

For a set-valued mapping S : H — 2 if the inequality

<f—g,u—v>20

holds for all u,v € C,f € Su,g € Sv, then S is called monotone mapping.
A monotone mapping S : H — 2 is maximal if the graph G (S) of S is not
properly contained in the graph of any other monotone mappings. It is known
that a monotone mapping S is maximal if and only if, for (u,f) € H x H,
(u—v, f—w) >0 for every (v,w) € G (S) implies f € Su. Let A be an inverse
strongly monotone mapping of C into H, let Ngv be the normal cone to C' at
ved,ie.,
Nev={we H: (v—u,w)>0,YueC},
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and define
Gy — Av+ Nev vel
B 0 v¢C.

Then, S is maximal monotone and 0 € Sv if and only if v € Q.

Lemma 2.3. [3] Let C be a nonempty closed convex subset of a real Hilbert
space H, and T be a nonexpansive self-mapping on C. If F (T) # 0, then I —T is
demiclosed; that is whenever {x,} is a sequence in C weakly converging to some
x € C and the sequence {(I —T) x,} strongly converges to some vy, it follows that
(I —=T)x =vy. Here, I is the identity operator of H.

Lemma 2.4. [11] Let H be a real Hilbert space, let {cv,} be a sequence of real
numbers such that 0 < a < ap, < b <1 foralln =0,1,2,..., and let {z,} and
{yn} be sequences of H such that

limsup ||z,]| < ¢, limsup |yn|| < c and lim |apz, + (1 — an) yn| = ¢,
n—o00 n—oo n—o00

for some ¢ > 0. Then,
lim ||z, — yn| = 0.
n—oo
Lemma 2.5. [17] Assume that {x,} is a sequence of nonnegative real numbers
satisfying the conditions
Tn+1 < (1 - an) Ty + an/Bn; Vn >0

where {an} and {Bn} are sequences of real numbers such that

(1) {an} C[0,1] and Zan = 00, or equivalently H (1—oap) =0,

(i) limsup 3, <0, or Zanﬁn < 00.
n—oo n

Then, lim,,_,oc x, = 0.

Concerning the mapping W), defined by (1.7), we have the following lemmas
in a real Hilbert space which can be obtained from Shimoji and Takahashi [12].

Lemma 2.6. [12] Let C' be a nonempty closed and convez subset of a real Hilbert
space H. Let {T,,} be an infinite family of nonexpansive mappings on C such that
Mooy F (T},) is nonempty, and let pu1, pa, . . . be real numbers such that 0 < p, <1
for alln € N. Then, for every x € C and k € N, the limit lim,,_so Uy, 1.x exists.

By using the Lemma 2.6, one can define the mapping W on C as follows:

W= lim W,z = li_>m Upiz, Vo € H.

n—o0

Such a W is called the W-mapping generated by 17,715,753, ... and p1, ta, 43, - - -
Throughout this paper, we assume that 0 < u, < b < 1 for n > 0.

Lemma 2.7. [12] Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let {T,} be an infinite family of nonexpansive mappings on C such that
Moy F (Ty,) is nonempty, and let py, po, - . . be real numbers such that 0 < p, <1
forn>0. Then, FF (W) =", F(T},).
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3. Main result
Now, we are in a position to state and prove the main result in this paper.

Theorem 3.1. Let C' be a nonempty closed convexr subset of a real Hilbert
space H, let A : C — H be an a-inverse strongly monotone mapping and
let {T,,} be an infinite family of nonexpansive self-mappings on C such that
F = Vo F (Th) NQ # 0. Let {x,} be a sequence defined by (1.8), where
{\n} C [a,b] for some a,b € (0,2a) and {an} C [c,d] for some ¢,d € (0,1).
Then, the sequence {x,} converges strongly to a point z € F where z is the
unique solution of the variational inequality (1.1).

