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TWO-WEIGHTED INEQUALITY FOR p-ADMISSIBLE
By, ,~SINGULAR OPERATORS IN WEIGHTED LEBESGUE
SPACES

VAGIF S. GULIYEV, FATAI A. ISAYEV, AND ZAMAN V. SAFAROV

Abstract. In this paper, we study the boundedness of p-admissible sin-
gular operators associated with the Laplace-Bessel differential operator

Z 612 + E o 0;1; (p-admissible By, ,—singular operators) on a

Welghted Lebesgue spaces Ly (R} ) including their weak versions.
These conditions are satisfied by most of the operators in harmonic
analysis, such as the By, ,,~maximal operator, By, ,—singular integral op-
erators and so on. Sufficient conditions on weighted functions w and
wi are given so that p-admissible By, ,,—singular operators are bounded
from Ly o (R} 1) to Ly w, (R ;) for 1 < p < oo and weak p-admissible
By, n—singular operators are bounded from Ly ., o (R} ) to Ly w, o (RE 1)
for 1 <p < oo.

1. Introduction

The singular integral operators considered by S. Mihlin [26] and A. Calderon
and A. Zygmund [7] are playing an important role in the theory of Harmonic
Analysis and in particular, in the theory of partial differential equations. M.
Klyuchantsev [25] and I. Kipriyanov and M. Klyuchantsev [24] have firstly intro-
duced and investigated the boundedness in L,-spaces of multidimensional singu-
lar integrals, generated by the B ,-Laplace-Bessel differential operator (B ,—
singular integrals), where

0? v 0
Bl+282, 1= 8713%_’_%6 , v > 0.

LLA. Aliev and A.D. Gadjiev [5], A.D. Gadjiev and E.V. Guliyev [11] and E.V.
Guliyev [13] have studied the boundedness of By, singular integrals in weighted
L,-spaces with radial and general weights consequently. The maximal functions,
singular integrals, potentials and related topics associated with the Laplace-Bessel
differential operator By, ,,~which is known as an important differential operator in
analysis and its applications, have been the research areas of many mathematicans
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such as I. Kipriyanov and M. Klyuchantsev [24, 25], L. Lyakhov [29, 30], A.D.
Gadjiev and I.A. Aliev [4, 5], I.A. Aliev and S. Bayrakci [2, 3], V.S. Guliyev
[15, 16, 17] and others.

In the paper, we shall prove the boundedness of p-admissible singular operators,

k

0? v 0

]:
(p-admissible By, ,—singular operators) on a weighted L, spaces. Sufficient con-
ditions on weighted functions w and w; are given so that p-admissible By, ,—
singular operators are bounded from Ly, (R} ) to Ly, (R} ) for 1 <p < oo
and weak p-admissible By, ,,—singular operators are bounded from vawﬁ(sz +) to
prlﬁ(]RZ’Jr) for 1 <p < co. Note that, our results in the case k£ = 1 were proved
n [13], which is some generalization of the paper by I. A. Aliev, A. D. Gadjiev
[5].

We point out that the p-admissible By, ,—singular operators (see Theorem 2.1).
These conditions are satisfied by many interesting operators in harmonic analysis,
such as the By, Riesz transforms (see [9, 10]), By, —singular integral operators
(for example, for k = 1 see [5, 11, 13, 24, 25| ), By, ,,~Hardy-Littlewood maximal

operators ([18], for n = k = 1 see [32], for k = 1 see [17] and for k = n see [15])
and so on.

n
associated with the Laplace-Bessel differential operator By, = )
,L'_

2. Notations and Background

Suppose that R" is the n-dimensional Euclidean space, x = (z1,...,x,),
&= (&,...,&) are vectors in R, (x,§) = x1&1 + ... + 2p6p, 2| = (2, 2),
x=(2,2a"), 2 = (v1...,2 ):U:(:UkH,.,xn).LetRﬁJr:{xeRk:$1>
0....2% > 0}, RY { = (1 Tp) 1 X1,T2,...,Tx > 0} 1 < k < n,

Sk,+ ={zeR}, \az| =1}

For z € Ry | and r >0, we denote by E(x,r) ={y € R} | : |z —y| <r} the
open ball centered at x of radius r, and by EE(x,r) =R}, \ E(z,7) denote its
complement, E' (2/,r) = {y/ € Rk : |2/ —y/| <7}, ‘B’ (#',r) = RE,\ E' (2, 7).

For measurable set F C ]RkJr denote |E\7 = fE )Ydx, then |E(0,7)|, =

()P, where 3 = (1., ), (@)1 = 27 . _a7* and w(n, ) = |BO, .

An almost everywhere positive and locally mtegrable function w : Ry, —R

will be called a weight. We shall denote by Ly, . (R} | ) the set of all measurable
functions f on Ry, such that the norm

HfHLp,ww(R;g#) = Hf”zo,wry;]Rg+ = </]R"

1/p
\f(x)\pW(w)(x’)”dw) , 1<p<oo
ot
is finite. For w = 1 the space Ly, (R} , ) is denoted by Ly (R} | ), and the norm

1Ay oy DY IfllE, e -
The operator of generalized shift (By,,—shift operator) is defined by the fol-
lowing way (see [18], [30]):

TVf(x / / (@9, 2" — o) dv(B),
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where
k

k .
C’y,k = 7T_§F_1 (%) 1:[11—‘(1/27“)7 (xlay/)ﬁ = ((xlayl)ﬁr“(l‘kaykz)ﬁk)a(xiayi)ﬁi =

k
(#2 — 2x5y; cos B + yH)V2, 1 < i <k, dv (B) = [] sin? ! B dBy ... dB.
i=1
Note that this shift operator is closely connected with By, ,~Laplace-Bessel

singular differential operators (see [18], [30]).
The translation operator T generated the corresponding By, ,,-convolution

(fog)(x)= fW)Tg(x)|(y')dy,

Ry +
for which the Young inequality
£ @l <Ml oy, . 1Spar<ce, —+o=1+1
Ty Py a7 p q r
holds.

