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WEIGHTED INEQUALITIES FOR DUNKL FRACTIONAL
MAXIMAL FUNCTION AND DUNKL FRACTIONAL
INTEGRALS

YAGUB Y. MAMMADOV

Abstract. We consider the generalized shift operator, associated with

the Dunkl operator Ay (f)(z) := L f(x) + 2t (f(w)_zf(_w)). In this
paper, the boundedness of the Dunkl maximal operator, the Dunkl
fractional maximal operator and Dunkl fractional integrals in weighted

Ly, 4,o(R) spaces is established.

1. Preliminaries

For a real parameter a > —1/2, we consider the Dunkl operator, associated
with the reflection group Zs on R :

d
Ao = —
(@) = s+
Note that A_;/, = d/dx.
For a > —1/2 and A € C, the initial value problem:

Aa(F)(@) = Af(@), f(0)=1, 2 €R

has a unique analytic solution E,(A\z) called Dunkl kernel [4, 16, 19] and given
by

(1.1)

Za+1 <f<:c> —2f(—w)>

Az
2(a+1)
where j, is the normalized Bessel function of the first kind and order «, which is
defined as (see [20])

Eo(Az) = jo(idz) + Ja+1(iAz), x € R,

P o —1)(2 2n
ja(z):2°‘F(a+1)JZi) :F(QH)Zn(!Faifil)’ zeC.

n=0

We can write for x € R and A € C (see Dunkl [3])

« 1 .
_ \/7?1;((04111)/2) /_1(1 - t2)a—1/2 (1 o t) ez)\zt dt.
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Note that E_;j5(A\z) = e,
Let a > —1/2 be a fixed number and p, be the weighted Lebesgue measure
on R, given by

dpa(z) = (2°T' (o + 1))71 |22 d.

For every 1 < p < oo, we denote by L, o(R) = L,(R,dus) the spaces of
complex-valued functions f, measurable on R such that

1/p
e = I, = ( [1swr dua<x>) < oo if p € [1,00),
and
[l = [l = esssuplf(@)] it p = oo.
rz€ER

For 1 < p < oo we denote by WL, ,(R), the weak Ly, (R) spaces defined as
the set of locally integrable functions f with the finite norm

1w, . = supr (na{z € R ¢ [f(@)] > rhP.

Note that
Lpo CWLpa and ||f”WLp,a <[ fllyeq, forall f € Lpa(R).

The Dunkl transform F,, of a function f € L; o(R), is given by

Faf(A) = /REQ(—Z'/\:U)f(:U)dua(x), AeR.

Here the integral makes sense since |E,(iz)| < 1 for every z € R (see [15], p.
205).
For all z, y, z € R, we put

Wa((E, Y, Z) = (]— —Oxyz T O0zzy+ Uz,y,a:)Aa(xv Y, Z)

where

24,252,
Oryz = - 22:11:yz lfl‘,yER\{O},
e 0 otherwise

and A, is the Bessel kernel given by
{ d, ([(Iw\+\y|)2—z2}[z2—2(|fv|—|y\)2})"’1/27 if 2] € Agy,

Aoz, y,2) = lzyz|2>
(,9,2) 0, otherwise,
where do = (D(a+ 1))?/(2°7 /AT (a + 3)) and Ay y = [[lz] = [yll, 2] + [y[].

Properties 1.1. (see Résler [15]) The signed kernel Wy, is even and satisfies the
following properties

Woz(x7yaz) = Wa(y,x,z) = Wa(—x,z,y),
Wa(l‘a y,Z) = Wa(_zvya _:E) = Wa(—l‘, -Y, _Z)
and

/ (Wa(z,y, 2)| dpa(z) < 4.
R



WEIGHTED INEQUALITIES FOR DUNKL FRACTIONAL MAXIMAL FUNCTION ... 95

In the sequel we consider the signed measure v, 4, on R, given by

Wa(2,y,2) dpa(2) if 2, y € R\ {0},
Upy i= dd.(2) ify =0,
ddy(z) if x =0.

Definition 1.1. For z, y € R and f a continuous function on R, we put

() = /R F(2) digy(2).