Proof. We devide our proof into five steps.
Step 1. First, we show that {z,} is a bounded sequence. Let

tn = Po (I — \yA) zy,
and z € F. Then, we have
[tn — Z||2 = ||Pc(I = A)zn — Z||2

< I = MA) zn — (T = Ay A) 2|
= lan — 2 — M (Az,, — A2)|?
< lan — 2|2 = 20 (2 — 2, Ay — Az) + X2 || Az, — Az
< o = ZH2 + An (An — 20) || Az, — AZ”2
< lan — 2] (3.1)
and from (3.1) we get
l2ni1 = 21* = [WaPo (I = AA)yn — 2|
= |[WpPeo (I = MA)yn — WnPo (I —MA) z|?
< lygn — 21

[(1 = an) (Tn — 2) + an (Wat, — Z)H2

< (1= ag) o = 217 + an [[Waty — 2|
< (1 —ap)||lzn — 2||2 + ap ||t — z”2
< (1—ap) flon -2
+anp [H»’Un — 2|2 4+ A (A — 20) || Ay, — Az]?
= 2 — 2] 4+ andn (An — 20) || Az, — Az|?
< lan — 2)|* + da (b — 20) || Az, — Az
< lzn — 2% (3.2)

Therefore, the limit lim,_, ||z, — 2| exists and Az, — Az — 0. Hence {z,} is
bounded and so are {t,,} and {W,t,}.

Step 2. We will show that lim,,_,« ||, — yn|| = 0. Before that, we shall show
that limy, o0 ||[Whtn — 2| = 0. From Step 1, we know that lim, o ||z, — 2||
exists for all z € F. Let lim,,_so ||zn, — 2| = ¢. From (3.2), since

[znt1 = 2l < llyn — 2| < llen — 21,
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we get

lim ||y, — 2| = ¢
n—oo
On the other hand, since
[Watn — 2]l < ltn — 2| < |lzn — 2|,

we have

limsup [|[Wht, — z|| < ec.

n—oo
Also, we know that

limsup ||z, — z| < ¢
n—oo

and

lim ||y, — 2| = li_>m (1 —ap) (xn — 2) + an Wity — 2)|| = c.

n—oo

Hence, from (3.4), (3.5), (3.6), and Lemma 2.4 , we get that
lim |z, — Wyt,| = 0.
n—oo

We have also
lzn — ynll = an [[Waty — 20| .

So, from (3.7) we obtain that
lim ||z, —yn| = 0.
n— oo

Since A is Lipschitz continuous, we have Ax,, — Ay, — 0.

(3.3)

(3.8)

Step 3. Now, we show that lim,_,~ ||[Wz, — x| = 0. Using the properties of

the metric projection, since

lta =2l = ||Pc (I = AnA)n — Po (I = A A) 2|
< (th—2z,(I = MA)xy — (I — MA) 2)

1
= 5 [lta =21+ 1T = M) 7 = (T = Aad) 2]

—lftn =2 = (L = A A) 2 = (I = A ) 2]

IN

1 2 2 2
= 5 [lta =21+ llzn = 21 = l1tn — 2l
O (b — Ty Az — Az) — A2 || Ay — Azuﬂ ,
it follows that

ltn =21 < Jlan — 27 = tn — zal®

+2X, (ty — Tn, Az — AzZ) — N2 || Az, — Az

1
5 [t = 21 + 1 = 21> = (tn = 20) = An (Azs — A2)|?]

(3.9)
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So, by using the inequality (3.9) and (3.2), we get

|znsr =217 < (1= an) [|lzn = 2[* + an [[tn — 2|
< o = 27 = an [[tn — 2|
2\ (ty — xp, Axy — Az) — )\,%an | Az, — Az||2
<l — 201 = d|itn —
+2 0y (ty — Ty, Axy — A2) — Ny, || Az, — Az|2.
Since limy, o0 || Znt+1 — 2|| = limy 00 |25 — 2| and Az, — Az — 0, we obtain
lim |z, —t,| =0. (3.10)
n—oo
On the other hand, we have
< o = tall + [[Watn — 24| -

So, it follows from (3.7) and (3.10) that
lim ||Wyz, — x,|| = 0. (3.11)
n—oo

Hence, from (3.11) and by the same argument as in the [1, Remark 2.2], it follows
that