Lemma 2.1. 28] Let 1 < p < co. Then for ally € R} ,, T f belongs Ly (R} )
and

IOl < I£1, - (2.1)

Definition 2.1. A function K defined on Ry .,
in the space RE + if

i) Ke C2(RE ) ;

i) K(rz) = r" "MK (z) for each r >0, z € R% 45

iii) fSk,+ K(z)xVdo(x) = 0, where do is the element of area of the Sy, ;.

is said to be By, ,,—singular kernel

The operator T is called sublinear, if for all A, x > 0 and for all f and g in the
domain of T’

TS + pg) (@) < NTf(x)] + p|Tg(z)].

Definition 2.2. (p-admissible By ,-singular operator). Let 1 < p < oco. A
sublinear operator 7" will be called p-admissible By, ,,—singular operator, if:
1) T satisfies the size condition of the form

Koo [T (Pl e ) )]

< Cxy @) | TV~ P | f()] (4)'dy (2.2)

n\B(a,2r)

for x € Ry | and r > 0;
2) T is bounded in Ly, (R} , ).

Definition 2.3. (weak p-admissible By, ,,—singular operator). Let 1 <p < co. A
sublinear operator 1" will be called the weak p-admissible By, ,,—singular operator,
if:

1) T satisfies the size condition (2.2).

2) T is bounded from L, (R} | ) to the weak WLy, (R} ).
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Remark 2.1. Note that p-admissible singular operators were introduced and their
boundedness on vanishing generalized Morrey spaces was studied in [31]. Also
®-admissible singular operators and weak ®-admissible singular operators were
introduced and their boundedness on generalized Orlicz-Morrey spaces was stud-
ied in [19, 21].

First, we establish the boundedness in weighted L, , spaces for a large class of

p-admissible By, ,—singular operator.

Theorem 2.1. Let p € (1,00) and T be a p-admissible By, ,-singular operators.
Moreover, let w(z), wi(z) be weight functions on R} | and the following three

conditions are satisfied:
(a) there exist b > 0 such that

sup  wi(y) <bw(x) for ae. xR |,

|z]/8<|y|<8la|
p—1
(b) A=sup /m (2)|z|~ P ()Y d /wlpl(x)(a:’)”’dx <00,
r>0
Cp(0,2r) (0,r)
p—1
(¢) B=sup /w1 (z)(2")Vdx /wlp/ (z) ||~ FPDY () de | <o,
r>0
(0,r) Cp(0,2r)

Then there exists a constant c, independent of f, such that for all f € LPMW(RZA_)

[ mi@Pa@Eyd<e [ lf@pe@erd. @)

n

Moreover, condition (a) can be replaced by the condition
(a') there exist b > 0 such that

1
wi(x) sup —— | <b forae xeR"™
el /8<lyl<8le] @ (Y)

Proof. For | € Z we define E; = {z € R}, : 2t < |z| < 2}, By = {z €
Ry, 2| < 271 By = {x € Ry, 271 < x| < 22} B3 = {z €
R, ¢ |z| > 2172}, Then Ej» = E;_1 U E; U Ej4; and the multiplicity of the
covering {Fj 2}, is equal to 3.

Given f € Ly~ (R} ), we write

TF@)| =D |ITf(@)xe (@) <Y |Tfii()| xe ()

lezZ lez
+ > |Tha(@)| xm(@) + Y ITfis)| xe ()
lez leZ

=T f(x) +Tof(z) + T3 f(x),

where x g, is the characteristic function of the set £, f; = fxEl,i, 1=1,2,3.
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First we shall estimate HTlf”Lp o Note that for z € Ej, y € Ej1 we have

ly| < 2!71 < |x|/2. Moreover, E; N suppf,; = @ and |z — y| > |2|/2. Hence by
(2.2)

TV 1 Ifz,l(y)!(y')”dy> XE,

Ty f(x <COZ</

lez k,+

< / & — 7P| () dy
E(0,|z|/2)

< gn+hlgg |z~ / o O W

for any = € E;. Hence we have

/n Ty f(2)|Pw: (x) (2)7dw

p p
< (2141o) / ; <[E(o| 1/2) o <y/)7dy> ) (e

Since A < oo, the Hardy inequality

[ wrtajalrhie ( L 0 <y'>vdy> (o) da

<C |f(2)Pw(z) (2')dx
R,

holds and C' < A, where ¢ depends only on n and p. In fact the condition
A < o0 is necessary and sufficient for the validity of this inequality (see [1], [8]).
Hence, we obtain

n

[ mf@pae @ d<a [ @l @rd. @0

where ¢ is independent of f.
Next we estimate [[T3f][, oo As is easy to verify, for x € Ej, y € Ej3 we

have |y| > 2|z| and |z — y| > |y|/2. Since E;Nsuppfiz = @, for x € E; by (2.2)
we obtain

Tyf(z) < co / TPl £ ()] () dly

CE(0,2]a))

< g, / sy O )y

< ot /GEM| @y oy
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Hence we have

| mf@pa) @) ds

< (2Fla)" [ ( Jop T <y/>7dy> (@) (@')da.