The operators 7., x € R, are called Dunkl translation operators on R and it
can be expressed in the following form (see [15])

7ol (4) = Ca /0 " o (2, )6) By, 0)(sin 0) d6

e /0 " o (2 9)0) hale,y,0)(sin 0)* do,

where (7,y)s = /22 + y% — 2|zy|cos b, f = f. + fo, f» and f. being respectively
the odd and the even parts of f, with
o Llatl)
“ Url(a+1/2)

hi(x,y,0) =1 — sgn(xy) cos @

and
(z+y) [1-SgN(zy) cos 9}, if wy # 0,

ha(x,y,0) = { e b

Proposition 1.1. (see Soltani [17])
(i) If f is an even positive continuous function, then 7, f is positive.
(i1) For all x € R the operator T, extends to L, o(R), p > 1 and we have for

f e L,a(R),
172 f llpa < 4l fllpa- (1.2)
(111) For all x, A € R and f € L1 o(R), we have

Fao (1o f) (N) = Eq(idx) Faf(N).

Let f and g be two continuous functions on R with compact support. We
define the generalized convolution *, of f and g by

f o gla) = /R 7 f (—4) () dpia(y), = € R.

The generalized convolution #, is associative and commutative [15]. Note that
*_1 /9 agrees with the standard convolution *.
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2. Weighted inequalities for Dunkl maximal functions

Let B(z,r) ={y € R: |y| €| max{0, |z| —r},|z| +r[ } and r > 0. Then B, =
B(0,7) =] — r,r[ and pa(B;) = ba r?*2, where by = (2™ (a + 1) (o + 1))71.

An almost everywhere positive and locally integrable function w : R — R will
be called a weight. Denote by L, «(R) the set of measurable functions f(z),
x € R, with finite norm

1/p
T ( / \f(w)pw(x)dua(:v)) <o, 1<p< oo,

Definition 2.1. The weight function w belongs to the class A, (R) for 1 < p <
oo, if

sup [ 1a(Bzr) [ w(widaty
o B(z,r)
p—1
<o) [ ) | <o
B(z,r)
and w belongs to A; (R), if there exists a positive constant C' such that for any

ze€Randr >0

palBlar )™ [ w(@)dnaly) < C ess supaly),
B(er) yEB(z,r)

The properties of the class A, o(R) are analogous to those of the Muckenhoupt
classes. In particular, if w € Ay o(R), then w € A,_. o(R) for a certain sufficiently
small € > 0 and w € A4,, o(R) for any p; > p.

Note that, |z|® € A,4(R), 1 < p < oo, if and only if —(2a +2) < a <
(2a +2)(p — 1) and |z]® € A1 o(R), if and only if —2a —2 < 8 < 0.

We define the Dunkl type maximal function by

M f(a) = sup(a(5,) /B 72 £1(9) dita(y)- (2.1)

Note that M is the Hardy-Littlewood maximal operator associated with the
Dunkl operator (see [1, 7, 12, 18]).
The following theorem was proved in [12].

Theorem 2.1. 1) If f € L1 o(R), then for every 5 >0

o {2 € R: My f(z) > B} < (g /R (@) dpala),

where C1 > 0 is independent of f.
2)If f e Lpa(R), 1<p<oo,then Mf e L,.(R) and

[Mafllpa < Callfllp.as
where Co > 0 is independent of f.

The following theorem is valid.
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Theorem 2.2. 1) If f € Ly o and w € Ay, then Mo f € WL 4 and

1Mo f|

where C1 4o > 0 15 independent of f.
2)If f € Lpwa(R), 1<p<ooandwe Ay, then Myf € Lyy.o(R) and

HMO(fHLp,w,a S Cp:wyaHfHLp,w,a?
where Cp o > 0 is independent of f.

WLl,w,a S Clvw7aHfHL1,w,a7

Proof. We need to introduce other maximal function defined on a space of ho-
mogeneous type (X, d, ). By this we mean a topological space X = R equipped
with a continuous pseudometric d and a positive measure p satisfying

w(E(z,2r)) < Cu(E(x,r)) (2.2)

with a constant C independent of z and r > 0. Here E(z,r) = {y € X : d(z,y) <

r}, duly) = lyPPetdy, d(z,y) = |z —yl.
Let M,, be the maximal function on the space of homogeneous type (X, d, p):

Mg(o) i=sup (B ) [ lg(w)lduty).
r>0 E(x,r)
It is well known that the maximal function M, is weighted weak type (1,1) with
w € Aj o, and is bounded on L, ,(X,d, p) for 1 < p < 0o, w € A, (see [2, 13]).
Here we are concerned with the maximal operator defined by du(y) = |y[***1dy.
It is clear that this measure satisfies the doubling condition (2.2).
Also it is known that (see [12])