Wy — xn|| < [|Wxy, — Whzy|| + |[Whan — 2, — 0, (3.12)

as n — oo.
Step 4. Next, we show that

lim sup [(Wntn — 2, & — 2) + ||[Watn — 2|*| <0,
n—oo

where z € F. But first, we need to show that the variational inequality (1.1) has

unique solution. Indeed, suppose both p € C and ¢ € C are solutions to (1.1),

then

(Ap,p—q) <0 (3.13)
and
(Ag,q —p) <0. (3.14)
Combining (3.13) and (3.14), we get
(Ag— Ap,q—p) <0. (3.15)

Since the mapping A is an inverse strongly monotone mapping, (3.15) implies
p = ¢. So, the uniqueness of the solution of the variational inequality (1.1) is
proved. Next, we need to show that {z,} converges weakly to an element of F.
Since {z,} and {Wpt,} are bounded sequences, there exist subsequences {x,}
of {z,,} and {Wyt,,} of {Wyt,} such that

lim sup [(Wntn —2,&n — 2) + ||Whin — z||2]

n—oo

— limsup [<Wntm. 2@, — 2) A+ |[Watn, — zuﬂ . (3.16)

1—00



76 IBRAHIM KARAHAN AND MURAT OZDEMIR

Without loss of generality, we may further assume that x,, — p. From (3.7), we
have W,t,, — p. Hence, (3.16) reduces to

lim sup [(Wntn — 2, 2n — 2) + [Watn — 2||?| = 2]lp — 2|2
n—oo
Now, it is sufficient to show that p belongs to F, i.e., p = z. First, we show that
p € . Let
Av+ Nev , veC,
Sv = { 0 , vé¢C.
Then, S is maximal monotone mapping. Let (v, w) € G (S). Since w— Av € N¢gv
and t, € C, we get
(v —tp,w — Av) > 0. (3.17)
On the other hand, from the definiton of ¢,,, we have that
(n — AMpAxy —tp,ty, —v) >0

and hence,

t —
<v—tn,n)\xn+Aazn> > 0.
n

Therefore, using (3.17), we get
(v—tp,w) > (v—ty,, Av)

tn, — Tn,
Z <U tvaU> <U_tmvm)\%+Axni>
n;
(

tn, — Tn,
7 1
tn,, Av — Axy, — S
ns

7

v —tp,, Av — Atp,) + (v — ty,,, Aty, — Axy,;)

ty,. — Ty
—<v—tni,’“)\"1>
n;

tn, — Tn,
> <v—tm,Atni—A:Em>—<v—tni,m)\m>.
n

i

Hence, for ¢ — oo, we have

<U - Db w> > 0.
Since S is maximal monotone, we have p € S710 and hence p € Q. Next, we show
that p € F(W). From (3.12), Lemma 2.3 and by using z,, — p, we have that
p € F(W). So, from Lemma 2.7, we get p € F.

Also, Opial’s condition guarantee that the weakly subsequential limit of {z,,}
is unique. Hence, this implies that x, — p € F. From the uniqueness of the
solution of the variational inequality, we obtain p = z € F. So, the desired
conclusion

limsup [(Wyt, — 2,2y — 2) + ||[Whtn — Z||2] <0

n—oo
is obtained.
Furthermore, p = lim,, o, Prz,. Indeed, since p € F, we have

(p — Pran, Pra, — xy,) > 0.
By Lemma 2.1, { Prx, } converges strongly to ug € F. Then, we get

<p_u0)u0_p> Z 07
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and hence p = ug.
Step 5. Let z € F. Then, we have

|2ni1 = 21* = [WaPo (I = AA)yn — 2|
HWnPC’ (I - )‘nA) Yn — WnPC (I - /\nA) ZH2

< ”yn*Z”2 = (Yn — 2,Yn — 2)

= ((1—an)(@n —2) +an Waty — 2) ,yn — 2)

= (1—ap)(xn—2,yn — 2) + an Whptn — 2,yn — 2)
< (1= an) |2n — 2|* + an (Waty — 2,y — 2)