Since B < oo, the Hardy inequality

/n wi () </3E(0,2a:|) |F(y)llyl (y’)”d?)/) (')dx

k,+

<C | (@)[Pw(z) () da
R+

holds and C' < B, where ¢’ depends only on n and p. In fact the condition
B < oo is necessary and sufficient for the validity of this inequality (see [1], [8]).
Hence, we obtain

/ T3 f(2)[Pwr (2) (2')dz < e / |f(2)[Pw(z) (2')dz, (2.5)
RE P

where ¢z is independent of f.
Finally, we estimate || T%f|, vy, By the Lp~(R} ) boundedness of T and

condition (a) we have

| mi@pae @yde= [ (Dm 2)| X, )) wn(a) (@')do

Ry \iez
:/ (Z T fi2(x)[” XE;(@) wi(z) (2')dx
RZ+ lez
-y / T @) wi(2) (') de
ez
<3 supwn(y) / Tia@)P (o)da
ez VEEL Ry 4+
<ITPY swen) [ sl @)ds
1ez YEE R% +
= TIPS sup wiy / F@)P (@) de,
ez yeE; E; 2
where ||T|| = HT”Lp,w(RZ,Q—%pn(RZ,Q' Since, for x € Ej, 2!71 < |z < 2142 we
have by condition (a)
supwi(y) = sup  wi(y) < sup  wi(y) <bw(w)

yEE, 2l-1<|y|<2i+2 |z /8<]y|<8|x|
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for almost all x € Ej 5. Therefore

[, mr@pa@E e <y [ e e

k,+ lez

<a [ If@Pe) ), (2.6)

where c3 = 3||T(|Pb, since the multiplicity of covering {Ej2},., is equal to 3.
Inequalities (2.4), (2.5), (2.6) imply (2.3) which completes the proof. O

Similarly we prove the following weak variant of Theorem 2.1.

Theorem 2.2. Let p € [1,00) and let T be a p-admissible By, ,,—singular opera-
tors. Moreover, let w(z), wi(z) be weight functions on R} | and conditions (a),
(b), (c) be satisfied.

Then there exists a constant ¢, independent of f, such that

wy (x)(2')dz < ﬁ If(x)lpw(w)(w')”dw (2.7)

/{xER n T f(@)[>A}

for all f € Lp,w,«,(RZ#).

Let k is a By, —singular kernel and K be the By ,—singular integral operator

Kf(x) = po. / TUk(2) () () dy.

n
R+

Then K is a p-admissible By, ,-singular operator for 1 < p < oo and weak
p-admissible By, ,,—singular operators for 1 < p < oco. Thus, we have

Corollary 2.1. Let p € (1,00), K be a By, —singular operator. Moreover, let
w(z), wi(w) be weight functions on R and conditions (a), (b), (c) be satisfied.
Then the operator K is bounded from Ly, (R} ) to Lpw, (R ).

Corollary 2.2. Let p € [1,00), K be a By, —singular operator. Moreover, let
w(z), wi(w) be weight functions on R and conditions (a), (b), (c) be satisfied.
Then the operator K is bounded from Ly, (R} ) to WLy, A(RE ).

Remark 2.2. Note that, the conditions p-admissible By, ,—singular operators are
satisfied by many interesting operators in harmonic analysis, such as the By, ,—
maximal operator, By, ,—singular integral operators, By, ,~Riesz transforms and
SO on .

Theorem 2.3. Let p € (1,00) and T be a p-admissible By, ,-singular operators.
Moreover, let w(x'), wi(x') be a weight functions on R’_CH and the following
three conditions be satisfied
(a1) there exists a constant b > 0 such that

sup wi(y) <bw(z') for a.e. af €R++,
|z’|/8<|y’|<8|z|
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(1) A =5p (o g5y 1 (&)’ | D0 (')

p—1
X (/ w! (:U')(m')”dm') < 00,
E'(0,r)

B = , !/ /’yd !
(c1) 1 ig}g(fE(Om)wl(x)(x) x)

p—1
X / WP (&) ||~ kDR () da! < 0.
Cp’ (0,2r)

Then there exists a constant c, independent of f, such that for all f € L, (R} )

n

[ mr@prae)e@yd<e [ f@PeaOEd. 28

Moreover, condition (a) can be replaced by the condition
(a1") there exists a constant b > 0 such that

1
wi(z') ( sup ) <b forae o €RE,

ja/| /8 <y’ |<8la’| @ (Y')
Proof. For | € Z we define E; = {z € Rp ¢ 28 < Jof| < 2FH1Y, E = {z e
Rp, : 2| <271, B = {x €Rp, : 2l*i < |2 <29 E3 = {z €
Ry, o |2 > 2172} Then Fj» = E;—1 U E; U Ej4 and the multiplicity of the
covering {EZ’Q} is equal to 3.
ez

Given f € Ly, (R} ), we write

Tf(2)| =Y |ITf()xg @) <D ITfia(@) x5 (@)

lez lez
+ Y T fia(@)|xg, (@) + Y 1T fia(@) xg, (@) (2.9)
lez leZ

=T f(x) +Tof(z) + T3 f(x),

where XE, is the characteristic function of the set E’l, fri= fXEl L,t=1,2,3. We
shall estimate ||T1f]|, vy, Note that for z € B, y € El,l we have |y/| < 271 <
2’| /2. Moreover, Ey N suppfi, = @ and |&/ — /| > |2/|/2. Hence by (2.2)