Mo f(z) < CMpug(z), (2.3)

where the constant C' > 0 independent of f.
Then for p =1 and w € A; o

w() dals) < [ w(z) du(z)

/{xGR: Mo f(z)>7} {zeX : M,Lf(x)>%}

Cl’w’a x)|w(x x
<2 [ f@le) dut@). (24)

and for 1 <p < oo and w € Ay,
1Mo fllpwa < ClMyuf]

p7w7a S Cp7w7a||f”p7w7a.
U

Denote by K,(z) the following McDonald function (modified Bessel function,
see [11])

2 174 o
K, (z) = ( g) /O trlear 1= gt (2.5)

and for t > 0, x € R let

9 Kita (vt2 + 962)
m(x,t) =1/—t

14+a
* ()
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We define the D-metaharmonic semigroup M; ,f as the convolution with the
kernel m(z,t) in the form

(Mo f)(@) := [ *a (m(-,1))(x) = Am(y,t)fxf(—y)dua(y)- (2.7)

We also define the Dunkl-Poisson semigroup F; . f as the convolution with the
kernel P,(z,t) in the form

B@ﬂ@ﬁaéf@xua@xﬂmmM@xt>o,xeR

a 2010 (a3
where P o(7) = mat(t? + ]a:\Q)_Q 2, Ma = # Note that, Dunkl-
Poisson integral is an integral operator of convolution type generated by the

generalized D-translation P; o f(z) = (Pa *a f) (2).

Corollary 2.1. 1) If f € Ly o and w € Ay 4, then for allt >0 M f, Pof €
WLy and

el <o

t>0 WL w,a

mmm@ww < Cullfllrn
t>0 WL w,a

where C1 .o > 0 is independent of f and t.
2)If f € Lpwa(R), 1<p<ooandw € Apq, then M f, Piof € Lpwa(R)

S C S C2HfHLp,w,a7

sup [ My f|
t>0

sup | Prq * f|
>0

Lp,w,a Lvava

where Cp o > 0 is independent of f and t.

3. Weighted (L, ., L,) boundedness of the Dunkl fractional
maximal functions

Definition 3.1. The weight function w belongs to the class A, 4 o for 1 < p < oo,
1< g < oo, if

sup (pa(Ble.r) ! [ )
< (B [

—p 1/p
w (y)dua(y)> <00
B(z,r)
and w belong to Aj 4, if there exists a positive constant C' such that for any

zeRandr >0

- 1/q 1
(na(Br) ™ [ i) (essswp ) <
B(z,r) yEB(z,r) w(y)

Remark 3.1. (see [5, 6]). If w € Apga, 1 < p < g < 00, then the following
properties are valid:

(a) w? € Ao with t =1+ ¢q/p'.

(b) wP € Ap o, with ¢/ =1+p/q.

(c) we Agpa-
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(d) wP € Ao with s=1+p/q.
(e) w? e Ay o with s =14¢'/p.
For the D-fractional maximal functions Mg, f (see [8, 9])

M (@) = sup(na(BO) == [ 1) dsaly), 0< 5 < 2042
r>0 B(OJ‘)

the following theorem is valid.

B 'p q  2a+2’
p = 1%' Then there exists C' > 0 such that for all f € Ly, o(R) the following
mequality is valid:

</R (Mﬁ’“(f “’B)(@)q w(x) dua@c)) " <C (/R |f(2)Pw() dﬂa(x)) "

Proof. We need to introduce other fractional maximal function defined on a space
of homogeneous type (X, d, i) (see, the proof of Theorem 2.2).
Let M,, be the maximal function on the space of homogeneous type (X, d, p):

1B
My p9(z) = sup p(E(a,r) "5 [E W), 055 <20 +2
> x,r

Theorem 3.1. Let 0 < f < 20+2, 1 <p< 2ak2 1_1 B we Aita o(R),
P

It is well known that the fractional maximal operator M, g is weighted weak
type (1,q) with w € Ay 44, and is bounded from L, (X, d, ) to Ly (X, d, 1)
for 1 <p < oo, w € Apga (see [2,10]). Here we are concerned with the maximal
operator defined by du(y) = |y[***1dy. It is clear that this measure satisfies the
doubling condition (2.2).

Also it is known that ( see [12])

Mpof(z) < CM,ag(z), (3.1)

where the constant C' > 0 independent of f.
Then for p=1and w € Aj 40

1/q 1/q
( / w(z) dua<x>> < ( / w(z) du<m>>
{x€R: Mg o f(x)>7} {zeX : My pf(x)>5}

C W,
< S [ \f@)uls) duta). (32)
T R
and for 1 <p < ooand w € Apga
[Mg.afllguwa < ClIMupf

[ Fllp,w.a

q?w?a S Cp7q7w?a

Similarly, one can prove the following theorem.