(1 —an) llzn — ZH2 + O‘% (Watn — 2,2 — 2)
+ay, (1 — apn) (Whty — 2, Wity — 2)
= (1—ap)llzn — 2> + anBa

where 8, = ap (Witn — 2,20 — 2) + (1 — o) |[Wintn, — 2||*>. Thus an application
of Lemma 2.5 combined with Step 4 yields that the sequence {z,} defined by
(1.8) converges strongly to the unique element z € F. O

Corollary 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H, let A: C — H be an a-inverse strongly monotone mapping and let T be a
nonezpansive self-mappings on C such that F (T)NQ # (0. Let {x,} be a sequence
defined by

ro=x€C
Tnt+1 = TPC (I - )\nA) Yn
Yn = (1 —ap) xp + anTPo (I — A\yA) 2, VY0 > 0,

where {\n} C [a,b] for some a,b € (0,2a) and {an,} C [c,d] for some c,d € (0,1).
Then, the sequence {xy} converges strongly to a point z € F (T) N Q where z is
the unique solution of the variational inequality (1.1).

4. Applications

In the first section, we state that the convex minimization problem is one of
the application area of the variational inequality problems and the fixed point
problems. One of the relationships between a convex minimization problem and
a variational inequality problem is as follows: Let f be a convex differentiable
function on a nonempty closed convex subset C' of a real Hilbert space H and
Argmin, o f (z) be the set of minimizers of f relative to the set C'. Then, it is
known that element z* € C is a minimizer of f (x) if and only if 2* satisfies the
variational inequality (1.1). On the other hand, iterative processes are often used
to minimize a convex differentiable function. Also, it is stated in Remark 1.2
that every L-Lipschitzian mapping is 2/L-inverse strongly monotone mapping.
Therefore, we can give the following strong convergence theorem.

Theorem 4.1. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let f be a convex differentiable function on an open set D containing the set
C and let {T,,} be an infinite family of nonexpansive self mappings on C such
that G =" F' (T,) N Argmin, o f (x) # 0. Suppose that the gradient vector
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of f, Vf, is a L-Lipschitz continuous operator on D. For an arbitrarily initial
value xg € C, let {x,} be a sequence in C' defined by

Tnt1 = WaPo (I — XNV f)yn

Yn = (1 —ap) zp + Wy Po (I — ANV f) 2y, ¥n > 0,
where Wy, is a mapping defined by (1.7), {\n} C [a,b] for some a,b € (0,4/L) and
{an} C e, d] for some c,d € (0,1). Then the sequence {xy} converges strongly to
an element of G.

Proof. Considering the Remark 1.2, as in the proof of Theorem 3.1, if we take
A =V f, then we obtain the desired conclusion. O

Next, we give another theorem for a pair of nonexpansive mapping and strictly
pseudocontractive mapping. A mapping S : C — C'is called k-strictly pseudo-
contractive mapping if there exists k with 0 < k < 1 such that

1Sz = Syll* < llz —yI> + k(I = )z — (I = S)yl?

for all x,y € C. Let A =1 — 5. Then, it is known that the mapping A is inverse
strongly monotone mapping with (1 — k) /2, i.e.,

1—k
(Az — Ay, —y) > —— Az — Ay|*.

Theorem 4.2. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let {T,} be an infinite family of nonexpansive self mappings on C and S : C' —
C be a k-strictly pseudocontractive mapping such that H = (o F (T,,) N F (S) #
(). For an arbitrarily initial value xg € C, let {xy,} be a sequence defined by

Tn+l1l = Wn ((I - )\n) UYn + )\nsyn)
yn = (1 —ayp) zp + Wy (I — A\p) Ty + ApSzy) ,Vn > 0,

where {\n} C [a,b] for some a,b € (0,1 — k) and {an} C [c,d] for some ¢,d €
(0,1). Then, the sequence {x,} converges weakly to a point p € H.

Proof. Let A = I — S. Then, we know that A is inverse strongly monotone
mapping. Also, it is clear that F' (S) = VI (C, A) . Since, A is a mapping from C
into itself, we get

(I —M\p)xn + MStp =xn — Ay (I = S)zp, = Po (I — \JA) xy.

So, from Theorem 3.1, we obtain the desired conclusion. U
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