Tif(x <c4Z</ i >rTy|xr"”'dy> YE,

lez

i [ Lo @y

Rk JE(0,|2'|/2)

s [ [ e =y )T )l
Rr=k JE(0,|2']/2)

IA
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for any = € Ej. Using this last inequality we have

| 1@ @)y

, p
< [ ([ [ el )l
Ry | Rn—k JE'(0,|2'|/2)

x wi(z")(2')Vdx.
For z = (2/,2") € R™ let

I(2)

p
- / ( / / , (12| + | = y")) |f(y’,y”)|(y'>my'dy~) dz"
Rn—k Rn—k JF (O,|m/|/2)

p
:/]R -k </E’(0| '1/2) </R (el - v ‘f(y/’yﬂ)‘dy/> (y/)my/) "

Using the Minkowski and Young inequalities we obtain

1o 1" e dx" , . p
Pq -
/E'(07|fv’|/2) </Rnk lf(y'y")[Pdy ) </Rnk (2’| + ’J:”D”H’ﬂ) (y')'dy
p
dz" P
- FC) lpmne (') dy’ (/ )
</E’(0,z//2) 7t )HPR +v) gk (|2| + |2"])nt 1]
P " P
= /_(k+|’7|)p . / . / fyd / / L
. </E’<o,|z/|/2> 176l y) ( ro— (|| + 1) +h]

P
= ¢gla’|” K TIDP / £ Gy e () Ty |
E'(0,]2"]/2) ’

Integrating in Rﬁ L we get

I(2") <

| mi@pae)e)

Rk,+

p
< 67/ wi(a!)[a! [P </ Hf('ay/)Hp,R"k(y/)’ydy/) (2')7da’.
R B (0Ja'|/2)

++
Since A; < oo, the Hardy inequality

p
/ wi(a) ||~ < / 1£ (4l (y’)”dy’> (') da’
R E'(0,]2'|/2)

k
++

<c / LGP (e () Vda?
R{i+ p7

holds and C < ¢/ Ay, where ¢’ depends only on n and p. In fact the condition
A;j < o0 is necessary and sufficient for the validity of this inequality (see [6], [22]).
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Hence, we obtain

/n Ty f ()P (2) (2) T < 09/ |f (@)[Pw(z’)(2') da. (2.10)

n

Let us estimate |]T3f||Lp oo As is easy to verify, for z € Ej, y € El73 we have

/| > 2|2/| and |2’ — /| > |¢/|/2. Since E; N suppfrz = 9, for x € E; by (2.2) we
obtain

Tyf(2) < cs / / W (W] + 12" — ") Yy dy”.
Rn—Fk 02|$’|

Using this last inequality we have

[ @)@y

Rk#

< / / / (/| + 2" — ")y ayay” | el () da.

Re+ \BR"7F Cg/(0,2]ar|)

For z = (2/,2") € R" let

nw) = | / [ @l w1+ =) " iy | @y

Rn—k 02‘ /l Rn k

Using the Minkowski and Young inequalities we obtain

1/p dy” p
Ii(2) < / (/ fy) pdz/’) (/ ) y')dy'
1) "B’ (0.210")) s Rk (Jy/] + [y )"+ W)
p

d /!
- 1—k—|v| / NY 3,0 Y

=c Y Jly n—k(y)"dy (/ >

6< Josg oy 1917 e 4 ) o T

p
p ( / ry’|k'7'||f<-,y’wp,Rn-k(y')wy') .
E'(0,2]2'])

Integrating over Ri 4 we get

hS]

[ mf@pa ) @)

RE+

SCB/
Rk

++

P
( /CE,(0 oy WIS y'>||,,,Rnk<y'>7dy"> wr (@) (') da".
2|z’
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Since By < oo, the Hardy inequality

p
/ (@) ( )i om, ry’|-’“-”'uf<-,y/>up,w1<y'>7dy’> (a'da’
< C/ I£(, pRn,k|x’\’(k+”|)pw(x’)|x’|(k+|7|)p(a:’)7d:c’

=C |f(@)[Pw(a’)(2")dx
RY,

holds and C < ¢/By, where ¢’ depends only on n, v and p. In fact the condition

B1 < oo is necessary and sufficient for the validity of this inequality (see [6], [22]).
Hence, we obtain

[ 1mf@Pra@) @ d<en [ f@pPo)@ ). (21
R}, n

Finally, we estimate T2 f| . w1 BY the Ly, (R} ) boundedness of 7" and con-
dition (a1) we have

/ (T f () Pwr (20) (2') dar = / (ZITfm 2)| X, (@ >> wi(a')(a) da
o+ RE+ \iez

/ <Z T f12( ( )) ') dx = Z \Tfl 2 (2)|P wi(2')(2")Vdx

lez lezZ

< Z sup wi(y / T fra(2)[? (') da

1e7 yEE

<717 S sup wi(y) / fia(@)P (') de

leZ yeE

= TP sup wily / |f(@)[P(2')Vda,
Ey 2

lez yeE,
where |T|| = |Tlr, &g )1, Ry ,)- Since, for @ € Eyp, 271 < |2'] < 272, we
have by condition (aj)

supwi(y’) =  sup  wi(y) < sup wi(y) <bw(a)

YEE) 2=y |<2t+2 |21/8<]y’|<8]2'|

for almost all = € El,g. Therefore

[ mf@pa )@

Rk,+

<Py [ f@Pea)ds <en [ 1P @ dn (212

ez B
where c¢1; = 3||T||Pb, since the multiplicity of covering {Elyg} is equal to 3.