Theorem 3.2. Let 0 < f < 2a+2, 1 — % = 2ai2, w € A1o(R). Then there

exists C > 0 such that for all f € Ly, (R) the following inequality is valid:

1/q
( / w(z) dﬂa(@) <C [ 1f(@)(o) duao)
{z€R:Mg o f(x)>T} R
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4. Weighted (L, ,, L,,) boundedness of the Dunkl fractional
integral

We now consider the Dunkl fractional integral

Iy ad( / WP b(@)dpaly), 0 < B < 2a+2.

In this section, using the method of G.Welland [21], we give a full description
of measures for which weighted estimates for the Dunkl fractional integral I3 f
hold.

We start with the lemma.

Lemma 4.1. For any ¢, 0 < ¢ < min(B,2a + 2 — [3), there exists a constant
ce > 0 such that for any nonnegative function ¢ : R+ — R and for any point
x € Ry the following inequality holds:

Iﬁ,a¢(x) < Cs\/Mﬂ—a,a¢($)M5+a,a¢(x)- (4'1)

Proof. Let r be an arbitrary positive real number. We write the integral as the
sum of two integrals:

Iyad(a) = /B o @) + / 15207 () ).

R\ B(0,r)

For 0 < & < 8 we have

/ 1918221 () dpta(y)
B(0,r)

oo

/ 18221 () dpta(y)
k=0 B(0,2=kr)\B(0,2=k=1r)

s B—2a—2
< 2kl / TyO(x)d g
< kZ:O( ) |y O al0)
© B—e—20—2
a0 S RS Y IO TN
k=0 B(0,2=kr)

< Cr*Mp_cod(x).
On the other hand, for 0 < € < 2a+ 2 — 3 we have

/ 1918221 () dpra(y)
R\B(0,r)

/ » 52027 () dpa ()
(>

TM?) i M8

2k+17)\ B(0,257)

B—20—2
) /  aeny, @)

<
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Consequently, we obtain that for any ¢, 0 < ¢ < min{f,2a + 2 — 8}, there
exists a constant c¢. > 0 such that for every nonnegative function ¢ and for any
x € R and r > 0 we have

Igad(x) < e (r°Mpc,ad(@) + 17 Mpie,ad()) - (4.2)
Taking
e <A4B+aa¢(m)>l/2
Mp—cad(x)
in (4.2), we obtain (4.1). O

Theorem 4.1. Suppose that 1 < p < 2ag27 % =

— 26&_2. Then the inequality

D=

q 1/q 1/p
([[ratretio s@inate)) <o [ lr@pa@in@) @
R R
holds for any f € Ly, o(R) with a constant ¢ > 0 independent of f if and only if

weAsa®), B=1+<. (4.4)

/

Proof. If w € Ago(R), then w € Ag_, o(R) for sufficiently small positive 7.
Therefore it is possible to choose ¢, 0 < ¢ < min{j, 2a + 2 — 8}, in such a way

simultaneously w € Ag, o(R), with 31 =1+ m and w € Ag, o(R), with

Bo =1+ m. If we now take

then we obtain that w € A1+‘;—§ and w € AHZ:?'

Denoting p; = 2% and py = 2%. we have

1 1
— = =1
p1 P2
Put
a/
Fi(x) = (Mg realfo’) (@) w(@)!?
and
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Further, (4.1) together with Holder’s inequality imply the estimate

/ [13.0(5) @) w(@)ditalz) < ce / Fi(2) Fa(@)dpa() <
R R

1/p1
<o ([ (Mecatre?) )" wldtiale)) 5

x My e a(fo) (@)™ w(@)dpa () e
(L ) )

1/171

— o ([ (Masealre?)@) " wlaldiale) ) x

([ (et o)

Finally, using Theorem 3.1 we conclude that

||Iﬁya(fw6)||Lq,w,a S CHfHLp,w,a

The implication (4.3) = (4.4) follows from the pointwise inequality

Mg o(fu”)(z) < e1lp o] f1w”) (@)

and Theorem 3.1. O

Remark 4.1. For the Riesz potentials, Theorem 4.1 is due to B.Muckenhoupt
and R.L. Wheeden [14]. It was proved by using the above described method by
G.Welland [21].
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