Inequalities (2.9), (2.10), (2.11), (2.12) imply (2.8) which completes the proof.
O
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Similarly we prove the following weak variant of Theorem 2.3.

Theorem 2.4. Let p € [1,00) and let T' be a weak p-admissible By, ,-singular
operators. Moreover, let w(z'), wi(z') be weight functions on R | and conditions
(a1), (b1), (c1) be satisfied.

Then there exists a constant ¢, independent of f, such that
wi@)(@)de < — [ |f@)Pwla) @) de (2.13)

<
RY+

/{:cE]RZ,+ T f(x)[>A}
for all f € Ly (Ry ).

Corollary 2.3. Let p € (1,00), T be the p-admissible By, ,—singular operators.
Moreover, let w(z'), wi(z') be weight functions on RE | and conditions (a1), (b1),
(c1) be satisfied. Then inequality (2.8) is valid.

Corollary 2.4. Let p € [1,00), T be the weak p-admissible By, ,,~singular opera-
tors. Moreover, let w(z'), wi(x') be weight functions on RX . and conditions (a1),
(b1), (c1) be satisfied. Then inequality (2.13) is valid.

Remark 2.3. Note that, if instead of w(x), wi(x) respectively put w(z’), wi(x'),
then from conditions (a), (b), (¢) will not follows conditions (a1), (b1), (c1) re-
spectively.

Theorem 2.5. Let p € (1,00) and T be a p-admissible By, ,—singular operators.
Moreover, let w(t) be a weight function on (0,00), wi(t) be a positive increasing
function on (0,00) and the weighted pair (w(|z|), wi(|z])) satisfies conditions (a),
(b). Then there exists a constant ¢ > 0, such that for all f € Ly (R} )

/ T (&) P (Ja]) (2! < e / (@) Pa(la]) @) de. (2.14)
R

Ry
Proof. Suppose that f € LPWJK}’(RZ, ) and wy are positive increasing functions on
(0,00) and w, w; satisfied the conditions (a), (b).
Without loss of generality we can suppose that w; may be represented by

w1 (t) = w1(0+) + /Otz/J(/\)d)\,

where wi(0+) = limy_,owi(¢) and wi(t) > 0 on (0,00). In fact there exists a
seqgence of increasing absolutely continuous fuctions w,, such that w,(t) < w;(t)
and lim @, (t) = wi(t) for any t € (0,00) ( see [12], [14] for details ).
n—oo
We have

J

n
k,+

17 f(@)Per(la) @) do = (04) [ T f@P @) ds

n n
kot Ry+

J/-p
+/M+|Tf< ) <0

If wi(0+) = 0, then J; = 0. If w;(04+) # 0 by the boundedness of T in
Ly (R} ;) thanks to (a)

|z

¢(A)dA> (2')'dx = Jy + Jo.

Jy < | T]Pwr (0+) / @) Py da

n

k,+
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<71 [ U@Peel@ e <bITIP [ 5@l ds.

Ko+ RE+

After changing the order of integration in J» we have

Jy = /0 ey ( /GE(OA) \Tf<x>|p<m’>mx> 0\

1 [ .
<2 /0 P(A) (ﬁE(O,)\) IT(fxey, B0 /\/2))(;3)| (2')"dx
! AE(O,/\) |T(fXE(O’)‘/2))($) |p(x,)7dx> d\ = Jo1 + Jog.

Using the boundeedness of 7" in Lpﬁ(]RZ, ) and condition (a) we have

T <717 [ o ( /CE(O » |f<y>|f’<y'>wy> it
2ly|
=i [ e ( / ww) (v/)dy

<ITIP [ 1P )y
<Ozl [ e ds

Let us estimate Jag. For |z| > X and |y| < A/2 we have
|z]/2 < |o —y| < 3Jz]/2,

and so

I yx_n_lfﬂ / x/ x
Jas < / B\ </ o (/E(W)T! | rf<y>|<y>wy> («')"d )dA
p
. / o~ DP (VY
< 5/ BN (/ . (/E(O’QA)|f<y>|<y>7dy) |~ >Wd>dx
. (n+ by (p=1) / ,
. / PN ( /E o O wy) dx

The Hardy inequality

P
/ BAYA- DD ( /E (OA/2)|f(y>|<y’>’Ydy> dx

<c / WP () () dy
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ie valid, for p € (1, 00) is valid by the condition C' < ¢/ A" (see [6], [22]), where

p—1
A Esup( () DDy ) </ wl_p'(\y!)(y’)'ydy> < o0.
7>0 27 E(0,7)

Note that
/ ()t E-D) g

=+ -1) /: W(r)dr /Oo A—E=(+ D=1 g

o A
=(n+)p- 1)/ )\—k—(nﬂvl)(p—l)d)\/ W(r)dr
2t o

<(n+hhp-1) / MBI DG, ()4
2t

_ (-1
w(n, [y])

Condition (b) of the theorem guarantees that A’ < M.A < 00. Hence,

w(n, )

S anuDlyl Py
£(0,2t)

applying the Hardy inequality, we obtain

Jn < e [ If@)lPallel) @ da.
RE 4

Combining the estimates of J; and Jo2, we get (2.14) for wi(t) = wi(0+) +

fo 7)dT . By Fatou’s theorem on passing to the limit under the Lebesgue

mtegral sign, this implies (2.14). The theorem is proved. O

Corollary 2.5. Let p € (1,00), k be a By, -singular kernel and K be the cor-
responding operator. Moreover, let w(t) be a weight function on (0,00), wi(t) be
a positive increasing function on (0,00) and the weighted pair (w(|x|), wi(|x]))
satisfies conditions (a), (b). Then for the operator K the inequality (2.14) is
valid.

Example 2.1. Let

DD L ot e (07 l)
w(t —{ (2871 mP 2) 8, for te [, 2) ’
[ DD for e (0, 1)
wi(t —{ 2a—pHlpa for te [%700) ’

where 0 < a < < (n+ |y])(p —1). Then the weighted pair (w(|z|), wi(|x]))
satisfies the condition of Theorem 2.5.

Theorem 2.6. Let p € (1,00) and T be a p-admissible By, ,-singular operators.
Moreover, let w(t) be a weight function on (0,00), wi(t) be a positive decreasing
function on (0,00) and the weighted pair (w(|z|), wi(|z|)) satisfies conditions (a),
(¢). Then inequality (2.14) is valid.

Proof. Without loss of generality we can suppose that w; may be represented by

w1 (t) = wi(400) + /too W(T)dr
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where w(+00) = 1tlim wi(t) and wi(t) > 0 on (0,00). In fact there exists a
—00

sequence of decreasing absolutely continuous fuctions o, such that w, (t) < w;(t)
and lim,, o @y (t) = wi(t) for any ¢ € (0, 00)( see [12], [14] for details ).
We have

| wr@padaheyis s+ [ Ti@reyd

+ / T ( : wmm) (2')dx

=1 + I.

If wi(+00) = 0, then I; = 0. If wi(400) # 0, by the boundedness of T" in
Ly, (R} ;) and condition (a) we have

Jy < [Tl (+00) / O
< |7 / )P (Je]) (@) da
<o) [ 1f@)Pe(lal) ) de.

RY

After changing the order of integration in J, we have

Ty = / e ( / . |Tf<x>|P<m’>’Ydsv> aA

p—1 DIP (2 dx
<2 /0 P(A) (/E(m) IT(fXxE@©2x1) (@) (') "d

+ / IT(fXE@©,20)(T) Wﬂb")”da:) d\
E(0,))

= Jo1 + Joo.

Using the boundeedness of 7" in Ly(IR}. , ) and condition (a) we obtain

Jn < |7 /0 T ( /| » |f<y>\p<y’>wy> dat
yi<
— |7 / |p< /wadA) () dy
y

< |7 / u)Pwr (ly/2) (') dy

<b||T| / WP () () dy.
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Let us estimate Jog. For |z| < A and |y| > 2\ we have |y|/2 < |x —y| < 3|y|/2,
and so

c Oo Y| |~ Y ! 2V dx
Jas < s /0 B(N) ( /E . ( AE(WM b)) dy> (a')d )dA
"e - —n—|v| Y ’ 2 Vdx
< 9 /0 B\ ( /E - ( ﬁmm =P £ ()] ) dy> (2')d )dA

— /0 At ( /GEW \y!‘”"”'\f(y)(y’)’ydy> iy

The Hardy inequality

/ T pyanth ( / o !yl‘”‘”lf(y)l(y’)”dy> aA
<c / y)[Ply] =Py bRy ) (Y dy = © / WP () dy

is valid, for p € (1, 00) is valid by the condition C < B’ (see [6], [22]), where

p—1
_sup</ ne t”ﬂdr) ( / wl-p’uynm‘"*'””p’(y')vdy) < 0.
>0 B (0,27)

Note that

T T t
n+1yl gy — d A=)
/0 HEEHNdE = (n -+ 1)) /0 ()t /0

T t
= (n AL T)dr
(n+ ) /0 A (r)
(n+ ) / AP (A
0

IN

n+ |y

Condition (c) of the theorem guarantees that B < w?::m)l? < oo. Hence,
applying the Hardy inequality, we obtain

T2 < 1o / | f@)Pefal) (')

Rk,+

Combining the estimates of J; and Jo, we get (2.14) for wi(t) = wi(4+00) +
ftooﬂ)(T)dT. By Fatou’s theorem on passing to the limit under the Lebesgue
integral sign, this implies (2.14). The theorem is proved. O

Corollary 2.6. Let p € (1,00), k be a By, —singular kernel and K be the cor-
responding operator. Moreover, let w(t) be a weight function on (0,00), wi(t) be
a positive decreasing function on (0,00) and the weighted pair (w(|x|), wi(|x]))

satisfies conditions (a), (c¢). Then for the operator K the inequality (2.14) is
valid.
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Example 2.2. Let

1 vl
w(t) = T I 4, for t<d
(d—n—h\—a In” )¢, for t>d’
L Il for t<d
— n+[v| t
wi(t) = { (d_nt_ml)\ n? é) A for t>d

B
where B < v <0, —n—|y| < A< a <0, d=erthl. Then the weighted pair
(w(|z|), wi(|z])) satisfies the condition of Theorem 2.6.

Theorem 2.7. Let p € (1,00) and T be a p-admissible By, ,-singular operators.

Moreover, let w(t) be a weight function on (0,00), wi(t) be a positive increasing

function on (0,00) and w(|z'|), w1(|2']) be satisfied the conditions (a1), (b1).
Then there exists a constant ¢ > 0, such that for all f € Ly (R} ;)

/ T ()P (|2 (@)l < e / F@Pe(e )@ e (215)
RE 4 R+

Proof. Suppose that f € vawﬁ(Rg 4), w1 are positive increasing functions on
(0,00) and w(t), wy(t) satisfied the conditions (a1), (b1).
Without loss of generality we can suppose that w; may be represented by

01(t) = wi (04) + /0 "B,

where w1(04) = lim;owi(t) and wi(t) > 0 on (0,00). In fact there exists a
seqgence of increasing absolutely continuous fuctions w,, such that w, () < wi(t)
and li_)m wp(t) = wi(t) for any ¢ € (0,00) ( see [12], [14] for details ).
n—oo
We have

/ T (&) P (ja/]) (@) ez = er (04) / T ()P () dart
R"F‘_ R

k o+
—"_ /
R

If wi(0+) = 0, then J; = 0. If w;(0+) # 0 by the boundedness of T in
Ly~ (R} ;) thanks to (a)

ITF ()P ( /0 ’ z/J(A)dA) (@)de = Ty + .

n
k,+

Ty < | T|Pwr (04) / @) Py de

n

k,+

<ITIP [ @) ds

k,+

< HTll”/n | (@)[Pw(l2') (=) da.

Rk,+
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After changing the order of integration in J, we have

" /0 o </Ri_’“ /GE'(O,A) |Tf(x)|p(x/)7dx) dA
= /0 v </Rnk /3E’(0,/\) (Xl 1>2/2)) () P (") dx

+ / /} |T(fX{|$/|§)\/2})(ZL‘)|p($/)7dl‘) d\ = J21 + JQQ.
Rr—k J"E'(0,))

Using the boundeedness of T' in Ly, 5 (R} ;) we obtain

T < Tl [ ot ( Lo oo f(y)”(y’)”dy) a
= P >
i [ (ﬁmw

)

2y'|
=irw [ s >||Wk<0 ww) (/)" dy

k,+

16, y’w;wk(y'wdyf) "

UTIP [ A2l DoV

k,+

<ol7lP [ 1Py ) .

k,+

Let us estimate Jog. For |2/| > A and |¢/| < A\/2 we have |2/|/2 < ||2/| — /|| <
3|2’|/2, and so

JQQgC9Z¢(A)( / / ( / / %d@l’@/)vdx)wg
(0.

Re—k by R0 E(0,0/2)

01007 e / / / / \x’\Jr\x” L"Dnﬂv('de)p(’f')”dx)d*

For x = (2/,2") € R}, let

p
fWl ) "

T, A) Ydy | d
. /R" * </E (0./2) /Rn k (l2'] + Ix”—y”!)"ﬂvl( v) y) v
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Using the Minkowski and Young inequalities we obtain

1/p dy” p
J(@' ) < / (/ fy ”dy”) (/ ) y')dy'
( ) B (0.0/2) Rn_k| ( )| — (‘y”|+‘x’])”+\’7| ( )
p
dy/ p
< FC Y prn-e(y) dy’ </ )
(/E«o,w 176 e ) o T+ [y
p
= cala’| DI ( / , ||f<-,y’>||p,Rnk@/wy')
E'(0,0/2)
/ p
(oo st
ret (14 [y
p
= cya’|"HPIP ( / , Hf(-,y’>|rp,Rnk<y'>wy’> .
E'(0,A/2)

Integrating in (0, 00) X (BE’(O,)\)) we get

J22<05/ P(A)
0
p
</ / 1 Cot)llpns )7y’ | /|1 | d
5 (0.0 \JE©O,1/2) ’

p
2¢c
= 5/ NP auelianhing (/ ||f(',y’)Hp,Rnk(y’)”dy’) dA.
E(0,0/2)

The Hardy inequality

p
/ (M)A~ FHhDpH R (/ ||f(-,y’)Hp,Rn—k(y’)”dy> dA
E(0,)/2)

<c / GNP ol D]

=C [ 1w)Pul )y

is valid, for p € (1, 00) is valid by the condition C < ¢/ A”, where

- -1
A = sup( ()t k+|~/|)p+7+kd7_> (/ wl—p’(t)tlvldt>p < 0.
0

>0
Note that

¢( )= BFEhDP Ik g — (k4 4] (p — 1) / (T dT/oo A~ (kD gy

2t T

A
= (k+ W) —1) / ATl / (e

<G+ 1) [ AL ()i
2t
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Condition (b1) of the theorem guarantees that A" < (k + |v||)(p — 1)A1 < oc.
Hence, applying the Hardy inequality, we obtain

Jn<en [ If@Pe(e ) da,
K+
Combining the estimates of J; and Jy, we get (2.14) for wy(t) = wi(0+) +

fg Y (7)dr. By Fatou’s theorem on passing to the limit under the Lebesgue in-
tegral sign, this iplies (2.15). The theorem is proved. O

Example 2.3. Let

_ tP~1nP L, for te (O, l)
w(t) —{ (26_p+11npt2) 8, for te [%,020) ’

tr—1 for te (0,1
wi(t) :{ a—ptlta - for te [(1 020)) ’

where 0 < a < < p—1. Then the pair (w(|2'|),w1(|2'])) satisfies the condition
of Theorem 2.7.

Corollary 2.7. Let p € (1,00), k be a By, —singular kernel and K be the cor-
responding operator. Moreover, let w(t) be a weight function on (0,00), wi(t)
be a positive increasing function on (0,00) and w(|z']), wi(|2|) be satisfied the
conditions (a1), (b1). Then for the operator K the inequality (2.15) is valid.

Theorem 2.8. Let p € (1,00) and T be a p-admissible By, ,-singular operators.
Moreover, let w(t) be a weight function on (0,00), wi(t) be a positive decreasing
function on (0,00) and w(|z']), wi(|2']) be satisfied the conditions (ay), (c1). Then
inequality (2.15) is valid.

Proof. Without loss of generality we can suppose that w; may be represented by
oo
ar(t) =wa(4o0) + [ i
t
where wq(+00) = tlim wi(t) and wi(t) > 0 on (0,00). In fact there exists a
—00

sequence of decreasing absolutely continuous fuctions w, such that w,, (t) < w1 (¢)
and lim,, oo @y (t) = wi(t) for any ¢ € (0,00) ( see [12], [14] for details ). We

have
[

174 @) P ()@ = (+00) [ [Tf@)P (@ o

RY
+ /
R’

Tf ()P ( mwmm) (') de
=1+ I.

n
k,+

|=']
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If wi(+00) = 0, then I; = 0. If wi(+o00) # 0 by the boundedness of 7' in
LpAy(Ry 1)

Ji1 < IITH”wl(JrOO)/ (@) (2')"dz

n

RkHr

<ITlP [ 1@l ds

RE+

< bHT\”/Rn |f () Pw(|2']) (2") da.

k,+

After changing the order of integration in Jo we have

e [T ([ L @) o
p—1 oo . x/ $
= /o v (/R-k /E'«w T (X q1a1<20p) (@) ()7 d

" / / , o T X{|x'zzx})(x)lp(x’)7dx> “
Rr—k JE'(0,))
= Jo1 + Joo.

Using the boundeedness of T in Ly, 5 (R} ;) we obtain

T <77 [ et ( . |f<y>|p<y'>wy> at

TP / )P SN | () dy
RR ly'l/2

ks

<ITIP [ 1@/ dy

k,+

<olzlP [ 1 )Puy ) .

Rk&
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Let us estimate Jaz. For |[2/| < X and |¢/| > 2X we have |y/|/2 < |2' —4/| < 3|y'|/2,
and so

Jog < 012/¢(A)
0

/ / / / !x—y!+)=;”/)jzy”!)"+v| (a')7dz | dA

R™=F Cpr g ny \R™F Bpr(0.2x)

< 2n012/0 P(A)
Fwleydy "
’ (/RM /E’m) </Rnk /“E%om) (J” —y"| + WD’”'”') ¢ )de) "

For z = (2/,2") € R} | let

P
y)|(y')dy ’
A) dx’.
Ji(2', /]R" . (/ (0.2 /Rn v (12 — //|+|y DERaEL T

Using the Minkowski and Young inequalities we obtain

p dy// p
< T ek (¥)Ydy (/ >
/cmm 17C5 8 lpns ) ek (7] 1l

)

k=h ’ dy” ’
— . / ke /| —R— / 'yd / / >
3 { oy WMl ) ([ s
:C4
(ﬂE'(OQ)\)

)

p
IIf(-,y’)Hp,Rnkly’l_k_'”'(y’)”dyj .

Integrating in (0,00) x (0, \) we get

Jog < ¢5 /Ooow()\)
p
L) i 1 —k—|~| /fyd/ /'Yd/ d\
" </E’(0,/\) (ﬂE'(O,ZA) 1G9 rn—s Y| (V) y> (z') l’)
=9 - A) \EF o
o [ v ( Joa IFC¥)

The Hardy inequality

00 p
| wore < ). ufc,y')Hp,Rnlryw’“'W'<y’>wy> A
0 E'(0,2))

p
p,Rnk!y’l_k_'”'(y/)”dy’) dA.
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e / 1) 2 g la/) (@)’ = C / WP ()@ dy,

is valid, for p € (1, 00) is valid by the condition C' < c’ B, where

p—1
= sup </ Wt t’“*'”'oh) (/ wlp'(t)t(’”"V')P’ﬂdt) < 0.
7>0 2T

Note that
T T t
ke = (k dt [ AMldx
/0 SO = (k+ ) /0 (t)dt /0

_ "Aax [ u(ryar
() [ A0y [ o(r)a
<(k+ 1 [ wAnlan

0

Condition (c¢1) of the theorem guarantees that B” < B; < oo. Hence, applying
the Hardy inequality, we obtain

In<e [ If@Pe(e) @) ds,
o+
Combining the estimates of J; and Jo, we get (2.14) for wy(t) = wi(+00) +
ftoow(r)dT . By Fatou’s theorem on passing to the limit under the Lebesgue
integral sign, this iplies (2.15). The theorem is proved. O

Corollary 2.8. Let p € (1,00), k be a By, —singular kernel and K be the cor-
responding operator. Moreover, let w(t) be a weight function on (0,00), wi(t)
be a positive decreasing function on (0,00) and w(|z'|), wi(|Z'|) be satisfied the
conditions (a1), (c1). Then for the operator K the inequality (2.15) is valid.

Example 2.4. Let

vl for t<d
- t ¢
w(t) = { (dilfo‘ln” l) t* for t>d’

(t) = 1lnﬁ1 for t<d
D= @D B, for t>d

where B < v <0, -1 <X <a<0,d=e¢’ Then the pair (w(|z']),wi(|2']))
satisfies the condition of Theorem 2.8.
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